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Abstract 

In Classical Linear Regression, in the presence of multicollinearity there are several methods to get rid of this problem and 

one of the most famous one is the ridge regression. In this paper, a new procedure to estimate the ridge parameters for 

Generalized Ridge Regression (GR) estimator is presented. We compared our estimators with other 30 estimators proposed 

elsewhere earlier according to mean squared error (MSE) criterion. All results are calculated by a Monte Carlo simulation. 

According to simulation study, our estimators perform equivalently to the estimator under the influence of multicollinearity. 

Also perform better than the others in the sense of MSE. 
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Introduction 

Regression analysis is one of the most common methods of 

analysis and modeling recognized for its practicality in 

forecasting and estimation. It is useful in several ways. The 

ordinary least-squares (LS) method is often favored for 

parameter estimation in regression analysis due to its appealing 

mathematical properties and computational ease. The estimator 

under certain assumptions has some very attractive statistical 

properties which have made it one of the most powerful 

estimators. Consider, widely used linear regression model   

 

  XY ,                                                                      (1) 

 

where Y is a n×1 random vector of response variables, X is a 

known n×p matrix with full column rank,  is the vector of 

errors E() = 0 and Cov() = 2 In.  is a p×1 vector of 

unknown regression parameters and 2 is the unknown 

variance parameter. For the sake of convenience, we assume 

that the matrix X and response variable Y are standardized in 

such a way that XX '
 is a non-singular correlation matrix and 

YX '
 is the correlation between X and Y.  

 

Let   and T be the matrices of eigen values and eigen vectors 

of XX '
, respectively, satisfying XTXT ''

 =   = diagonal ( 1 ,

2 ,..., p ), where i  being the i
th

 eigen value of XX '
 and 

TT '
 = 

'TT  = Ip . We obtain the equivalent model
2
  

Y = Zα + ,                                         (2) 

where Z = XT , it implies that ZZ '
 = , and α = 'T  

Then LS estimator of α is given by 

 

YZZZLS
'1' )(ˆ  =

1 YZ '
.                                       (3) 

Therefore, LS estimator of β is given by 

LSLS T ˆˆ  .     

 

Assumption that covariates are exogenous to the error, or in the 

case of fixed covariates, if the error has zero mean. This 

assumption, however, is violated if there is a close-linear 

relationship between the regressors, leading to the 

"multicollinearity". Indicators of multicollinearity include a 

very high correlation among two or more explanatory variables, 

a very small (near zero) eigen values of the correlation matrix of 

explanatory variables, a too large condition numbers. The 

separate effects of these variables may be confounded. Many 

techniques for dealing with multicollinearity have been 

developed, including adding more observations to the sample, 

principal component analysis, factor analysis, and ridge 

regression (RR). Ridge regression is a biased estimation 

technique and was developed as an alternative to LS, which is 

unbiased but prone to produce high variance in coefficient 

estimations. This would render misleading statistical inferences. 

 

Ridge regression
1
 defines a class of estimators indexed by a 

biasing parameter k . As ‘ k ’ increases from zero and continues 

up to infinity, the regression estimates tend toward zero. Though 

these estimators result in biased, for certain value of k , they 

yield minimum mean squared error (MMSE) compared to the 

LS estimator. This approach prevents the overinflating of 

regression coefficient variances, enhancing the reliability of 

statistical inferences regarding the coefficients. 

 

RR estimator is given as: 

RR̂ =    LSkIkI ̂
1

                                           (4)  

 

Therefore, RR estimator of β is given by 
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RRRR T ˆˆ   

 

and mean square error of RR̂ is  

MSE ( RR̂ ) 

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We observe that, when k  = 0 in (5), MSE of LS estimator of α 

is recovered. Hence                

MSE ( LS̂ )  


p

i

i

1

2 1ˆ              (6) 

