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Abstract

Method for solving three different problems of extended linear plus linear fractional programming problems in which non-
differentiable term occurs in the form of square root of a positive definite quadratic form either in constraints or in objective
function or in both is obtained. In the method, model is reduced to fractional programming problem and its solution can be
obtained by using programming theorems. Solution of the original problem can then be obtained through the solution of

fractional programming problem.
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Introduction

Recently much attention has been given™**’ to mathematical

programming problems with non-differentiable functions/terms

either in objective function or in constraints. Many researchers

have either derived optimality conditions or established duality

relations for linear programming problems and fractional

programming problems including a non-differentiable term
1

' = . . . . . . . 52
(x Bx)z either in objective function or in constraints'”.

Programming problem with non-differentiable term arises in
stochastic programming problem in which the coefficients of
one of the constraints are random variables.

Here we have considered an extended fractional programming
problem with non-differentiable terms. 3 different types of
problems are developed here. In type I problem, we consider
non-differentiable terms in constraints.

In type II problem, we consider non-differentiable term in
objective function. In type III problem, we consider non-
differentiable terms in both objective function and constraint.
Mathematical formulation of different type problems are as
follows:-

I Type Problem:
, dx +a
Minimize F(x) = (ax +y)*1 + (E'x + ﬁ)1)<z
Subjectto Ax <b
1
px+ (xBx)z<1 M

and x=>0

Non-differentiable term occurs only in constraints.
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II Type Problem:

1 K <d'x+a+(x'Bx)%>
Minimize F(x) = [a’x +y+ (x'Bx)Z] R
Subjectto Ax<band x>0 2)

Non-differentiable term occurs only in objective function.

III Type Problem:
Minimize F(x) = [a'x +vy
1
Ky (d’x +a+ (x'Bx)f)

+ (x'Bx)%] CTRE

Subjectto Ax <b
1
px+(xBx)2<1 3)

and x=0
Non-differentiable term occurs both in objective function and
constraints.

Earlier, the available algorithms for quadratic programming can
solve such programming problem. Here we have provided an
alternative method to solve the extended fractional
programming problem with non-differentiable terms by
reducing it to a fractional programming problem and its solution
can be obtained by using theorems.

Solution of extended fractional programming problem can then
be obtained through the solution of fractional programming

problem.
I
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Solution

Method of solution is given for all three types of extended
fractional programming problems in which a non-linear term
occurs in constraints or in objective function or in both in the
form of square root of a positive definite quadratic form. The
problems under consideration are (1), (2) and (3) in which A is
an (m x n) matrix, B is a symmetric positive definite matrix of
order n, decision variable x is an n-vector and p,d,c,a,b are
vectors and o, B, 7 are scalars, Prime () denotes the transpose of
a vector and ki,k, are positive integers. It is assumed that the

1
general constraint set S = {x: Ax < b,px+ (xBx)2<1,x >

0} is nonempty and bounded
0,(dx+a)=0and (cx + ) > 0.

and VxeR,ax+y >

Solution of I Type of Problem: Minimize F(x) =

' + )k +M
(ax +yy + L2200,

Subjectto Ax <b

1
px+(xBx)2<1 4
and x>0

By using parametric substitution y = tx, the above problem
reduces to

(d'x + at)tke
t(c'x + pt)kz

(a'x +yt)fa
tki

Minimize G(x,t) =

Subject to Ax —bt <0

px+1<t
xBx <1 and

)]
x=>0,t>0

The following theorems in their generalized form are useful for
determining the solution of problem (4).

Theorem 1: If (x,,t;) is an optimal solution of reduced
fractional programming problem (5), then t; > 0.

In this theorem we are given that (xg, t;) is an optimal solution
of reduced fractional programming problem, then we have to
prove that t; > 0. Here we suppose that x; # 0 and t; =0
be an optimal solution of reduced fractional programming
problem and take an element X from a set of S, which is
bounded, but if some positive number is added in it, then
addition will be also a real number and contained is S, i.e.,
Xy, =X+pux; is in § of all =0 and in that case § is
unbounded, which contradicts our assumption that S is bounded.
Hence x; # 0 and t; = 0 cannot be an optimal solution of
reduced fractional programming problem. Now, we take both
variables x; = 0 and tg = 0 be an optimal solution of reduced
fractional programming problem. Then by using the definition
of an optimal solution, i.e., it must satisfy objective function, so
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(d'xg + aty)t K2
tS(C,xS + ﬁtS)Kz

(a'xs +yt)*
X

Minimize G(x,, tg) =

or
G(xS’ tS)
(axs + vt 1(c'xs + ft) "2t + 57 K2 (d x, + aty)
- (T (Cx, + BE" -
=>x,=0,t, =0 1is not feasible for
programming problem. Hence t; > 0.

reduced fractional

Theorem 2: If x; is an optimal solution of extended fractional
——— >0 such that
(x1Bx1)?

solution of reduced fractional

programming problem (4) then 3 t; =
(t1%4,t;) is an optimal

programming problem (5).
Let x; be an optimal solution of extended fractional
1

programming problem (4) and take t = t; = 7> 0.
(x1Bx1)?

