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Abstract 

Electron-impurity scattering rate ��/�� is theoretically investigated as a function of quasiparticle energy 

Double Layer Graphene System (DLGS) using Boltzmann transport theory at two extreme limits: low and high temperature. 

Numerically calculated results show that scattering rate 

observed that scattering rate sharply increases with increasing quasi 1.7
� for h-BN, 
� 
  1.3
�  for Al2O3 and 

increasing quasiparticle energy �
�� in low temperature limit. Whereas scattering rate increases nearly linearly with 

quasiparticle energy �
�� in high temperature limit. In this paper, the role of dielectric environment and interlayer distance 

between two graphene sheets at low and high temperature limits, on scattering rate has been reported. Carrier mobility is 

related to scattering rate which can be further controlled by changing interlayer distance, dielectric environment and 

temperature. The present study of mobility control can be exploited in device designing.

 

Keywords: Electron-impurity scattering rate,

theory. 
 

Introduction 

Since the experimental realisation of Graphene 

playing a dominant role in nano-electronic devices due to its 

salient features like high mobility, atomic thinness, large surface 

area and good optical as well as thermal conductivity. 

According to the studies done by K.S. Novoselov et.

experimentally measured value of conductivity 

monolayer graphene increases linearly with the carrier density ���, away from the Diracpoint
1
. This finding is also 

theoretically confirmed
2-3

. A thorough understanding of the 

effect on the transport properties due to disorder is always 

required for making high speed nano-electronic devices. The 

impact of possible scattering mechanisms (like Coulomb 

charged impurities, adatoms, vacancies and ripples) on quantum 

transport property in graphene is investigated by W. Zhu and 

B.Lv
4
. Their results show that main scattering mechanism in 

samples with linear behaviour of � ∝  �
Coulomb charged impurities. On the other hand the sub

behaviour may result from the remaining other three scatt

mechanisms. 

 

Apart from monolayer graphene, other graphene based systems 

like Bilayer Graphene System (BLGS) and Double Layer 

Graphene System (DLGS) have been studied experimentally as 

well as theoretically
5-12

. BLGS is consisting of two graphene 

layers and are arranged in Bernal stacked (or AB stacked) 

manner (Figure-1(a)), where three alternate atoms of the upper 
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is theoretically investigated as a function of quasiparticle energy 

Double Layer Graphene System (DLGS) using Boltzmann transport theory at two extreme limits: low and high temperature. 

Numerically calculated results show that scattering rate ��/�� of DLGS tends to zero at 
� �  0
erved that scattering rate sharply increases with increasing quasi particle energy �
�� to attain a maximum at 

and 
� 
  1.2
�  for HfO2, where 
�  is Fermi energy, and decline thereafter on � in low temperature limit. Whereas scattering rate increases nearly linearly with 

in high temperature limit. In this paper, the role of dielectric environment and interlayer distance 

s at low and high temperature limits, on scattering rate has been reported. Carrier mobility is 

related to scattering rate which can be further controlled by changing interlayer distance, dielectric environment and 

y control can be exploited in device designing. 
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Since the experimental realisation of Graphene in 2004, it is 

electronic devices due to its 

salient features like high mobility, atomic thinness, large surface 

area and good optical as well as thermal conductivity. 

According to the studies done by K.S. Novoselov et. al., the 

experimentally measured value of conductivity ��� in 

monolayer graphene increases linearly with the carrier density 

. This finding is also 

. A thorough understanding of the 

t properties due to disorder is always 

electronic devices. The 

impact of possible scattering mechanisms (like Coulomb 

charged impurities, adatoms, vacancies and ripples) on quantum 

tigated by W. Zhu and 

. Their results show that main scattering mechanism in � comes from the 

Coulomb charged impurities. On the other hand the sub-linear 

behaviour may result from the remaining other three scattering 

Apart from monolayer graphene, other graphene based systems 

like Bilayer Graphene System (BLGS) and Double Layer 

Graphene System (DLGS) have been studied experimentally as 

is consisting of two graphene 

ers and are arranged in Bernal stacked (or AB stacked) 

