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Abstract

In this paper some methods of construction of balanced bipartite block (BBPB) designs are obtained which are based on
incidence matrices of the known balanced incomplete block (BIB) designs and two-associate-class partially balanced
incomplete block (2-PBIB) group divisible (GD) designs. The obtained results are given with examples to show how they can

be applied.
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Introduction

Consider the experimental setting where v distinct treatments
are divided into two disjoint groups of cardinality v; and v,
respectively and the purpose is to compare the set of v; test
treatments denoted by 1,2, ...,v; to the set of v, (= 2) control
treatments denoted by v; + 1, ...,v; + v, (= v). Bechhofer and
Tamhane' have defined proper balanced treatment incomplete
block (BTIB) designs to compare a set of test treatments to a
control treatment. As an extension of these designs Kageyama
and Sinha’ have defined balanced bipartite block (BBPB)
designs for comparing a set of test treatments to a set of control
treatments.

Definition 1: An incomplete block binary design with a set of
v, treatments occurring r; times and another set of v,
treatments occurring r, times (ry # r,) arranged into b blocks
of constant block size k is said to be a BBPB design if: (i) any
two distinct treatments in the it® set occur together in A;; blocks,
i=1,2;(ii)) any two treatments from different sets occur
together in A, = A,; (> 0) blocks.

Some systematic methods of constructing BBPB designs have
given by Kageyama and Sinha® and Sinha and Kageyama®. As a
natural extension of BTIB designs Angelis and Moyssiadis*
have given the concept of balanced treatment incomplete block
designs with unequal block sizes (BTIUB) for comparing a set
of test treatments to a single control treatment with unequal
blocks. Some methods of construction of A-efficient BTIUB
designs have been given by Angelis and Moyssiadis' and
Angelis, Moyssiadis and Kageyama®. Jacroux® has given some
methods of construction of A- and MV-optimal balanced
treatment unequal block designs. Parsad and Gupta’ have given
the structure of optimal designs for comparing v, test treatments
to a control treatment. Using the definition of BTIUB designs
given by Angelis and Moyssiadis® and the BBPB designs by
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Kageyama and Sinha’, Jaggi, Parsad and Gupta® have defined
balanced bipartite block designs with unequal block sizes
(BBPBUB) for both binary and non-binary block designs.

In following sections, we give some methods of construction of
BBPBUB designs for comparing a set of test treatments to a set
of control treatments by using BIB designs and GD designs. The
definition of these designs can be found in Raghavrao’.

In what follows, we denote by @ the kronecker product of
matrices, 1;, ® N the p replications of N, I, the identity matrix
of order p, J,xq the matrix of ones of order p X q, 1;, the 1 X p
row vector of ones, Opyq the null matrix of order p X q and by
P1s> P25 P3 the positive integers.

Methods of Construction of BBPBUB Designs
Using BIB Designs

In this section, we describe some methods of construction of
BBPBUB designs making use of the incidence matrices of BIB
designs, etc.

Theorem 1: Let N, (L = 1,2,3,4,5) be the vy, X by, incidence

matrix of a BIB design with parameters vy, by, 11, ki, A, such

that v, = v,, v3 = vg and v; = v, + V3, then

1,,®N; [, ® 1{,3 1{,2 ® N,

IV3 ® 1{32 1(’2 @ N 0V3><P2b4
Ovzxp3b5 Ivz 0V2><V3 (1)
1133 ® Ns 0V3><V2 IV3

is the incidence matrix of a BBPB design D with unequal block

sizes with parameters v =v,, v; =vs, b =p;b; + v3b, +

v,bs + pyby + p3bg + v, + v, r= {(plr1 +var, +bs +

pary + 1)1;/2' (p1r1 + by +vors + pars + 1)1;/3}’ K =

ki1 p,, (o + Dy, Ks + D1 Kelyp KsT

N=|[1),, ®N, :
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11,,,11,,} if and only if the positive integers p;, p, and p3
satisfy

piri(ky — 1) N vark, bzk; n para(k, — 1)
—(v, - 1) p17b V3hy P22
ply‘l Iy r3
_ =0
%{h+&ﬁﬂ+&ﬁﬂ}
and
piri(ky — 1) byk, v r3ks pars(ks — 1)
k, (k,+1) (ks +1) ke
p: A 1 Vahs psh
(vs=1) { Kk, e+ D ke }
1317L ry Irs
=0.
{h+&ﬁﬁ+&ﬁﬁ}