In a ridge regression an additional parameter, the ridge 

parameter ( k ) plays an important role to control the bias of the 

regression towards the mean of the response variable. The value 

of ‘ k ’ is chosen small enough, for which the mean squared 

error of ridge estimator, is less than the mean squared error of 

LS estimator
3
.  They shown that )ˆˆˆ()( '2 pHKBk   is used 

as an estimate of k, then significant improvement over LS is 

obtained in MSE properties of the estimate of ‘β’. Ridge 

parameter
3 k  perform fairly well. The challenge is to determine 

a best choice for the ridge parameter k . Much of the 

discussions on ridge regression concern the problem of finding 

good empirical value of k in the statistical literature. However, 

there is not an explicit way of estimating k . Most recently, 

highlights the lack of a robust ridge parameter estimator
4
 that 

can be applied in practice and perform well in case of real-life 

data with a wide range of p, n, ρ, and σ values. They considered 

366 estimators for estimating ridge or shrinkage parameter k  for 

regression models.  

 

In addition, generalized ridge regression
1
 (GR) procedure that 

allows separate ridge parameter for each regressor. Using GR, it 

is easier to find optimal values of ridge parameter i.e., values for 

which the MSE of the ridge estimator is minimum. In addition, 

if the optimal values for biasing constants differ significantly 

from each other then this estimator has the potential to save a 

greater amount of MSE than the LS estimator.  

 

In the classic setting when n > p, it is well known that the ridge 

estimator uniformly shrinks the LS, thus reducing its squared-

length relative to the LS. This variance reduction enables the 

ridge estimator to outperform the LS in correlated settings. 

However, the ridge estimator shrinks all coefficients uniformly 

to zero, which is effective only when all coefficients are small. 

On the other hand, GR generalizes ridge estimation by using a 

unique parameter k for each coefficient β, which allows GR to 

achieve non-uniform shrinkage, thus making it feasible to 

selectively shrink coefficients to zero, similar to the lasso. In the 

classic setting n > p, it has been shown that GR estimators can 

achieve oracle properties
5
. Although it is unlikely they 

envisioned using GR in problems where p could be larger than 

n, it is natural to wonder if it can be applied effectively in such 

contexts. 

 

The GR estimator of α is defined by 

GR̂ =  1 KAI ̂ ,                                            (7) 

 

where K = diagonal ( 1k , 2k … pk ), k i ≥0, i=1,2,...,p be the 

different ridge parameters for different regress or and A =  + 

K. 

Hence, GR estimator for β is β̂ GR = GRˆT and mean square 

error of RR̂ is MSE ( GR̂ ) = Variance ( GR̂ ) + [Bias ( GR̂ )] 
2
 


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Setting 1k = 2k =...= pk = k and k ≥ 0, the MSE ( RR̂ ) is 

recovered. 

 

In case of GR, various methods are available in the literature to 

determine the separate ridge parameter for each regressor 

(Appendix).  

 

Initially, the purpose of this paper is to judge the performance of 

the different methods of estimating ridge parameters in GR. 

Also, to develop generalized ridge regression by estimating the 

new ridge parameters. Moreover, we suggested methods for 

estimating ridge parameters in GR which produces ridge 

estimators mostly yields minimum MSE than most of the other 

estimators to be included in this study. In order to be able to 

evaluate the performance of the different methods of estimating 

ridge parameters we calculate the MSE for real data as well as 

simulated data using Monte Carlo simulations. With setting 

when n > p as well as n < p, we chose to vary the sample size, 

the number of explanatory variables, error variance and the 

degree of correlation. In addition, we evaluate its performance 

when model defined in linear regression exhibits with not only 

multicollinearity but also heteroscedastics and/or correlated 

errors, non-normal errors and outliers, respectively. 

 

Proposed Ridge Parameters 

T the values of ik which minimizes the MSE of GR
1
 are given 

by pik ii ,...,2,1,
22   . Also, propose estimates of ik  by 

replacing the unknown quantities by their LS estimates given as   

piHKk ii ,...,2,1,ˆˆ)(
22      where, i̂  is the i

th
  element of 

LS̂ , pi ,...,2,1  and 
2̂  is the LS estimator of 2 i.e. 