1(a)), where three alternate atoms of the upper 

graphene sheet lie directly over the center of a hexagon and 

remaining three atoms lie over an atom in the lower graphene 

sheet. Whereas in the case of DLGS, the two graphene layers 

are arranged symmetrically and are separated by dielectric 

medium having thickness � (Figure

present the inferences drawn during the studies made over 

DLGS only. Initially transport properties of DLGS have been 

studied theoretically as a function of interlayer distance, 

dielectric environment, carrier density as wel

imbalanceat zero temperature
11-14

. 

can be improved by controlling these parameters. In the earlier 

reported results, the calculations were performed for absolute 

zero temperature, while all the experimental result

obtained at some finite low temperature, other than absolute 

zero (as experimentally achieving absolute zero is not feasible). 

In this paper, we will discuss the transport properties of DLGS 

at two different limits: High and Low temperature, which c

experimentally verified too. 

 

The DLGS has an arrangement of two graphene sheets in AA 

stacking and these two sheets are separated by distance

can be seen from Figure-1(c), the two spatially separated 

graphene sheets are immersed in a 

mediums with background dielectrics

analysis it is assumed that both the graphene layers are coupled 

by the Coulomb interaction only. This coulomb interaction 

exists between the charge impurities and ch

further assumed that both the graphene layers have similar 
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impurity scattering rate in double layer graphene system at low and 

is theoretically investigated as a function of quasiparticle energy �
�� for doped 

Double Layer Graphene System (DLGS) using Boltzmann transport theory at two extreme limits: low and high temperature. 0 in both limits. It is also 

to attain a maximum at 
� 

is Fermi energy, and decline thereafter on 

in low temperature limit. Whereas scattering rate increases nearly linearly with 

in high temperature limit. In this paper, the role of dielectric environment and interlayer distance 

s at low and high temperature limits, on scattering rate has been reported. Carrier mobility is 

related to scattering rate which can be further controlled by changing interlayer distance, dielectric environment and 

Quasiparticle energy, Double Layer Graphene System, Boltzmann transport 

graphene sheet lie directly over the center of a hexagon and 

remaining three atoms lie over an atom in the lower graphene 

n the case of DLGS, the two graphene layers 

are arranged symmetrically and are separated by dielectric 

(Figure-1(b)). This paper will 

present the inferences drawn during the studies made over 

DLGS only. Initially transport properties of DLGS have been 

studied theoretically as a function of interlayer distance, 

dielectric environment, carrier density as well as carrier 

. It is found that the mobility 

can be improved by controlling these parameters. In the earlier 

reported results, the calculations were performed for absolute 

zero temperature, while all the experimental results were 

obtained at some finite low temperature, other than absolute 

zero (as experimentally achieving absolute zero is not feasible). 

n this paper, we will discuss the transport properties of DLGS 

at two different limits: High and Low temperature, which can be 

The DLGS has an arrangement of two graphene sheets in AA 

stacking and these two sheets are separated by distance �. As 

1(c), the two spatially separated 

graphene sheets are immersed in a three-layered homogeneous- 

mediums with background dielectrics ��, ��, and ��. In this 

analysis it is assumed that both the graphene layers are coupled 

by the Coulomb interaction only. This coulomb interaction 

exists between the charge impurities and charge carriers. It is 

further assumed that both the graphene layers have similar 
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carrier densities. The dielectric function of these layers provides 

the information regarding the screening effect of scattering 

potentials due to charged impurities. To investigate the effect of 

central dielectric layer i.e. the barrier layer, the top layer is 

assumed to be air and the lowest layer is assumed to be of 

Aluminum oxide (Al2O3). In between these two layers, different 

insulating materials viz. hexagonal Boron nitride (h-BN), 

Aluminum oxide (Al2O3) and Hafnium dioxide (HfO2) are 

considered as middle layer. 