Proof: For the block design with incidence matrix N given in
(1) we have
_ [(al +s)ly, — =sol,,1,, ]
_501v3 1;/2 (az + Sz)lv3 - S 1v3 1;13
where the off-diagonal elements of C(= c;;) matrix are:

A V3A, A
¢ = pP1/y + stz P2
k,+1)  k
p17b1 Iy I'
ij = + +
TTH T+ D kst 1)
> (vy+1)
A Vol A
Cij=p11+ 2/3 +p35
(ks +1) ks
and the diagonal elements of C matrix are:
piri(k; — 1) n V3K, bsk3 n para(k, — 1)
= a, (say)

Sllvz 1v2

* =s,(say);i,j S v, &i #j

= so(say) ;1 < vy,

=s,(say);i,j = (v, + 1) &i #]j

and
piri(k; — 1) byk;

Ky (ky +1)

= a,(say)

Then by Jaggi, Parsad and Gupta®, a; — (v
O0anda, — (v3 — 1)s, — v,s0 = O ie.
piri(ky — 1) VI Ky bzks pora(k, — 1)

k, (k2 +1) (ks +1) k,

A A
(v, —1) V3, P2

pl}\‘l Iy Irs
— — 0
%{h+&ﬁﬁ+&ﬁﬁ}

vorsks pars(ks — 1)
(ks +1) Ks

2 — 1)s; —vzsg =

and
piri(ky — 1) N byk,

(v —1) 1317L Vahs psh
k, (k3 +1) ks

p17hl I I
=0.
%{h+&ﬁﬂ+&ﬁﬂ}

vorsks pars(ks — 1)
(ks +1) Ks
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Hence the proof.

Example 1: Consider five BIB designs with parameters
(11,11,5,5,2), (7,7,3,3,1), (4,6,3,2,1), (7,7,4,4,2) and (4,4,3,3,2)
respectively. Then taking p; = p, = p3 = 1, the design D with
incidence matrix N as in (1) is a non-proper non-equireplicate
BBPB design with parameters vi =7, v; =4, b =103,
r' ={281,,371,}, K = {51};,41%5,31),,41,,31,,11;,11,}.

Corollary 1: In theorem 1, if we remove last v, and v blocks,
then we get a BBPB design D with unequal block sizes with
parameters Vi =V,, V; =V, b=p;b;+v3b,+v,b;+
pzbs + p3bs, r = {(pﬂ'l + v3r; +bs + p2r4)1v2; (piry +
by +vors + p3r5)1v3} k ={k1, 4, (ky+ D1, (ks +

1)1V2b3 P2b4 k51p3b5}

Example 2: In example 1, if we remove last v, and v blocks,
then we get a non-proper non-equireplicate BBPB design D with
P1 = P2 = p3 = 1. The parameters of the design are vi = 7,
vy =4, b=92, r ={271,,361,}, k' ={51;,,41,531),,
4175,31,}.

Corollary 2: In theorem 1, if we remove last p,b,, psbs, v,
and v3 blocks, then again we get a BBPB design D with unequal
block sizes with parameters vy =v,, v, =v3, b=p;b; +
v3by +vybar’ = {(pyry + var, + b3)1y,, (pir; + by +
V2r3)1;/3 }, K = {k; 1;31b1' (k, + 1)1;/31)2' (ks + 1) 1;/2b3}'

Example 3: Consider three BIB designs with parameters
9,124,3,1), (5,10,4,2,1) and (4,4,3,3,2) respectively. Then
using Corollary 2 and taking p; = 1, we get a non-proper non-
equireplicate BBPB design D with parameters v; = 5, v; = 4,
b =721 ={241;5,291,}, k" = {31},,31)9,415,}.

Remark 1: In corollary 2, if k, =k; —1 and k; =k, — 1,
then we get a proper BBPB design D with parameters vi = v,,
V; = V3, b = plbl + V3b2 + V2b3, I', = {(plrl + V3I‘2 +
b3)1;,2, (plrl + bz + V2r3)1;/3}, k = kl'

Example 4: Consider three BIB designs with parameters
9,12,4,3,1), (5,104,2,1) and (4,6,3,2,1) respectively. Then
using remark 1 and taking p; =1, we get a proper non-
equireplicate BBPB design D with parameters v; = 5, v; = 4,
b =82r ={2615,291,}, k = 3.

