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Abstract

There are many subclasses of univalent functions. The objectives of this paper is to introduce new classes and we have
attempted to obtain Inclusion relation and Neighbour properties for the classes H (A, B, @) and K} (A, B, &)
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Introduction

Let Tdenote the class of functions f(w) of the form
fwW)=w-3¥Z,qwt, a 20

ey

which are univalent in the unit disc
U={w:weCand|w|<1}

Definition 1.1: A function f(w) € T is said to be close to
convex oforder u (0 < pu<1) if

Re{f W)} > uforallw € U

A function f(w) €T is said to be in the subclass H(u) of
starlike function if

wf'w)
Re(m)>M,WEU 0<u<1

Definition 1.2: A function f(w) €Tis said to be in the subclass
G () of convex function if

Re<1+

Definition 1.3: Let f(w) = w — Yy, a, wk,
Yraaxwk, a,>0,b, >0

wf (W)

m>>ﬂ, weUu

gw) =w —

then the convolution is
defined as
f(W) * g(W) = w- Zfzz Ay kak (2)

Definition 1.4 : If f and g are regular in U , we say that f is
subordinate to g , denoted by f < g or f(w) < g(w), if there
exist a Schwarz function w, which is regular in U with h(0) =
0 and |h(w)| < 1,w € U such that f(w) = g(h(w)) ,we U .
In particular if g is univalent inU , we have the equivalence
f(w) < g(w) if and only if £(0) = g(0) and f(U) c g(U)
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Definition 1.5: We say that a function f(w) € T is in the class
H (A, B, a)if it satisfy

1+ Aw
1+ Bw

wf'(w) + aw?f"(w) -
awf'(w) + (1 —a)f(w)

3

for0<a<1,-1<B<A<1

Furthermore a function f(w) € T is said to belong to the class
KH (A,B, ) if and only if wf'(w) € H (4, B, a).

Theorem 1.1: A function f(wW) = w — Y5, aqw*, a, > 0

isin 7 (4, B, a) if and only if

Z{k +ak?—2ak —(1-a)— [B(k+ak(k—1)) — A (ak + 1 — a)|}a;
k=2

<(A-B)
Proof: Suppose f(w) is inH (4, B, @)
Therefore from (2) we have

wf'(w) + aw?f"(w) 1+ Aw

pw) = awf'Ww) + (1 —a)f (w) = 1+ Bw
_ 1+ Ah(w)

PO = T Bhaw)

[h(w)| < 1

[ wf'(w) + aw?f"(w)

awfw) ¥ (A= af ] ' |< .

P R O A

awf'w) + (1 —a)f (w)
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| wf'W)+aw?f (w)—awf'(w)—(1-a)f (w)
Alawf' W)+1-a) f W)]-B[wf (W) +aw? f"(w)

]| <1 @)
wf'w) + aw?f'(w) — awf'w) — (1 — a)f(w)

- —Z[k + ak? — 2ak — (1 — a)] qew*
k=2

Alawf'W) + (1 — )f W)] — Bwf'W) + aw?f"(w)]

Z[—A(ak +1—a)+B(k + ak(k — 1))] apwk
k=2

=(A-Bw+

From (4) we have

| =Yk + ak? — 2ak — (1 — a)] qw* <1
|(A - Bw+ Z‘,’E:z[—A(txk +1—a)+ B(k + ak(k — 1))] akwkl

Since Re (w) < Ilw|. We obtain after choosing the values of w on
real axis and letting w — 1
we get

Z{k + ak? —2ak — (1 —a) — [B(k + ak(k — 1)) — A(ak + 1 — a)]}ay
= <(A-B)

Corollary 1.1 If f(w) € H (4, B, @)then

o < (A-B)
“Tk+ak? —2ak — (1—a) — [B(k +ak(k — 1)) — A(ak + 1 - a)]

and the equality holds for
fw)
(A-B)

=w — k
k+ak2—2ak—(1—a)—[B(k+ak(k—1))—A(ak+1—a)

]w
Theorem 1.2: A function f(w) = w—Ys_,awk, ax > 0
ii in KH (A, B, a) if and only if
Z{[kz(l ~2a) + ak® — k(1 — @)] — A[—ak? — k(1 — @)] — B[K?