2̂

1

ˆ '''






pn

YZYY LS . )(HKki
 is superior to all estimators within the 

class of biased estimators. However the ik  have no finite 

moments of any order and therefore may not yield a GR 

estimator, with good MSE properties. Iterative procedure
1
 to 

estimate ik , and explicit closed form
6
 solution for the 
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procedure. There are some exact finite sample properties for GR 

estimators. Approach
7
 to estimate 

22

i  as a single quantity 

rather than to estimate 
2 and i  separately. It is given by   

   pipnFk iiii .,,..2,1ˆ1ˆˆ)( 222    

 

It is well known that eigen values of  XX '  are also used to 

detect multicollinearity among the various explanatory 

variables. Most of the researchers including
7
 suggested ridge 

parameters ik  as the modification in )(HKki  based on these 

eigen value i  to keep the variation depends on the strength of 

the multicollinearity.  

 

With above applications of LS estimate of ‘ ’ and eigen 

values of  XX ' , we introduce a new approach to determine 

ridge parameters ik  in GR.  

We denote our ridge parameters by )(ik  given by 

pi
p

k
i

i ,...,2,1,
ˆ

ˆ
)(

2

max

2





  

where, i̂  is the i
th

  element of LS̂  and )max(max i       

pi ,...,2,1 . i  being the i
th

 eigen value of  XX ' . 

 

Evaluation of the Performances of the Proposed 

and Review Estimators 

 
Numerical Example: In this section, we demonstrate the 

performance of proposed estimator by considering numerical 

example; we use Hald cement data
2
. The Table-1 gives the 

estimated values of the regression coefficients using LS, RR and 

GR estimators. Also gives their MSE using equations (6), (5) & 

(8) respectively. Here we noted that using GR the estimated 

values of the regression coefficients and MSE ratios are 

represented only for )(HKki

1
, )(MUki

8
 and )(ik  because 

these values for remaining choice of ik having less importance 

for the comparative study. 

 

From Table-1, we can see that RR as well as GR estimators are 

superior to LS estimator at )(HKki
, )(MUki

 and )(ik . GR 

estimators at )(HKki
, )(MUki

 and )(ik  are superior to LS 

estimator. Particularly, GR estimators at )(HKki
, gives better 

performance than others.  

 

Simulation Study: Consequently, parameter estimation 

methods are based on LS estimators do not assure the desirable 

results in the presence of multicollinearity. We evaluate the 

performance of the reviewed and proposed estimator compare to 

LS estimators using Monte Carlo Simulation study. We evaluate 

the performance of our suggested ridge parameters by 

considering following different situations in linear regression 

when data exhibits with multicollinearity. 

 

Case II: Data generated using heteroscedastic errors. 
 

Case III: Data generated using outlier observations. 
 

Case IV: Data generated using outlier observations and 

heteroscedastic errors. 

 

Case V: Data generated using non-normal errors. 

 

Case I: Data generated using normal errors: We examined the 

ratios of average MSE (AMSE) of 
GR̂  over the estimators for 

different degrees of multicollinearity. We consider the true 

model as   XY . The explanatory variables are generated
9
 

by  
 

.,...,2,1,...,2,1,)1( 2/12 pjniuux ipijij    

 

Where, uij are independent standard normal pseudo-random 

numbers and   is specified so that the theoretical correlation 

between any two explanatory variables is given by
2 . In this 

study, we investigate the effects of different degrees of 

multicollinearity on the estimators.   

 

Here, we investigate the performance of the suggested ridge 

parameters )(ik compare to ridge parameters with reference to 

GR listed in Appendix. Estimators LS̂  and GR̂  are computed 

and obtained the average MSE (AMSE) of estimators using the 

following expression. The experiment is repeated 3000 times. 
 

)ˆ(AMSE  = 
 


p

i j

iij

1

3000

1

2)ˆ(
3000

1
 . 

where, ij̂ denote the estimator of the i
th

 parameter in the j
th
 

replication and 
i , pi ,...,2,1   are the true parameter values. 