Remark 2: In corollary 2, if v, = v3 = v and v; = 2v, then we
get a non-proper non-equireplicate BBPB design D with
parameters vi; =V, Vv, =V, b=p;b;+ vb2 + vb;, 1=
{(pyry +vry +b3)1,, (piry + by +vr) 1}, = {k, 1,
(K + Dy, (kg + D1y, 3.

piby’

Example 5: Consider three BIB designs with parameters
(8,14,7,4,3), (4,6,3,2,1) and (4,4,3,3,2) respectively. Then using
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remark 2 and taking p; =1 and v =4, we get a non-proper
non-equireplicate BBPB design D with parameters v; = 4,
vy =4,b =541 ={231,,251,}, k' = {41},,31,,,41}}.

Remark 3: Following theorems can be proved on the similar
lines of theorem 1. So we avoided proofs of the theorems.

Theorem 2: Let N, (L = 1,2,3,4,5) be the vy, X by, incidence

matrix of a BIB design with parameters vy, by, ry, ky, A, such

that v, = v,, v3 = vg and v; = v, + V3, then

1,,®N; 1,,®1;,, 1, N,

IV3 ® 1{‘)2 1(/2 ® N3
]’Vz><p3b5 Ivz 0V2><V3 (2)
1p3 ® Ns Ov3><v2 IV3

is the incidence matrix of a BBPB design D with unequal block

sizes with parameters vi =V,, v; =Vs, b=p;b; +v3b, +

V2b3 + p2b4 + p3b5 + \'/ + Vs, l" = {(p1r1 + \£19 + b3 +

P2rs + p3bs + 11y, (pry + by + vors + poby + pars +

N=|1/ N, :
p1® ! ]v3><p2b4

D1y} K=kl 5y, (ky + D1y, (ks + D1y, (ke +
v3)1p,b, (Ks + Vo)1, 11,11} having  off-diagonal
elements of its C matrix as
G = p1ly V3h, P2}, psbs
! k, (kp +1) (kg +v3) (ks + Vz)‘
o = ply‘l N ry N Ir3 Pals P35
0 k, (k;+1) (kg3 +1) (kg +v3) (ks+ Vz)‘
. = pl}\‘l Vohs p2bs p3k5
2 kg (k3 +1)  (ky+v3) (ks+ V)
and diagonal elements of C matrix as
4, = piri(ky — 1) varpk, bsks
! k, (k, +1) (ks +1)
para(ky +v3 —1)  psbs(ks +v, — 1)
(kg +v3) (ks +v3) '
4, = piri(ky — 1) by k, vorsks
2 Kk, (k,+1) (ks +1)
poba(ky +v3—1) pars(ks +v, — 1)
(ky +v3) (ks +v3)

Example 6: Consider five BIB designs with parameters
9,12,4,3,1), (5,10,6,3,3), (4,4,3,3,2), (5,10,4,2,1) and (4,6,3,2,1)
respectively. Then taking p; =2, p, =1land p; =3, the
design D with incidence matrix N as in (2) is a non-proper non-
equireplicate BBPB design with parameters v; =5, v; = 4,
b =121,r = {5915,531,}, K = {3154, 41,4150, 61},
7155, 115,11, }.

Corollary 3: In theorem 2, if we remove last v, and v3 blocks,
then we get a BBPB design D with unequal block sizes with
parameters Vi =V,, V;=V3, b=p;b;+v3b,+v,b;+
p2bs + p3bs, r' = {(piry + vsry + bs + pory + psbs)1y,,
(p1ry + by + vors + poby + p3r5)1;/3}’ kK = {klliplbl' k, +
D1p, (ks + DLy, (kg + V)10, (ks + Vo) 15,3
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Example 7: In example 6, if we remove last v, and v; blocks,
then we get a non-proper non-equireplicate BBPB design D with
p1 =2, p, = Ll and p3 = 3. The parameters of the design are
vi=5 vi=4, b=112, r ={581;521,}, k=
{3154, 4140, 415, 6110, 7115}