Then (t;x,,t;) is feasible solution of reduced fractional
programming problem (5).

If (x,t;) is an optimal solution of reduced fractional
programming problem (5), then
Glxs t,) | |
(axs +yt)"(cxs + Bts)2ts + (dxs + aty)t M
B , ’tSK1+1(C,xS + BtS)KZV
(axt; +yt) (et + pt) 2t + (dxty + at)t, 1%
£ (g ty + Bty

t, et (q'x, + YK (c'xy + B2 + (d'xy + a)tKatiett

< (cx, + Pzt fatka+l
, (dx +a)
< +)
(a xl y) (C xl +ﬁ)K2
G (x5 t5) < Fxp) @
Since t; > 0 from theorem 1, and x; = 0 by non-negative

constraints, so it is obvious that (?) is feasible for (4) and

S
hence

d 'x
ax, o, (G+a)
V. tY) to &
s (c Xty n ‘[),)
ts
_ @k vt | (dx+at)t’
h ts(c'xs + Bty)k2

F(x,) = (alx1 + V)K1 +

IA

K1
ts

F(xl) S G(xs' ts)
(i) and (ii) =
or

(i)
F(x1) = G(xs,t5)

H
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(dx; +a)

F(xy) = (ax, + ) + e + B

_(axgty +yt)" (dxgty +aty)t
t,f ti(cxity + Pty)k2
= G(x1ty,t)

Hence (t;x,t;) is an optimal solution of reduced fractional
programming problem (5).

Theorem 3: If (x,,t;) is an optimal solution of reduced
fractional programming problem (5) then ? is an optimal

solution of extended fractional problem (4).

Suppose that x; is an optimal solution of extended fractional

programming problem (4); then there exists a

t=t; = 1> 0 such that (t1x4,ty) is feasible solution of
(x1Bx1)?

reduced fractional programming problem (5).

Since (x,,t;) is an optimal solution of reduced fractional

programming problem (5), so

(a’s +yt)"
tf1

(d'xg + aty)tXz
ts(c'xs + Btz

G(xs,t5) =

(d'x,ty + aty)t, %2
ti(cxity + Bty)K2

(a1x1t1 + th)K1

t, %

(d*x; + )
(clxy + B2

IA

(alx, + K +
G(xs,t5) < F(xq) (iii)

Since t; > 0 from theorem 1, and x; = 0 by non-negative

constraints, so it is obvious that ? is feasible for extended

fractional programming problem (4) and we have

d'%s 4
F(:—:)z(a':_:_i_y)lﬁ_'_ (’x_:s azz
(C & +ﬁ)

(a'xs +yt )1 (d'xs + aty)t
- t;fa t(c'xg + Btk

= G (x5, t5) < F(xq)
Hence (?) is an optimal solution of extended fractional

programming problem (4). Now, it is clear from the above
theorems that for solving the extended fractional programming
problem (4), it is sufficient to solve the reduced fractional
programming problem (5). The reduced fractional programming
problem (5) can be solved by either existing methods of convex
programming or the method given by earlier researchers.
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Solution of II Type Problem: Consider the problem, in which
non-differentiable term occurs only in objective function:

1
) ’ 11K1 (d’x+a+(x'Bx)7>
Minimize F(x) = [a x+y+ Bx)f] o
(c'x+B)"?
Subjectto Ax <b 6)
and x=0
By using parametric substitution y = tx and t = ! 1>0,
(x'Bx)2

the above problem reduces to

I\ (d'%+a+1)

X -
Minimize G(x,t):<a_+y+_> + Kt
t t (C'£+ﬁ) 2
t
or
(@x+yt+ 1D (dx+at+ 1)tk
G(x, t) = ’
tha t(c'x + pr)ke
Subject to Ax —bt <0
xBx <1
and x=>0,t>0 @)

Theorem 4: If (x,,t;) is an optimal solution of reduced
fractional programming problem (7) then t; > 0.
It follows from Theorem 1.

Theorem 5: If x; is an optimal solution of extended fractional

programming problem (6) then 3 ¢; = ! >0 is an
(x1Bx1)?

optimal solution of reduced fractional programming problem

(.

Let x; solution of extended fractional
1

programming problem (6) and take t = t; = 7 > 0. Then
(x1B%1)?
(t1%4,t1) is feasible solution of reduced fractional programming
problem. if (x,,t;) is an optimal solution of reduced fractional
programming problem (7), then
(a'xs +yt, + 1
tk

be an optimal

(d'xs + atg + 1)t
ts(c'xg + Pts)k2
(d'xity + aty + Dt
t1(cxity + )
, 11k (d'x1+a+%)
(a x,+y+ E) + W
dx, +a+ (xl'Bxl)%]

(c'x; + P2

G(xs, t5) =
(a'x,t; +yt; + DE

£,

INA

IA

, A L
[a x+y+ (xlel)Z] +

G (x5, t5) < Fxy) (iv)
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Since tg > 0 from Theorem 1, and x; = 0 by non-negative
constraints, so it is obvious that (?) is feasible for (6) and
S

1
d'xy+a+(x;Bxy)?