We computed the AMSE ratios (AMSE ( LS̂ ) / AMSE ( GR̂ )) 

of LS estimator over different estimators for various values of 

 , p, n,
2 . We consider the method that leads to the 

maximum AMSE ratio to the best from the MSE point of view. 
 

Case-I:  Data generated using normal errors: Here ‘’ 

follows a normal distribution ),0(
2

nIN  .  

 

Part A: Here we consider predictor variables p = 4 and   = 

0.95. We have simulated the data with sample sizes n = 10, 80 

and 500. The variance of the error terms is taken as 2  = 1, 8, 
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25 and 100. We computed the AMSE ratios (AMSE ( LS̂ ) / AMSE ( GR̂ )) and reported in Table-2. 

Table-1: Values of estimates and MSE. 

Estimator 
Ridge 

Parameter 
1̂  

2̂  3̂  
4̂  MSE 

MSE ratios 

over LS 

LS  - 1.5511 0.5102 0.1019 -0.1441 1.37 1 

RR  
)(HKBk
 

= 0.0131
 1.2995 0.2999 -0.1420 -0.3486 0.1488 9.2070 

GR  

)(HKki
 0.0991 -0.2593 0.009 -0.5891 0.1470 9.3238 

)(MUki
 0.01038 -0.2617 0.0166 -0.5891 0.1479 9.2616 

)(ik  0.0580 -0.2379 0.0005 -0.5881 0.1502 9.1282 

Table-2: Ratio of AMSE of LS over various GR estimators for different ‘ ik ’ (p=4, ρ = 0.95). 

ik  
10n  80n  500n  

12   8 25 100 12   8 25 100 12   8 25 100 

)1(ik  4.129 5.866 5.621 7.073 3.286 4.708 5.536 5.845 3.152 4.022 4.939 5.342 

)2(ik  1.150 2.268 1.829 2.906 1.248 1.670 2.455 2.358 1.500 1.504 1.949 2.323 

)3(ik  2.001 2.021 2.016 2.005 2.000 2.001 2.004 2.001 2.000 2.000 2.001 2.001 

)4(ik  2.00 2.000 2.010 2.000 2.001 2.000 2.000 2.020 2.001 2.000 2.020 2.00 

)5(ik  3.019 4.818 4.506 5.873 2.111 3.585 4.507 4.725 1.964 2.777 3.830 4.322 

)6(ik  3.481 4.329 4.204 4.710 2.963 3.781 4.192 4.289 2.883 3.384 3.901 4.109 

)7(ik  2.549 2.697 2.676 2.731 2.040 2.052 2.053 2.053 2.006 2.008 2.008 2.008 

)8(ik  0.178 0.117 0.077 0.007 1.866 0.019 0.048 0.011 2.045 0.494 0.158 0.105 

)9(ik  0.432 2.004 1.612 2.550 0.036 0.973 1.959 1.879 0.005 0.285 1.163 1.824 

)10(ik  0.143 3.344 2.405 3.515 0.009 0.585 2.710 3.531 0.001 0.086 0.682 1.850 

)11(ik  1.310 2.810 2.318 3.549 0.688 2.107 3.164 3.079 0.561 1.319 2.432 3.016 

)12(ik  0.133 1.881 1.611 2.548 0.008 0.502 1.799 1.879 0.001 0.083 0.688 1.803 

)13(ik  4.127 5.831 5.594 7.025 3.132 4.027 4.367 4.450 2.485 2.623 2.675 2.693 

)14(ik  0.117 1.761 1.600 2.542 0.008 0.393 1.542 1.843 0.001 0.071 0.525 1.641 

)15(ik  1.312 2.815 2.322 3.551 0.699 2.227 3.327 3.192 0.586 1.611 2.956 3.513 

)16(ik  0.133 1.895 1.614 2.558 0.008 0.497 1.753 1.878 0.001 0.082 0.641 1.718 

)17(ik  3.925 5.464 5.253 6.559 3.179 4.446 5.148 5.450 3.052 3.867 4.645 4.978 

)18(ik  0.117 1.722 1.588 2.488 0.008 0.393 1.562 1.817 0.001 0.071 0.531 1.702 
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)19(ik  0.117 1.628 1.546 2.395 0.008 0.385 1.462 1.701 0.001 0.071 0.516 1.618 