Theorem 3: Let N, (L = 1,2,3,4,5) be the vy, X by, incidence
matrix of a BIB design with parameters vy, by, 11, ki, A, such
that v, = v4, v3 = vs and v; = v, + v3, then
N = [1]31 ® Nl . 11(/3511\’12 I]\.Ilz %11\%3 11(/3511\114
V3 b, \'Z) 3 V3 by
IVZ ® 1{)5 IVZ 0V2><V3 (3)
1, ®Ns Ovyxv, Iy,
is the incidence matrix of a BBPB design D with unequal block
sizes with parameters vi =v,, v; =V, b=p;b; +v3b, +
v,bs + v3b, + vybs + v, + s, r' = {(pyr; + vsr, + by +
vary + bs + D1, (piry + by +vors + by +vors + D1, ),
K = (ki1 (ky + Dy, (ks + Dly,p,, (ke + Dy,

'

(ks + 11y, 11,11} having off-diagonal elements of its
C matrix as
. = P}, Vahy vah,
1T ki (k,+1)  (k,+1)
P1/Ay Iz I3 Ty I's
I Tl D Go D Gat D (et 1)
. = p1M Vg Vahg
27 ke (st 1) (ks+1)

and diagonal elements of C matrix as

A, = piri(ky — 1) v3roky bsks vargky
! k, (ky +1)  (ksg+1) (ks+1)
bsks
(ks + 1)
2, = piri(ky — 1) by k, vorsks bk,
2 k, (ky +1)  (ks+1) (ks+1)
Vorsks
(ks + 1)

Example 8: Consider five BIB designs with parameters
(11,11,5,5,2), (6,15,5,2,1), (5,544,3), (6,6,554) and
(5,10,4,2,1) respectively. Then taking p; = 1, the design D with
incidence matrix N as in (3) is a non-proper non-equireplicate
BBPB design with parameters vi =6, v; =5, b=217,
r ={711,,7515}, Kk ={513;,31%, 513,613,314, 11,
115}

Corollary 4: In theorem 3, if we remove last v, and v; blocks,
then we get a BBPB design D with unequal block sizes with
parameters Vi =V,, V; =V, b=p;b;+v3b,+v,bs;+
vsb, + v, bg, r = {(plr1 +vsry + b +vsry + bs)1g,,
(p1ry + by + vars + by + vors) 1y}, k' ={ki1,,,(ky +
D1y, (ks + D1y,p,, (ke + D1, (ks + D1, 3

Vb3’

Example 9: In example 8, if we remove last v, and v blocks,
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then we get a non-proper non-equireplicate BBPB design D with
p1 = 1. The parameters of the design are vy =6, v; =5,
b =206, r' ={701; 7415}, Kk'={517;,31;;5, 515,615,
3140}

Theorem 4: Let N, (L = 1,2,3,4,5) be the vy, X by, incidence
matrix of a BIB design with parameters vy, by, 11, ki, A, such
that v, = v4, v3 = vg and v; = v, + v3, then
1,,0N; [, ®1, 1,, ® N,
Iv3 ® 1{)2 1(/2 ® N3 0V3><p2b4
]vz Xp3bsg Ivz Ovz ><v3] (4)
1£)3 ® Ns OV3XV2 IV3
is the incidence matrix of a BBPB design D with unequal block
sizes with parameters vj =vVv,, v; =V;, b=p;b; +v3b, +
Vobg 4 poby + psbs + vy + vy, 1’ ={(pyry + vsr, + by +
p2rs + psbs + 1)1212' (p1ry + by +vors + pars + 1)1(,3},1(' =
(k1) b, (ko + DAy, (kg + DA 4, ka1, (ks +

N=|[1),, ®N, :

Vo)1, 115,110, } having off-diagonal elements of its C
matrix as
A V3 A b
51=p11+ 32 +p24+ p35’
k;\ ko+1) ki  (ks+vy)
P1/m I I's P3l's
Sq = + + + :
7 kg ket 1) (ks+ 1) (ks +vy)
_ b1y Voh3 p3As
Sy = + )
ky (k3 +1)  (ks+vy)
and diagonal elements of C matrix as
. = piri(ky — 1) = vsrok, bzks paralk, — 1)
! Ky kp+1) (ks+1) Ky
psbs(ks +v, — 1)
(ks +vy)
4, = pir(ky — 1) b,k v,I3ks
? ky kp+1) " (k3 +1)
psrs(ks +v, — 1)
(ks +v2)