= +ak?(k— D]}ay < (A — B)

Proof: Suppose f(w) is in KH (4, B, a)

If and only if wf'(w) is in H (4, B, a)

Let g(w) = wf'(w)

Therefore from (1.1) we have

wg'w) + aw?g" (W) —awg'w) — (1 —a)g(w) |

Alawg () + (L — @)g )] — Blwg ) + aw?g W] <

—Yr,k?(1 = 2a) + ak® — k(1 — a)]a, wk
(A-B)w + Yi {A[—ak? — k(1 — )] + B[k? + ak?(k — 1)]}akw"|
<1
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Since Re (w) < lw|. We obtain after choosing the values of w on
real axis and letting w — 1 we get

Z{[k2(1 —2a) + ak® — k(1 — @)] — A[~ak?® — k(1 — @)] — B[K?

= +ak?(k— D]}a < (A - B)

Corollary 1.2: If f(w) € KH (4, B, @) then

(A-B)
k(1 — 2a) + ak?® — k(1 — @)] — A[—ak? — k(1 — a)] — B[K? + ak?(k — 1)]

ag <

and the equality holds for

(A-B) "
[k2(1 - 2a) + ak3 — k(1 — a)] — A[—ak? — k(1 — a)] — B[k? + ak?(k — 1)]W

fw)=w-

Inclusion Relation and Neighbour Properties

Definition-2.1: Let £ >0 and f(W) = w — Y3, a, wk be
the function in the (k, &) —neighborhood of a function f(w)
defined as

N,f(f) = {gET:g(W) =W—Zbkwkand Zklak—bkl g{]
k=2 k=2

For the identity function I(w) = w, we have

Ni(D = {gET:g(w):w— byw*and » k|b |S§§

Definition 2.2: The function f(w) = w — Y5_, a, w¥ is said
to be a member of the subclass

H (A, B, @) if there exist a function g € H (4, B, @) such that

m—1|S1—9,0S9<1

gw)
Theorem 2.1: Let0 <a <1,-1<B<A<1.Then

(A, B,a) € H(A;,B;,0) where —1 < B; < A; < 1and

L > B and 4, = 2n—1
1-n
Where:

A-B
n

T {A+a)(AI-2B+A))-(A-B)
Proof: Let f(w) = w — Y%, a;, w* be in the class 7 (4, B, a)
Therefore by Theorem 1.1:

S {k +ak? — 20k — (1 —a) ~ [B(k + ak(k = 1)) ~ Ak +1-a)]} _
Z (A—B) e =

1 (5
k=2

Now we want to find the values of 4; , B; such that —1 < B; <
Ay <1,and
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{k—1-1[Bk—Al} Simplifying (12) we get
Z A By %] ©  AzB kol 13
! 1-B, 6—-1" 7’ (13)

The inequality (5) imply (6) if Note that the right hand side of (13) decreases as k increases

{1~ [Buk — Aul) 0 and maximum for k = 2
(Al _2 31)
k +ak? — 2ak — (1 — a) — [B(k + ak(k — 1)) — A(ak + 1 — @)
{ - - - [(A( B;x ) A 2l =8  Thus (13) is satisfied provided
Bl - Al A - B

o > =n (14)
Simplifying (7) we get Bi—-1 " {1+a)(1-2B+A)}—(A—-B)
Bl - Al k - 1

B, —1 2 5—1 "' k=2, ® fixing A, in (14), we get

Al_n

It is clear that the right hand side of (8) decreases as k 1—n
increases and maximum for k = 2

> B,

For—1 < B;,wehave 4; =2 2n—1

Thus (8) is satisfied provided ]
The proof of theorem is complete.

