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Abstract

In this paper, we consider a mathematical model of leptospirosis disease consisting of differential equations. We apply the
Homotopy perturbation method to the proposed model to find both the analytic and approximate solutions. From our
solutions, we obtained that Homotopy perturbation method is one of the most important method, like just few perturbation
terms are sufficient for obtaining a reasonable accurate solution. The solution obtain from this method is good as

compared to other standard numerical methods.

Keywords: Leptospirosis, mathematical model, Homotopy Perturbation Method, numerical simulations

Introduction

The infection of Leptospirosis disease is a globally important.
Because the infection of the disease occurs in developed and
industrialized countries as well as rural regions in the world.
The people infected from this disease easly are rice planters,
sewer cleaners, workers cleaning canals, agriculture labors. In
order to understand the dynamics of this infectious disease,
several authors proposed different mathematical models'™,
Pongsuumpun et al’., developed a mathematical model to study
the dynamical behavior of Leptospirosis disease. Triampo et
a16., considered a deterministic models for the transmission of
Leptospirosis disease by collecting some real data. Zaman’,
studied the dynamical behavior of Leptospirosis and applied
optimal control theory to control the spread of this disease in the
community.

Most of the biological problems in the form of mathematical
models are inherently nonlinear. Therefore it’s not only difficult
but always impossible to find the exact solutions that represent
the complete biological phenomena. So, the scientists are in
search to find such numerical methods or perturbations method
to find the exact solution and approximate solution to these non-
linear problems. In the numerical methods, stability and
convergence should be considered so as to avoid divergence or
inappropriate results. While, in the analytical perturbation
method, we need to exert the small parameter in the equation.
Therefore, finding the small parameter and exerting it into the
equation are difficulties of this method. However, there are
some limitations with the common perturbation method, like the
common perturbation method is based upon the existence of a
small parameter, which is difficult to apply to real world
problems. Therefore, many different powerful mathematical
methods have been recently introduced to vanish the small
parameters, such as artificial parameter method™”.

International Science Congress Association

The Homotopy Analysis Method (HAM) is one of the
wellknown methods to solve the nonlinear equations. In the last
decade, the idea of homotopy was combined with perturbation.
The fundamental work was done by Liao and He. This method
involves a free parameter, whose suitable choice results into fast
convergence. First time He'®, introduced Homotopy
Perturbation Method (HPM) and its application in several
problems'"'%. Ali et al"’, presented the solution of multi points
boundary values by using Optimal Homotopy Analysis Method
(OHAM). These methods are independent of the assumption of
small parameter as well as they covered all the advantages of
the perturbation method. Some other relevant work can be find
by other researchers'*"”.

The motivation of this paper is to present the application of the
analytic homotopy perturbation method (HPM) to solve a model
of epidemic leptoapirosis diseasel. First, we formulate our
problem and then apply the HPM to find the analytical as well
as numerical solutions. Finally, we also estimates the parameter
in the model for the numerical simulation.

The paper is organized as follows. Section 2 is devoted to the
basic idea of HPM and the mathematical formulation of the
model. In Section 3 the model is solve by HPM. We present the
numerical solution and discussion in section 4.

Basic idea of Homotopy Perturbation Method (HPM) and
model frame work: In this section, first we explain the
Homotopy perturbation method in detail and then we apply the
technique of HPM to our proposed Leptospirosis epidemic
model. HPM was first time introduced by He®’ , for solving the
non linear differential equations.

B(m) = f(d), deA (1)
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subject to the boundary conditions
am
p(m32)=0, deQ

Here B represents the general differential operator, y is the
boundary operator, f(d) is the analytic function, Q is the

@

. a . L
boundary of the domain A, 5, Tepresents the differentiation

along the normal vector A drawn outward. The operator B is
divided in two parts, H is linear and K is nonlinear to get the
following equation

H(m) + K(m) = f(d) A3)

Define the homotopy v(r, p): A X [0,1] - R, that satisfies
F(v,p) = (1 =p)[HW) — H(m,)] + p[B(v) — f(dD)] =0, 4

Which can be written as

F(v,p) = Hw) + pH(m,) + p[K(m) — f(d)] = 0, )
Where m, shows the initial approximation of (5) and p is the
embedding parameter such thatp € [0,1]. It is obvious that
F(v,0) = [H(v) — H(m,)]

For p=0 we get,
F(v,0) = [H(v) — H(m,)]

while for p=1 we obatin

F(v,1) = [B(v) = f(d)].

Applying the perturbation technique by considering parameter p
for small value then the solution of equation (4) can be obtained
in p series is given by

v = v, +pv, +p?v, + pius .., 6)
when p approaches 1 the equation (4) becomes the original
equation (3) and (7) becomes the approximate solution of (3) is
given by

m = limy_,v = v, + pv; + p?v, + p3vs .., )

The series (7) is convergent for most of cases see [8,9].