Example 10: Consider five BIB designs with parameters
(11,11,5,5,2), (7,7,3,3,1), (4,4,3,3,2), (7,7,4,4,2) and (4,6,3,2,1)
respectively. Then taking p; = p, = 1 and p; = 4, the design D
with incidence matrix N as in (4) is a non-proper non-
equireplicate BBPB design with parameters v; =7, v; = 4,
b=109, r'={501,,461,}, K’ ={517;,41%5 4154417,
915,,117,11,}.

Corollary 5: In theorem 4, if we remove last v, and v3 blocks,
then we get a BBPB design D with unequal block sizes with

parameters Vi =V,, V;=Vs;, b=p;b;+v3b,+v,b;+
p2bs + p3bs, r' = {(pir; +vsry +bs + pory + psbs)1y,,
(piry + by +vors +parg)1,}, K ={ki1, p , (ky + D1y,

(ks + D11, ka1p,p,, (ks +v2) 1,5,

Example 11: In example 10, if we remove last v, and vj
blocks, then we get a non-proper non-equireplicate BBPB
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design D with p; = p, = 1 and p3 = 4. The parameters of the
design are vi=7, vy;=4, b=98, r' ={491},451,},
k' = {51],,41%5,4155,41,,915,}.

Theorem 5: Let N, (L = 1,2,3,4,5) be the vy, X by, incidence
matrix of a BIB design with parameters vy, by, 11, ki, A, such
that v, = v4, v3 = vg and v; = v, + V3, then
fron. Lok ok e
V3 b, \Z 3 V3Xpzby
L,®1, I,  Oy,xy, )
1(/2 ® N5 Ov3><v2 IV3
is the incidence matrix of a BBPB design D with unequal block
sizes with parameters vi =v,, v; =V, b=p;b; +v3b, +
Vobs + pyby + Vobs + vy + s, r' = {(pyry +vsry + by +
pzrs +bs + D1, (piry + by + vors + vors + 115, 3,
k' ={ki1}p,, (ky + D1, (k3 + D1g,p,, kalpp,, (ks +
D1y, 113,,115,} having off-diagonal elements of its C
matrix as

A VaA A
5y = pll{ 1 N 0 3+21) +pli 4’

%\ 2 4

P11 ry I3 Ig
= + + + ,

TR TGt D (et D (ks D)
o — P1y Vols VaAs
27k, (ky+ 1) (ks +1)

and diagonal elements of C matrix as

. = piri(k; — 1) n v3ryk, bsks n para(k, — 1)
! kq (k,+1) (ks +1) K,
bsKs
(ks + 1)
4, = piri(ky — 1) b,k; V,rsks V,IsKs
Kk (kp+1)  (ks+1) (ks +1)

Example 12: Consider five BIB designs with parameters
9,12,4.3,1), (5,10,4,2,1), (4,4,3,3,2), (5,5,4,4,3) and (4,6,3,2,1)
respectively. Then taking p; = 1 and p, = 2, the design D with
incidence matrix N as in (5) is a non-proper non-equireplicate
BBPB design with parameters vi =05, v; =4, b=121,
r' = {391;,451,}, K' = {311,,31},,415,,41},,31%,, 115,
11}

Corollary 6: In theorem 5, if we remove last v, and v blocks,
then we get a BBPB design D with unequal block sizes with

parameters Vi =V,, V;=Vs;, b=p;b;+v3b,+v,b;+
p2bs + v;bs, r' = {(plrl + vary + bs + pory + bs) 1y,
(piry + by +vors +vors)10,}, K = {ki1, p, (kp + D1y,