, L
hence F(x;) = [a X +y+ (xlel)Z] +

(c'x1+8) 2
‘xS
<F (—)
ts
1
, ' 2
1 K1 d % +a+ (xSthS)
' E S S
Xs (stxs)

S tS

(F+8)”

1\ K1 1
(a X +yts + (stxS)i) X2 (d x5 + atg + (xSBxs)f)

<
< ‘. K +

ts(c'xs + fto)ke

- (a'xs +yts + DY (d'xg + ats + 1)t52
- tSKl tS(C’xS + BtS)KZ

F(x1) < G(xs, t5) )

(iv) and (v) = F(x;) < G(xs,t5)

1
[d’x1 +a+ (xl'Bxl)f]

(c'xy + p)k2

11K1
F(x;) = ax; +yv + (xlel)f] +

(dxity + at; + 1)
t1(c'xy + Bz

(a'x.t; +yt; + D2
t, %

F(xy) =

_ (11'961t1+1/t:1+1)K1 t152(d'x ¢ +at;+1)
= K

tl(c'x1t1+ﬁt1)K2
= G(x1ty,ty)

Hence (t;x,t;) is an optimal solution of reduced fractional
programming problem (7).

Theorem 6: If (x,,t;) is an optimal solution of reduced
fractional programming problem (7) then (?) is an optimal

solution of extended fractional programming problem (6).

Suppose that x; is an optimal solution of extended fractional

7 > 0 such
(x1Bx1)?

that (t;xq,t;) is feasible solution of reduced fractional

programming problem (7). Since (xg, t;) is an optimal solution

of reduced fractional programming problem (7), so

programming problem (6), then 3 t = t; =

(d'xs + ats + 1)t
tS(C,xS + BtS)KZ

(a'xs +yts + D
tX

G (xs' ts) =
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(d'xity + aty + Dt
ti(cxity + Bty)k2

- (a'x,t; +yt; + DE

£,

K1 [d'x1 +a+ %]

, 1
< ty+—| +—
[a Ty tl] (c'x; + Bz
. . 1
, , 17K [d X t+a+ (xlel)Z]
< [a X, +y+ (xlel)Z] + Cr T p)e
1

G(xs,t5) < F(x1) (vi)
Since tg > 0 from Theorem 1, and x; = 0 by non-negative
constraints, so it is obvious that (?) is feasible for extended
fractional programming problem (6) and we have

f(2)-

171K1

(xsBx5)?

[ Xs
a (—) +y+
tS tS

d'(’;—:)+a+

1
(xsBx)?
ts

() +6)"

171K1 1
[a X5 + Yt + (xSBxS)E] t 2 [d xs + ats + (x;Bxs)?

= ts 9 +

+

tS(C’xS + BtS)KZ

_(axg +ytg+ D 2 [dxg + atg + 1]
tSKl tS(C’xS + BtS)KZ

= G (x5, t5) < F(x1)

Hence (?) is an optimal solution of extended fractional
S

programming problem (6). It is then clear from theorems 4, 5
and 6 that from the solution of reduced fractional programming
problems (7), we get a solution of extended fractional
programming problem (6).

Solution of III Type Problem: Consider the problem in which
non-differentiable term occurs both in objective function and
constraints.

11K1
Minimize F(x) = [a'x +y+(x 'Bx)i]
1
(d'x +a+ (x'Bx)i>
(c'x + Bk

Subjectto Ax<b

1
px+ (xBx)2<1land x>0 8)
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It is assumed that the general constraint set S = {x:Ax <

1
b, p’x + (x 'Bx)E <1lx=> 0} is nonempty and bounded and that
VxeR,ax+y =0,(dx+a)=0and (cx+ ) > 0.

. . . . 1
By using parametric substitutions y = tx and t = 7 the
(x1Bx1)?
above problem reduces to

3oyl [oFrar]
T

_(ax+yt+ 1D (dx+at+1)
B tka t(c'x + pt)kz

Minimize G(x,t) =

Subject to Ax —bt <0

px+1<t
xBx <1
and x=>0,t>0 9

Theorem 7: If (x,t;) is an optimal solution of reduced
fractional programming problem (9), then t; > 0.
It follows from Theorem 1.

Theorem 8: If x; is an optimal solution of extended fractional

programming problem (8), then 3 t = t; = ! 7 > 0 such

(x1Bx1)?
that (tyx,,t;) is an optimal solution of reduced fractional
programming problem (9). One constraint p'x + 1 < t is extra
in problem (9), then problem (7) and (t;x;,t;) is satisfied, so
(t1%4,t1) is feasible solution of reduced fractional programming
problem (9). Rest of the pat follows from theorem 5.

Theorem 9: If (x,,t;) is an optimal solution of reduced
fractional programming problem (9), then (?) is an optimal

solution of extended fractional programming problem (8).
It follows from theorem 6.
It is then clear from theorems 7, 8 and 9 that from the solution

of reduced fractional programming (9), we get a solution of
extended fractional programming problem (8).
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Conclusion

The models discussed here are reduced to fractional
programming problem and its solution can be obtained by using
programming theorems. Solution of the original problem can
then be obtained through the solution of fractional programming
problem.
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