In order to formulate our problem, we assume that Sy(t)
represents number of susceptible human at time t; In(t)
represents number of infected human in the population, which is
infected from the leptospirosis disease at time t; Ry(t) represents
number of human in the population which is recovered at time t.
The total population size is Ny(t)=Su(t)+I,(t)+Ry(t). For vector
population, let P,(t) are susceptible vector and M,(t) are infected
vector at time t. The total population size of vector population is
denoted by N,(t) with N,(t)=P,(t)+M,(t). By the interaction of
both human and vector population we get the following system
of five differential equations is given by:

ds,
dt
dl,

ar B2Sn My, + B1Sply — (p + Op + Vidln,

by — unSn — B2SkMy, — B1Spln + ARy,
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dR
d_th = Yplp — (up + ARy, (8)
dP,

E = bz = Vb, — B3Pv1h'

am,

W = BSPth - YUMV_6VMU'

With the initial conditions

5p(0) = 0,1,(0) = 0,R,(0) =0, P,(0)=0,M,(0)=0 9

b,represents the growth rate of human population. The direct
transmission between susceptible human and infected vector is
represented by f;. The transmission rate of the vector is shown
by B,. The natural death rate for the human is u,. The disease
death rate for the human is represented by §,. The natural
mortality rate for vector population isy,.5, represents the
disease related death rate for vector. b, represent the population
growth rate for the vector. f3is the transmission coefficient
between susceptible vector and infected human. The rate of
recovery from the infection is shown by ;. The individuals are
susceptible again at A, .

Now, we apply the homotopy perturbation techniques to our
model (8). We assume for simplifications
Si) =S ;&) =LR,(t)=R,P;(t)=Pand M, (t) =M

Now we define the operator L = %. The initial data we consider
is given by

LS(t) — L£S°(t) = p(by — unSp — B2SM — ByST + A,R — LS° (1)),
LI(E) = LI°(t) = p(B2SM + By ST — (up + 6 + yi)l — LI°(1) ) ,

LR(t) — LR°(t) = p(yal — (un + AR — LR?(1)), 11
LP(t) — LP°(t) = p(by — vuP, — B3Pl — LP°(1))

LM(t) — LM°(t) = p(BsPI — y,M—6,M — LM° (1))

Sp(8) = S(0), I(t) = 1(0), Ry(t) = R(0), P/ (¢) =

P(0) andM;;(t) = M(0) (12)
Assume the solution of the system (11) in the form

§*() = S5 (t) + pS; (1) + p?S5(8) + -+,

I"(0) = I5(8) + pli () + p*L5(8) + -,

R*(t) = R3(t) + pRi(t) + p*R3(t) + -+, (13)

P*(t) = Py(t) + pPi(t) + p*P; (t) + -,
M*(t) = Mg(t) + pM;(t) + p*M;(t) + -+,

By considering equation (13) in equation (11), comparing the
same coefficient, we obtain

LS(t) —LS°(t) =0,
LIt) — LI°(t) =0
LR(t)—LR°(t) =0
LP(t) — LP°(t) =0
LM(t) — LM°(t) = 0.
And

(14)
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LS{ () = (by — B2S5(OOM5(t) — 1S5 ()15 (1) — upSs (L)
+ ApR5 (t) — LS5(1)),
LIF(6) = (B2Ss ()M (t) + B1Ss(O)I5() — (up + Op
+ vl () — LI5(D)),
LRi(8) = (Yuls(©) — (un + AR5 () — LR; (1)), (15)
LPl*(t) = (bz - yvpo* (t) - ﬁ3Po*(t)I;(t) - LPO* (t)),
LM;(t) = (B3P () 15(8) — (v + 8,) M5 (8) — LM (D)),

With the initial conditions
Si()=0, I;(t) =0, R{(t) =0, P/(t) =0, andM;(t) =0, (16)

And
LS;(t) = =B (Se(OM; () + S; ()M (1)) — B1 (S (D5 (1)
+ S1(O15()) — upS (8) + AR1 (D)),

LS;(8) = Bo(Ss(OM () + S; (OM(8)) + B1 (S (DL (1)
+S1(O15(1) = (un + 8 + ¥ (D)),

LR (8) = yuli (t) = (un + A)R1 (D), (17)
LP;(t) = =y PI(8) = B3 (B (DL () + PL(OI5(1)),
LM;(t) = B3 (F; (O () + PL(©)15(8)) — (v» + 8,)M; (D),
With the initial conditions
S;@®) =0, () =0, R3;(t) =0, P;(t) =0, andM;(t) =0, (18)
In similarway, we get
LS3(6) = =B (Ss(OM;(8) + S{(OM; (1) + S;(OM; (1)) —
B1(Ss(DI;(8) + ST (D)1 (t) + S3 (D)3 (8)) — 1S5 (t)