(ks + D11, ke1p,p,, (ks + D1}

Example 13: In example 12, if we remove last v, and vj
blocks, then we get a non-proper non-equireplicate BBPB
design D with p; = 1 and p, = 2. The parameters of the design
are v;i =5, vi=4, b=112, r’' ={381;,441,}, k' =
{3115, 314, 4150, 413, 313 }.
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Theorem 6: Let N;, (L = 1,2,3,4,5) be the vy, X by, incidence

matrix of a BIB design with parameters vy, by, ry, ki, A;, such

that v, = v,, v3 = vg and v; = v, + v3, then

1,,®N; ,®1;,, 1, N,

Iv3 ® 1{,2 1(/2 ® N3 ]v3><p2b4
L,®1, I, 0v2xv3] ©
1(/2 ® N5 Ov3><v2 IV3

is the incidence matrix of a BBPB design D with unequal block

sizes with parameters vi =V,, v; =Vs, b=p;b; +v3b, +

Vybs + poby + vybs + v, + Vg, r' ={(piry + vsry + by +

Pary + bs + 1)1y, (p11y + by + vors + poby + vorg + 1)1, 3,

N = 1;31®N1:

K = (ki1 (kp + D1 p,, (ks + DI, (ke +v5)1 4,
(ks + D1y,p,, 115, 117} having off-diagonal elements of its
C matrix as
P14 Vzhy P24
S, = + )
k;\ (ky+1)  (ky+v3)
P11 Iz I' P2Ty s

So=——+ + + + ,

0 Ky (ky+1) (ks+1) (kytvy) (ks+1)
s, = P14 Vahs pzbs VaAs

27 kg (ks 1) (ketvy) (ks+1)
and diagonal elements of C matrix as
a, = piri(ky — 1) = vsrok, bzks

! Ky kp+1) (ks+1)

Para(ks +vs —1)  bsks
(ky +v3) (ks + 1)

4, = piry(ky — 1) bk, v,r3ks

? ky ko +1) (k3 +1)

Pabs(ky +v3 —1) = vorsks
(ky +v3) (ks +1)

Example 14: Consider five BIB designs with parameters
(11,11,5,5,2), (6,15,5,2,1), (5,5.44,3), (6,6,5,54) and
(5,10,6,3,3) respectively. Then taking p; = 1and p, = 3, the
design D with incidence matrix N as in (6) is a non-proper non-
equireplicate BBPB design with parameters v; = 6, v; =5,
b =205, r'={6115991;}, k'={517,,317;,515, 101},
415,, 11;, 1153

Corollary 7: In theorem 6, if we remove last v, and v blocks,
then we get a BBPB design D with unequal block sizes with
parameters Vi =V,, V;=V3, b=p;b;+v3b,+v,b;+
pzby + v3bs, r' = {(plrl + v3ry + bs + pory + bs)li,z.
(p1ry + by +vors + poby +vors)1,}, k' ={k1,,,(k, +
D1, s+ D1y, (ke +va)1,,, (ks + D1,

Example 15: In example 14, if we remove last v, and vj
blocks, then we get a non-proper non-equireplicate BBPB
design D with p; = 1 and p, = 3. The parameters of the design
are vi=6, v; =5 b=194, r'={601;981;}, k'=
{5111, 3175, 5130, 10134, 415}
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Methods of Construction of BBPBUB Designs
Using GD and BIB Designs

In this section, we describe some methods of construction of
BBPBUB designs making use of the incidence matrices of BIB
designs and GD designs, etc.

Theorem 7: Let N, be the incidence matrix of a GD design with
parameters v; = 2n, by, ry, ky, m =2, n, A}, A5 and Ny, (L =
2,3) be the vy X by, incidence matrix of a BIB design with
parameters v, = n, by, ry, k;, A;, and the n treatments in the
BIB designs are the treatments in any of the two groups of the
(2,n) association scheme, then

1, ®N, 1 1;
N = [151 ®Ni: | “gl,z 1“% von Owal )
n b, n 3 nxn n
is the incidence matrix of a BBPB design D with unequal block
sizes with parameters vi = n, v; =n, b = p;b; + nb, + nb; +
2n, r' = {(pry + nry + by + 1)1}, (pir; + b, + nr; + 1)1},
kK ={k1) p , (ky + D1y, , (kg + D1, , 115,115} having

p1b1

off-diagonal elements of its C matrix as
s — piAy ni,

! ki* (ky + 1)

b1/ Iz '

0T Tt D a1y
s = piAy nA;

Tk (kg 1)
and diagonal elements of C matrix as
4. = piri(ky — 1) nr Kk, bk

e ky ko +1) (ks +1)
2, = piri(k; — 1) b,k nrsk;