)20(ik  0.715 2.162 1.724 2.755 0.183 1.273 2.259 2.143 0.104 0.573 1.523 2.123 

)21(ik  0.126 1.839 1.629 2.568 0.008 0.456 1.748 1.908 0.001 0.078 0.624 1.831 

)22(ik  0.117 1.701 1.588 2.501 0.008 0.388 1.523 1.826 0.001 0.071 0.524 1.678 

)23(ik  1.564 3.070 2.565 3.858 0.979 2.489 3.551 3.475 0.851 1.707 2.840 3.400 

)24(ik  0.129 1.852 1.608 2.545 0.008 0.472 1.748 1.873 0.001 0.079 0.646 1.782 

)25(ik  2.200 2.660 2.630 2.720 2.008 2.047 2.052 2.052 2.001 2.007 2.008 2.008 

)26(ik  0.117 1.782 1.601 2.536 0.008 0.393 1.553 1.845 0.001 0.071 0.524 1.641 

)27(ik  1.983 3.036 2.499 3.817 1.768 3.112 3.709 3.624 1.562 2.524 2.792 2.851 

)28(ik  0.132 1.864 1.604 2.549 0.008 0.493 1.722 1.859 0.001 0.082 0.638 1.703 

)29(ik  3.261 3.955 3.869 4.328 2.831 3.518 3.839 3.948 2.756 3.211 3.612 3.768 

)30(ik  0.128 1.724 1.585 2.534 0.009 0.430 1.544 1.837 0.001 0.082 0.572 1.663 

)(ik  4.126 5.859 5.617 7.068 3.285 4.706 5.532 5.841 3.151 4.021 4.936 5.338 

 

Above same procedure carried out for case II to V, and results 

are reported in Tables: from Table 3 to Table 6 respectively.  

 

Part B: In the same vein, for different choice of   parameter 

vectors chosen arbitrarily for different combinations of p = 

4,7,15;   = 0.99, 0.999;  n = 20, 100, 400,1000  and 2  = 1, 8, 

25. There are 72 set of (p,  ,n,
2 ) values. These are arranged 

as  (4,0.99,20,1), (4,0.99,20,8), …, (15,0.999,1000,25) and it is 

numbered as 1, 2,…, 72 respectively. AMSE ratios only for 

)(HKki
, )(MUki

 and )(ik  are computed and represented in 

Figure-1.  

 

 
Figure-1: Ratio of AMSE of LS over various GR estimators. 

Above same procedure carried out for case II to V, and results 

are represented in Figures: from Figure-2 to Figure-5 

respectively.  

 

Case II: Data generated using heteroscedastic errors: Here 

we consider the problem of heteroscedasticity. Means we 

assume that the elements of the random vector ‘’ were not 

independent and identically distributed random variables. To 

introduce Heteroscedastic and/or correlated errors with the 

assumptions E() = 0 and Cov() = 2 V, where V is a known n 

× n symmetric positive definite (pd) matrix there exists a 
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nonsingular symmetric matrix P such that PPV '1   and 2 > 