 

Methodology 

As per the semi-classical Boltzmann theory, the momentum 

scattering rate for an electron scattered from the screened 

Coulomb potential due to disorder is given by
2-3,13-15 

 

���� � ���� !"�
� # $%���&, �, '�$�() �1 − cos� .��.              (1) 

 

where %���&, �, '� is temperature dependent screened Coulomb 

potentials given by the following equations
14

; 

 %��,�� �  /0��,�� + �0��0�� − 0��0���Π�,�2/3             (2) 

 %��,�� � 0��,��/3.                (3) 

 

Temperature dependent static dielectric function �3� for DLGS 

in equations (2) and (3) is given by
14

; 

 3�&�, &�� � �45�1 − 6 Π� � �1 + 0��Π���1 + 0��Π�� −0��0��Π�Π�                  (4) 

 

Here 0��,�� are the intralayer and 0��,�� are interlayer Coulomb 

interactions, respectively, and are defined as 

 0���&�, �� � 7(89
:;

<9=<> ?@AB�:;C�<9�<;=<>�=�<;9=<;<>� ?@AB�:;C�,              (5) 

0���&�, �� � 7(89
:9

<9=<; ?@AB�:9C�<9�<;=<>�=�<;9=<;<>� ?@AB�:9C�,              (6) 

  0���&�, �� � 7(89
:;

<9�<9�<;=<>�=�<;9=<;<>� ?@AB�:;C�� DEFB�:;C�,      (7) 

 

And 

 0���&�, �� � 7(89
:9

<9�<9�<;=<>�=�<;9=<;<>� ?@AB�:9C�� DEFB�:9C�.       (8) 

 

In equation (1), Π��Π�� is the temperature dependent static 

polarization function for upper (lower) graphene layer. The 

temperature dependent static polarization given as
15

; 

   
Π��&� , '� �
D/H��2 ×

JKL
KMN O�PQ� + Θ/
:� − 2R2 S O�PQ� T1 − �� U1 − V�O�PW�X�Y − PW�7O� sin\� V�O�PW�X]^ ; ' ≪ '�

a bbQ� ln 4 + :�9�7 �Q�9 bQ�b e                                                                                    ; ' ≫ '�
g(9) 

 

Here &� � 2/
� �0�⁄ 2 ij��./2� is the momentum transferred to 

a scattered electron. The Fermi wave number on each graphene 

layer is given as H�� � kl �D� where �D� is the carrier 

concentration of j?B graphene layer. In equation (9), R� 

� m1 − (9
n V bbQ�X�o is the chemical potential at low temperature 

which is determined by the conservation of the total electron 

density
10

. Throughout this paper, it is assumed that both layers 

have identical carrier densities i.e. �D� � �D�. To ascertain the 

impact of the middle dielectric layer, it is assumed that the 

dielectric constants for the top is ϵ� � 1 (for Air) and for the 

bottom it is ϵ� � 12.53 (for Al2O3). The three different 

dielectrics considered as the middle layer, during different cases 

have dielectric constants as, ϵ� � 4 (for h-BN), ϵ� � 12.53 (for 

Al2O3), and ϵ� � 22 (for HfO2). 

 

 
      

Figure-1: (a) Atomic planes arrangement in Bilayer graphene System (BLGS). (b) Atomic planes arrangement in Double Layer 

Graphene System (DLGS). (c) DLGS immersed in three different dielectrics.  
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Results and discussion 

The numerical results of equation 1 are calculated as function of 

different parameters like quasi-particle energy �
��, middle 

layer dielectric ���� and interlayer distance ��� at low as well as 

high temperature limits. 

 

First the normalized scattering rate is calculated as a function of 

quasi-particle energy at low and high temperature for three 

different substrates; h-BN, Al2O3 and HfO2. The variation of 

normalized scattering rate with quasi-particle energy is shown in 

Figure-1. Here, the interlayer distance � � 1 nm and total 

carrier density is �D� + �D� � 2 × 10��/cm�. 