+ AR5 (),
LI5(£) = B> (Ss(OM3(0) + S{(OM () + S;(OM; (D) (19)

+B1(So ()5 (t) + ST (O (t) + S;() ;) — (up + 6y
+ v (),

LR3(t) = ypl3(8) — (up + An)R5(2),

Second order solution or P2

S3(t) =130 =dy, I;(t) = 80 = dp, R3(t) = 100 = d3, Q5(t) = 220 = d,, and Wy (t) = 200 = ds,
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LP;(t) = —y,P;(t) — Bs(By (O3 (t) + Py (DI ()
+ P; (0)I;(t)),

LM3(t) = Bz(By (@) + PF (1) + P (D)15(1))
- (yv + 5U)M;(t)r
with initial condition

S;@®) =0, () =0, R;(t) =0, P;(t) =0, and M;(t) =0, (20)

To find the solution, we consider p=1 inthesystem (11), we get

§*(t) = Sg(t) +S7() +S;(t) + -,
I(¢) = I () + [ () + I;(6) + -+,
R*(t) = Ry(t) + R{(®) + R3(t) + -,
P*(t) = Pg(t) + P{(t) + P;(t) + -,
M*(t) = Mg(t) + M7 (t) + M;(t) + -,

2y

In order to we obtain the solution to the zero order problem, we
consider the following cases.

Zeroth order Problem or P’
Sq(t) = 130, I;(t) = 80,
Py(t) = 220,

R} (t) = 100,
and M, (t) = 200,

First order Problem or P’

S1(8) = (by — ppdy — Bodids — Brdid; + Apd3)t,
L1 (6) = ((B2d1ds + Br1d1dy) — (p + 6, +¥R)d2)E,
Ri(t) = (yndy — (un + An)d3)t,

Pi(t) = (by — vpdy — B3dady)t,

M;(t) = (B3dsd, — (v + 8,)ds)E,

(22)

Numerical Results

In this section, we discuss the numerical solution of the
proposed model. First, we solve the model numerically and then
discuss these results. For numerical simulation we consider the
parameter values presented in table 1. The numerical results are
presented in figure-1, 2 and 3 show the population of
susceptible human, infected human and recovered human,
respectively. Figure-4 and 5 show the population of susceptible
vector and infected vector.

(23)

t? t? t?
$3(t) = —up{(by — ppd, — Brd1ds — 1 drd; + Ahd3)}? B {d1(ﬁ3d4d2 -+ 5v)d5)7 +ds(by — updy — Bod1ds — frdrd; + Ahd3)?}

2

2 2

t t t
- B {d1(ﬁ3d4d2 - (w+ 51;)‘15)7 + dy(by — pupdy — Bpd1ds — frdrd; + Ahd3)7} + Ap{(yndz — (up + Ah)d3)}7;

2

t t t
L) =P, {d1(,33d4d2 -+ 5v)d5)? +ds(by — pupdy — Brd1ds — frdidy + Ahd3)?} By {d1(ﬁ3d4d2 -+ 5v)d5)7

t? t
+ dy(by — pupdy — Bpd1ds — frdrd; + Ahd3)7} (tn + 8 + yp){(B2d ds + B1d1dy) — (up + 8y + Vh)dz)}7.
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R3(0) = ya {(Badsds + Budydz) — (n + 8+ vi)d2) S = Gon + A { Gz — Gy + Adds) S, P () =
1o {(b2 = oy = Badady) S} B3 {da(by = Vo — B3dadr) S du(Brdids + Brdidy) = (un + 8 +¥i)d) 5}, M3(8) = B {dz(bz — vods —
Bsdady) = + dy(Bydids + Prdyds) = (un + 8, +¥i)da) S} = 0y + 8,{(Bodady — oy + 6,)ds)} S (24)
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The plot represents the population of susceptible human in the model
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The represents the population of infected human in the model
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Population of recovered human
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Figure-3
The represents the population of recovered human in the model
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Figure-4
The plot shows the population of susceptible vector in the model
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Figure-5
The plot shows population of infected vector in the model
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Table-1

Parameter values used for the Numerical Simulation
[ Disease death rate of Vector 0.0094
Op Disease death rate of a human 0.0000001
by Recruitment rate of human population 1.6
By Direct transmission between susceptible human and infected human 0.00005
B Transmission between susceptible vector and infected human 0.0078
B, Transmission between susceptible human and infected vector 0.0098
Un A natural death rate of a human 0.0034
b, Birth rate for vector population 1.2
Yy Natural death rate of vector 0.0017
An The rate at which the individuals become susceptible again 0.00067
Yh A recovery rate of infection of human 0.007
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