0 is the unknown variance parameter. Then the linear model 

given in Equation (2) can be written as 

 

 ~~~
 ZY , 

Where, PYY 
~

,  P~ and PZZ 
~

 

 

Matrix V will be estimated by method
7
. In the present study we 

choose 95.0  and consider matrix V is estimated as below 
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Table-3: Ratio of AMSE of LS over various GR estimators for different ‘ ik ’ (p=4, ρ = 0.95). 

ik  
10n  80n  500n  

12   8 25 100 12   8 25 100 12   8 25 100 

)1(ik  4.119 5.225 5.815 6.809 3.104 4.239 4.781 4.862 2.915 3.756 4.455 5.015 

)2(ik  1.130 1.751 1.771 2.352 0.994 1.449 1.661 1.652 1.177 1.351 1.538 1.968 

)3(ik  2.001 2.025 2.017 2.005 2.000 2.001 2.003 2.001 2.000 2.000 2.001 2.001 

)4(ik  2.010 2.010 2.000 2.000 2.01 2.000 2.011 2.020 2.012 2.000 2.020 2.000 

)5(ik  3.064 4.168 4.647 5.572 1.980 3.186 3.724 3.792 1.828 2.614 3.360 3.971 

)6(ik  3.491 4.044 4.274 4.625 2.842 3.551 3.836 3.868 2.731 3.254 3.656 3.956 

)7(ik  2.562 2.660 2.681 2.719 2.040 2.051 2.052 2.052 2.006 2.008 2.008 2.008 

)8(ik  1.118 0.204 0.005 0.015 2.029 0.070 0.059 0.003 0.011 0.003 0.182 0.049 

)9(ik  0.442 1.513 1.478 2.025 0.036 0.796 1.195 1.223 0.005 0.272 0.866 1.377 

)10(ik  0.153 2.607 2.360 2.862 0.009 0.582 2.416 2.876 0.001 0.087 0.673 1.824 

)11(ik  1.297 2.132 2.237 2.924 0.623 1.794 2.180 2.181 0.533 1.240 1.926 2.540 

)12(ik  0.140 1.441 1.476 2.025 0.008 0.450 1.126 1.226 0.001 0.082 0.570 1.359 

)13(ik  4.118 5.203 5.792 6.784 2.974 3.741 4.005 4.015 2.430 2.586 2.627 2.669 

)14(ik  0.126 1.374 1.465 2.015 0.008 0.361 1.019 1.204 0.001 0.071 0.453 1.264 

)15(ik  1.299 2.135 2.239 2.927 0.633 1.884 2.276 2.264 0.560 1.505 2.322 2.979 

)16(ik  0.140 1.446 1.477 2.028 0.008 0.446 1.112 1.223 0.001 0.081 0.538 1.313 

)17(ik  3.902 4.896 5.426 6.325 3.012 4.013 4.489 4.570 2.825 3.604 4.215 4.692 

)18(ik  0.126 1.354 1.461 2.002 0.008 0.361 1.021 1.204 0.001 0.071 0.457 1.292 

)19(ik  0.126 1.328 1.422 1.926 0.008 0.356 0.991 1.174 0.001 0.071 0.446 1.250 

)20(ik  0.730 1.636 1.609 2.196 0.173 1.063 1.414 1.426 0.103 0.547 1.150 1.667 

)21(ik  0.134 1.424 1.493 2.053 0.008 0.414 1.111 1.256 0.001 0.077 0.527 1.379 

)22(ik  0.126 1.345 1.459 2.004 0.008 0.357 1.004 1.204 0.001 0.071 0.452 1.278 

)23(ik  1.524 2.321 2.488 3.216 0.877 2.127 2.520 2.512 0.793 1.593 2.283 2.921 

)24(ik  0.137 1.426 1.473 2.022 0.008 0.426 1.105 1.222 0.001 0.079 0.541 1.346 



Research Journal of Mathematical and Statistical Sciences ____________________________________________ISSN 2320-6047 

Vol. 13(3), 1-13, September (2025) Res. J. Mathematical and Statistical Sci. 

 International Science Community Association          7 

)25(ik  2.251 2.625 2.646 2.709 2.008 2.047 2.051 2.052 2.001 2.007 2.008 2.008 

)26(ik  0.126 1.389 1.467 2.013 0.008 0.361 1.029 1.206 0.001 0.071 0.453 1.265 

)27(ik  1.887 2.319 2.330 3.110 1.702 2.900 3.155 3.148 1.554 2.485 2.717 2.803 

)28(ik  0.140 1.426 1.470 2.021 0.008 0.442 1.093 1.211 0.001 0.081 0.534 1.302 