2 k, ke +1)  (kz+1)

Example 16: Consider a GD design D; SR9 (Clatworthy'’) with
parameters v; =8, by =16, r; =4, k; =2, m =2, n =4,
A1=0, ;=1 and two BIB designs with parameters
D,(4,43,3,2) and D3(4,6,3,2,1) respectively. Then taking
p; = 1, the design D with incidence matrix N as in (7) is a non-
proper non-equireplicate BBPB design with parameters v = 4
(1,3,5,7), v;=4 (24,6.8), b=64, r' ={231,,211,},
k' = {213,413, 315,,11;,11}}.

Corollary 8: In theorem 7, if we remove last 2n blocks, then we
get a BBPB design D with unequal block sizes with parameters
vi=n, v;=n, b=p;b; +nb, +nb;, r' = {(p;r; +nr, +
b3)1;, (piry + by +0r3)15}, k' ={ki1p 5, (ky + D1y,
(ks + Dy, >

Example 17: In example 16, if we remove last 2n blocks, then
we get a non-proper non-equireplicate BBPB design D with
p1 = 1. The parameters of the design are vi =4 (1,3,5,7),
vi;=4 (246,.8), b=56, r ={221,,201,}, k'= {21},
4136, 3124}
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Theorem 8: Let N, be the incidence matrix of a GD design with
parameters v; = 2n, by, r;, ky, m = 2, n, A}, A; and N, be the
vy, X by, incidence matrix of a BIB design with parameters
v, =1, by, 1y, K,, A, and the n treatments in the BIB design are
the treatments in any of the two groups of the (2,n) association
scheme, then

1232 ® NZ ]nxn In

]nxn Onxn Il’l

, 0
N=|[1,, ®N,: mn ®)

]nxpzbz

is the incidence matrix of a BBPB design D with unequal block
sizes with parameters vi =n, v; =n, b = p;b; + p,b, + 3n,
r' = {(piry + porz + n+ D1, (piry + p2by +n+ 114}

K ={ki1} p,, (k; +n)1}p,, 201}, 115, 11,}  having  off-
diagonal elements of its C matrix as

A A 1

s, = P11 n P21z 42
k,;  (ky +n)

b5 P2l 1

SO - D + ~

k;  (ky+n) 2

i p2b, 1

Sz —_ oy

k;, (ky,+n) 2
and diagonal elements of C matrix as

a, = piri(ky —1)  poro(k; +n—-1) (2n—-1)
te k, (k, + n) 2
. = piri(ky —1)  poby(k;+n—-1) (2n—-1)
2o k, (k, + n) 2

Example 18: Consider a GD design D; R94 (Clatworthy'’) with
parameters v; =6, by =6, r; =4, k; =4, m=2, n=3,
AM=3 A=2 and a BIB design with parameters
D,(3,3,2,2,1). Then taking p; = 2 and p, = 4, the design D
with incidence matrix N as in (8) is a non-proper non-
equireplicate BBPB design with parameters vi =3 (1,3,9),
vy =3 (2,4,6), b = 33, r' = {2015, 2415},
k' = {413,,513,,615,115,115}.

Corollary 9: In theorem 8, if we remove last 2n blocks, then we
get a BBPB design D with unequal block sizes with parameters
vi=n, v;=n, b=p;b; +pb, +n, r' ={(pyr; +p,r, +
n1y, (piry +pzb, + M1}, K = (kg piby (kp + )1 4,
2n1}.

Example 19: In example 18, if we remove last 2n blocks, then
we get a non-proper non-equireplicate BBPB design D with
p1 = 2 and p, = 4. The parameters of the design are vi = 3
(1,3,3), v3=3 (24,6), b=27, r' ={191},231;}, k' =
{411,,51%,,615}.

Conclusion

A number of balanced bipartite block designs for comparing a
set of test treatments to a set of control treatments generated by
the new methods of construction given here. The methods are
flexible enough to incorporate number of incidence matrices of
BIB and other designs. The designs so constructed are found to

International Science Community Association

Res. J. Recent Sci.

have applications in agricultural and industrial experiments.
Thus, the methods presented here will be of both statistical and
combinatorial usefulness.
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