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Abstract

From the literature, choosing the right model when the dependent variable is a count outcome remains a problem in
literature. For count outcome variable with overdispersion due to excessive zero counts (zero inflation), Zero Inflated
distributions such as Zero Inflated Poisson/Negative Binomial are usually considered to find better fitting models. Moreover,
numerous studies suggested that if the data is characterized by equidispersion with signs of zero inflation, Zero Inflated
Poisson (ZIP) distribution should be applied. Therefore, the aim of this paper is to investigate if ZIP distribution should
substitute standard Poisson distribution if there are signs of zero inflation in equidispersed data. Equidispersed simulated
and real life datasets with signs of zero inflation were used for the analysis. Evidence of equidispersion and zero inflation
were tested and goodness-of-fit tests for both Poisson and ZIP distributions were obtained. Results revealed that for an
equidispersed data with signs of zero inflation, standard Poisson performed better than ZIP distribution.

Keywords: Equidispersion, zero inflation, Poisson, zero inflated Poisson.

Introduction

Count data is encountered on daily basis in fields such as in
transportation, health, manufacturing and many more. Choosing
the right model when the dependent variable is a count outcome
remains a problem in literature. In the past, one strategy was to
treat count outcome as a continuous outcome and model it with
Ordinary Least Square (OLS) regression. Another alternative
was to dichotomize the count outcome (e.g event occurrence or
not) and model it using binomial (logit or probit) regression. In
nature, count outcome is non-linear, and as a result, linearity
assumption of OLS is violated. Moreover, a lot of information is
lost if we treat range of values as one value'”.

Recently, count outcome has been modelled using discrete
distributions (e.g Poisson, Negative Binomial and many more)
taking on non-negative integer values with lower bound of zero.
The choice of which model to apply ranges from standard to
modified distributions depending on the outcome’s underlying
distribution specifically the variance-mean relationship. From a
range of available discrete distributions, Poisson distribution is
considered the benchmark distribution in count data analysis
and is suitable for application only when the data is
equidispersed (i.e, equality of mean and variance). Violation of
this assumption makes it inappropriate for analysis even though
many practitioners usually apply it without first confirming
validity of equidispersion’. When the data does not adhere to
equality of mean and variance, we say it is under/overdispersed
depending on the variance-mean relationship although
overdispersion is the most common in analysis.
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In the detection of overdispersion, Negative Binomial (NB)
distribution is considered the best alternative feasible
distribution as it allows the variance to exceed the mean”.
Overdispersion can occur as a result of excessive zero counts
that give smaller conditional mean than the true mean value.
Data with excessive zeros are highly skewed to the right and it
is termed as zero inflated data. When the data is characterized
by overdispersion resulting from zero inflation both the Poisson
and NB distribution under-predict the observed number of
zeros’. As a result, Zero Inflated distributions (ZIDs) are usually
considered to find better fitting models. Examples of the ZIDs
include Zero Inflated Poisson (ZIP), Zero Inflated Negative
Binomial (ZINB), Zero Inflated Negative Binomial-Crack
(ZINB-CR) distribution and many more. These models are
foun()d7 to provide a statistically superior fit to the zero inflated
data™’.

Based on these count data features, it is important for a
researcher to first understand the type of data in hand before
choosing the model to use® Different datasets adhere to
different distributions and for this reason choosing appropriate
model remains a problem for most of researchers. In most cases,
practitioners visually inspect descriptive characteristics to
determine the model to use. Relying on this strategy without
implementing statistical tests can sometimes result in the use of
wrong models. Generally, use of inappropriate model can result
in underestimation of the standard errors hence overstating the
significance of regression coefficients which could bring
uncertainty into research and practice’.
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For that reason, numerous studies proposed practical decision-
making process of choosing the right model"'*"". The logic of
choosing appropriate distribution as suggested by the above
mentioned studies can be represented as a summary in Figure-1.
For explanation, the studies suggested that at the start,
overdispersion should be checked. If overdispersion is detected,
the researcher should proceed to check if there is zero inflation.
If there is inflation, ZINB distribution should be applied,
alternatively, Negative Binomial should be considered. On the
other hand, if the dataset is observed to be equidispersed, these
studies recommended that one should proceed to test for zero
inflation. In the absence of inflation at zero, Poisson was
suggested otherwise ZIP distribution should be applied.

Equidisperion

No (0) | Yes
| |
Zero Inflation Zero Inflation

/\ No/\
No

Yes Yes
Y \ VAN
NB 7ZINB Poisson 7ZIP

Figure 1: Selection of a distribution under Overdispersion/Zero
Inflation (O: Overdispersion).

Therefore, the aim of this paper was to investigate if ZIP
distribution should substitute standard Poisson distribution if
there are signs of zero inflation in equidispersed data. The next
section gives a review of methods used to accomplish the
objective. In the succeeding section, application was conducted
based on the use of simulated and real life data. The paper ends
with discussion of results and recommendations. To study this
in a practical sense, equidispersed count data signaling zero
inflation was used.