Al A-B
= 9 .
B 1A+ -2B+A-GA-B) " ) Theorem ZZ'?AL_etB)
&=
fixing 4, in (9), we get (1+a)(1—-2B+A4A)
Al —-n
1—n =B, Then

H(A,B,a) € Nj(I)
For—1 < B;,wehave A; =2 2n—1
Proof: Letf(w) = w — Y5_, a, w* be in the class H (4, B, @)
The proof of theorem is complete.
Then
Theorem 2.2: Let0 <a <1,-1<B<A<1.Then Z}?:z{k + ak? —2ak — (1 —a) — [B(k + ak(k — 1)) —
KH(A,B,a) € KH(A;,B;,0) where—1 < B; <A; <1 and A(ak +1 - a)]}a, < (A —B)
and4; = 2n—-1 ®

1n = (1+a)(1—ZB+A)ZakS(A_B)

Where &
_ A-B
n= {l+a)(1—-2B+A)}—-(A—-B) Toglerefore ( )
A—B
Proof: Let f(w) = w — Y-, a;, w¥ be in the class 3 (4, B, a) Z e < A+a)(1-2B+4) (15)

Also fi
Therefore by Theorem 1.2: so for |w| <r

o 2{[k (-2a)+ak3-k(1-)]- A([Aa';: k(-] -Blk*+ak?(e-D]} | a <1 (10) |f'(W)| <1+ |w| Z ka, <1+ rz kay
k=2 k=2
Now we want to find the values of 4, , B; such that —1 < B; <
A; <1, and From (15) we have : )
o 2(A-B
kik—1—-Bk+ A} ' <1+
Z ! La <1 (11) Il < r(1+a)(1—ZB+A)
L (A-BD
From above inequalities we get
The inequality (10) imply (11) if ® 2(4-B)
k{k=1-[B1k-A1]} _ Z ka, < =¢
(41-B1) - — 1+a)(1-2B+4)
{[k2(1-2a)+ak3-k(1-a)|-A[-ak?-k(1-a)]-B[k?+ak?(k—-1)]} k=2

4-5) =46 (12)

Therefore f € N,f €))

International Science Community Association



Research Journal of Mathematical and Statistical Sciences

E- ISSN 2320-6047

Vol. 4(10), 16-20, November (2016)

Theorem 2.4: Let
___(“4-B
§= (14 a)(1—-2B + A)

Then
KH (A,B, @) € Ni(I)

Proof: Let f(w)= w-—Y7_,a,wk be in the class
K (A, B, @)
Then
Yo {lk*(1 - 2a) + ak® — k(1 — a)] — A[—ak? —
k(1 —a)] — B[k? + ak?(k — D]}a, < (A—B)
That is
2(1+a’)(1—ZB+A)Zak <(A-B)
k=2
Therefore
i < 4-5) 16
k_za"—2(1+a)(1—23 +4) (16)

Also for |z| < T

lf'w)| < 1+|W|Zkak < 1+r2kak
k=2 k=2

From (16) we have

Ifw)|<1+r 24 - B)

21+ a)(1—2B + 4)

From above inequalities we get
i ka, < 4-5) =
) U Ay -28+4) ¢

Therefore
feND)

Theorem 2.5: Let g(w) = w — Y5_, b, w¥ be in the class
H(A,B,a) and

g=1 1+a)(1—-2B+A) >

§
_§Q1+MG—ZB+A}{A—M

Then N (f) c H(4,B,a,B) ,0<a<1,-1<B<A<1,
0<p<1

Proof: f € N ,f (f) then by definition we have
> klag bl <¢
k=2

Then
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o0

Dla = bl <

k=2

N | ™

Since g € H (A4, B, a) , we have
N (4-B)

<
;;%'w1+ax1—23+A) a7
Therefore
ﬂm_q Sicala. = bl
gw) 1= Xk=2bi

s§< 1+a)(1—-2B+A) ):1—/3
2\(1+a)(1-2B+A)—(A-B)

Then by DEFINITION 2.2, we get
feH(AB,alp)

Theorem 2.6: Let g(w) =w — Y%_, by w be in the class
KH (A, B, a) and

I

(1+a)(1—2B +A)
20+a)(1—-2B+A)— (A —B))

Then NS (f) € KH(A,B,a,f) ,0<a<1,-1<B<A<1
,0<B<1

Proof: Similar to THEOREM 2.5

Conclusion

Here we have defined two classes H (4, B, @) and KH (4, B, @).
We have obtained coefficient estimate. With the help of
Theorem 1.1 we have investigated Inclusion Relation and
Neighbour Properties for these two classes.
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