 

As can be seen from Figure-2, scattering rate ��/τ� of DLGS 

tends to zero at 
� �  0 in both limits. It is also observed that 

scattering rate sharply increases with increasing quasiparticle 

energy �
�� to attain a maximum at 
� 
  1.7
�  for h-BN, 
� 
  1.3
�  for Al2O3 and 
� 
  1.2
�  for HfO2, where 
�  is 

Fermi energy, and decline thereafter on increasing quasiparticle 

energy �
��for low temperature limits. Whereas scattering rate 

increases nearly linearly with quasiparticle energy �
�� in high 

temperature limit. Scattering rate can be improved by selecting 

middle layer with low value of dielectrics in both temperature 

limits. 

 

In order to see the effects of middle layer dielectric ��on 

scattering rate, the normalized scattering rate is plotted as a 

function of middle layer dielectric �� for three different bottom 

layer with dielectric ��as h-BN, Al2O3 and HfO2 at low and high 

temperature limits as shownin Figure-3. Here, the interlayer 

distance is � � 1 nm, total carrier density is �D� + �D� � 2 ×10��/cm� and top dielectric is �� � 1 (Air). 

 

 
Figure-2: Normalized Scattering rate as a function of quasi-particle energy at two extreme limits: low (Left panel) and high (Right 

panel) temperature for three different substrates; h-BN (Blue), Al2O3 (Red) and HfO2 (Black). 

 

 
Figure-3: Normalized Scattering rate as a function of middle layer dielectric �� at two extreme limits: low (Left panel) and high 

(Right panel) temperature for three different dielectrics ��; h-BN (Blue), Al2O3 (Red) and HfO2 (Black).  
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Figure-4: Normalized Scattering rate as a function of interlayer distance d at two extreme limits: low and high temperature for 

three different substrates; h-BN, Al2O3 and HfO2. Here, total carrier density is �D� + �D� � 2 × 10��/cm� and top dielectric is �� � 1 (Air). 
 

The effect of interlayer distance ��� (varying from 0.01 nm to 

100 nm) on the scattering rate in DLGS structure is also studied. 

The scattering rate of DGLS as function of � for three different 

substrates; h-BN, Al2O3 and HfO2 is plotted in Figure-4. It is 

found that the scattering rate strongly depends on interlayer 

distance in the regime 0.1 �s ≲ � ≲ 10 �s while it remains 

independent with interlayer distance in the regimes � ≲ 0.1 �s 

and � ≳ 10 �s at both temperature limits. Scattering rate 

decreases with increasing of interlayer distance for middle 

dielectrics Al2O3 and HfO3 at low temperature limit. Contrary to 

this, scattering rate increases with increasing interlayer distance 

for middle dielectrics Al2O3 and HfO3 at high temperature limit 

because the intralayer scattering rate �/��� becomes prominent 

and increases the net scattering rate. In the case of h-BN 

scattering rate always increases with increasing interlayer 

distance in both the temperature limits. 

 

Conclusion 

Theoretical investigation of electron impurity scattering rate as a 

function of different parameters like quasi-particle energy �
��, 

middle dielectric ���� and interlayer distance���using 

Boltzmann transport theory has been made at low and high 

temperature limits. The results suggest that in low temperature 

limit scattering rate sharply increases with increasing quasi-

particle energy �Ew� to attain a maximum and decline thereafter 

but in high temperature limit rate increases nearly linearly with 

energy. Next at high temperature the scattering rate enhances on 

increasing interlayer distance from 0.1 nm to 10 nm for all the 

three middle layer dielectrics h-BN, Al2O3 and HfO2 whereas 

the nature is not same at low temperature. Further it is found 

that scattering rate strongly depends on interlayer distance in the 

regime 0.1 �s ≲ � ≲ 10 �s at both temperature limits. The 

studies also suggest that mobility (i.e. inverse of scattering rate) 

in DLGS can be enhanced by filling high dielectric between two 

graphene layers. The study of electron impurity scattering rate 

as a function of parameters like quasi-particle energy, middle 

dielectric and interlayer distance in DLGS may open a new 

window to future fabricate graphene-based nano-devices. 
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