Methodology

Poisson distribution: Assuming Y is a count random variable
under all distributions, if it follows Poisson distribution its pmf
is given by

e

y€ {0juzZ*

where 4 >0 and E(Y) =Var(Y) = A. Thus, data simulated
from Poisson distribution is always equidispersed. A famous
real life application of this distribution can found from
Bortkiewicz'> who studied number of deaths by horse kicks in
the Prussian Army from 1875 to 1894.
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Zero Inflated Poisson (ZIP) distribution: The pmf of ZIP
distribution as shown by Edwin’ is given as

¢+ (1—de* fory=0
PY=y)= e~

a-$—;
where 0 <¢ <1 and it is termed as the zero inflation
parameter. When¢ = 1it implies mass is concentrated at 0
(excluded) and ¢ = 0 implies absence of zero inflation. ZIP is a
finite-mixture distribution of two distributions being Poisson
distribution and Degenerate distribution with their probabilities
concentrated at zero. The mean and variance of ZIP distribution
are given as E(Y)=(1—-¢)A and Var(Y) =11 -¢)(1 +
¢A) respectively.

fory € Z*

Overdispersion testing: It should be noted that the data
simulated from a Poisson distribution does not need to be tested
for overdispersion. To test if a real life dataset is overdispersed,
we assume a Poisson mixture in outcome variable signifying
presence of overdispersion. Assuming Y~Poisson(v,A) where v
is a continuous r.v taking on non-negative values with E(v) =
1 and V(v) = 1. The random variable Y then becomes a r.v of
mixed Poisson with mean and variance given as E (y) = A and
V (y) = A+ 1A respectively''*. In relation to the variance of
Poisson distribution, extra variation can be examined based on
the hypotheses Hy;t=0 vs Hy;t> 0. This test will be
implemented using AER-package based on the test statistic
developed by Cameron and Trivedi'>. When ©> 0 there is
overdispersion, when t= 0 there is equidispersion and 1 <
0 implies there is underdispersion.

Score test for zero inflation: Based on mean and variance
estimate, p) =X, Muoka® developed the score test for zero
inflation under the hypotheses Hy: ¢ = 0 vs Hy: ¢p > 0 as

U= (ng — nPy)?
_npo(l_lso)_nx_lso

2
~X1

Where: Py = exp (—1), n and n, represent the total number of
observations and number of zeros in the data respectively.
Failure to reject the null hypothesis will indicate that the data is
not inflated at zero.

Results and discussion

In this section, equidispersed data of different sizes was
simulated from Poisson using small mean values. Datasets with
mean values closer to zero were considered as they entailed
more zero counts. Real life application was done using the
famous Poisson distributed dataset studying deaths by horse
kicks in the Prussian Army from 1875 to 1984 as it had a more
zero counts'>. At the start, the data was tested if it is really
equidispersed. Score test was also applied to check for zero
inflation. Moreover, Akaike Information Criterion (AIC) was
obtained to evaluate the goodness-of-fit of Poisson and ZIP
distributions. Minitab and R-software were used for analysis.
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Table-1 and 2 gives data simulated from Poisson with mean
values 0.1 and 0.85 respectively and sample sizes of 100, 1000
and 10000 in each of these datasets. Poisson simulated datasets
does not need to be tested for equidispersion as their means are
equal to their variances. Visually, Table-1 and 2 contains a lot

of zero counts which could possibly signal zero inflation.

Table-1: Poisson simulated data at A = 0.1.
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distribution. Considering the real life application shown in
Table-3, approximately 55% of the counts are zeros.

Test of overdipersion and zero inflation p-values obtained from
Table-3 point out that this data is equidispersed and it is not
inflated at zero. AIC scores comparing Poisson and ZIP
distribution marked Poisson as the best model.

Based on the score test for zero

inflation, U,

all the

corresponding p-values in Tables-1 and 2 for n=100, n=1000
and n=10000 supports the null hypothesis that there is no
inflation at zero. Moreover, the AIC scores of Poisson
distribution from are smaller than that of ZIP distribution at
different sizes indicating that Poisson performs better than ZIP
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n=100 2=1000 n=10000 Table-3.’: Il\Izumber of Prussian soldiers accidentally killed by
horse-kick .
Count Frequency Frequency Frequency Count Frequency
0 90 907 9051 0 109
1 10 88 903 1 65
2 0 5 44 2 22
3 0 0 2 3+ 4
U-statistic . .
(p-val) 457 .862 .989 Overdispersion (p-val) .970
AIC: Poisson 68.05 660.2 6661.5 U-statistic (p-val) 928
ZIP 70.05 662.2 6663.5
AIC: Poisson 414.2
Table-2: Poisson simulated data at A = 0.85. Aly 416.2
n=100 n=1000 n=10000 Conclusion
Count . e
Frequency | Frequency | Frequency Poisson distribution is known to be a benchmark count data
distribution. It is suitable for application when the mean is equal
0 41 474 4318 to the variance. If equidispersed data appears to have lot of zero
counts, numerous studies have suggested that Zero Inflated
Poisson (ZIP) distribution should be used. This paper therefore
1 39 349 3590 investigated whether ZIP distribution should replace Poisson
distribution if equidispersed data have excessive zero counts.
2 17 128 1546 From the analysis, score test results showed that excessive zero
counts is not a problem in equidispersed data. In addition, AIC
3 3 40 443 scores revealed that as long as count data is equidispersed,
Poisson distribution is the best model to consider even if there
4 0 8 88 are lot of zero counts. Moreover, ZIP distribution have a
variance greater than mean, therefore, it should be used in
5 0 1 14 overdispersion cases.
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