)29(ik  3.257 3.724 3.937 4.253 2.727 3.312 3.548 3.581 2.616 3.080 3.409 3.642 

)30(ik  0.136 1.356 1.454 2.010 0.009 0.391 1.021 1.201 0.001 0.081 0.488 1.278 

)(ik  4.114 5.218 5.810 6.804 3.103 4.236 4.778 4.859 2.914 3.754 4.453 5.012 

 

Case III:  Data generated using outlier observations: By 

introducing two outliers for different model specifications.  

 

Case IV:  Data generated using outlier observations and 

heteroscedastic errors: Here we evaluate the performance of 

estimators for the simulated data exits with one or multiple 

outliers and heteroscedastic and/or correlated errors, in linear 

regression model in the presence of multicollinearity. We 

introduce two outliers in the simulated data with heteroscedastic 

and/or correlated errors, where heteroscedastic and/or correlated 

errors are introduced using the same method as given in Case: 

II. 

  

Case V:  Data generated using non-normal errors: Like 

heteroscedastic and/or correlated errors, departure from the 

normality assumption is also one of` the common problems in 

regression.  

 

Here we attempt the same problem and to evaluate performance 

of the proposed estimator, we assumed that ‘’ follows a non-

normal distribution. To examine the robustness of all estimators 

under consideration, random numbers are generated for the error 

terms () from each of the Chi-square, F and t distributions 

respectively.

  

 
Figure-2: Radio of AMSE of LS over various GR estimators. 

 

Table-4: Ratio of AMSE of LS over various GR estimators for different ‘ ik ’ (p=4, ρ = 0.95). 

ik  
10n  80n  500n  

12   8 25 100 12   8 25 100 12   8 25 100 

)1(ik  6.129 5.534 5.933 5.999 5.865 5.285 5.961 5.465 5.388 6.172 5.299 5.961 

)2(ik  2.010 1.993 1.968 2.276 2.463 2.020 2.584 2.128 2.361 2.379 2.171 2.791 

)3(ik  2.043 2.029 2.030 2.003 2.029 2.020 2.019 2.002 2.017 2.024 2.008 2.001 

)4(ik  2.000 2.000 2.020 2.010 2.000 2.010 2.000 2.000 2.014 2.000 2.020 2.007 
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)5(ik  4.935 4.513 4.766 4.926 4.798 4.254 4.914 4.415 4.393 4.971 4.297 4.918 

)6(ik  4.384 4.197 4.310 4.368 4.313 4.079 4.359 4.152 4.137 4.396 4.096 4.355 

)7(ik  2.694 2.683 2.687 2.700 2.053 2.052 2.053 2.053 2.008 2.008 2.008 2.008 

)8(ik  1.820 1.615 1.773 1.996 2.015 1.631 2.115 1.733 1.830 1.831 1.612 2.213 

)9(ik  1.827 1.624 1.780 2.003 2.033 1.647 2.135 1.747 1.852 1.843 1.625 2.238 

)10(ik  1.821 1.616 1.774 1.995 2.016 1.634 2.116 1.735 1.834 1.829 1.614 2.216 

)11(ik  2.488 2.456 2.404 2.775 3.201 2.661 3.369 2.800 3.044 3.137 2.805 3.574 

)12(ik  1.825 1.619 1.772 2.005 2.042 1.651 2.129 1.751 1.859 1.851 1.618 2.234 

)13(ik  6.093 5.501 5.892 5.965 4.459 4.176 4.455 4.234 2.691 2.728 2.675 2.697 

)14(ik  1.824 1.620 1.777 2.000 2.020 1.637 2.121 1.738 1.832 1.827 1.612 2.214 

)15(ik  2.489 2.457 2.404 2.777 3.312 2.754 3.498 2.894 3.488 3.463 3.175 4.004 

)16(ik  1.831 1.628 1.785 2.010 2.042 1.654 2.146 1.755 1.849 1.841 1.624 2.235 

)17(ik  5.731 5.139 5.547 5.566 5.461 4.929 5.535 5.097 5.015 5.764 4.933 5.535 

)18(ik  1.801 1.596 1.738 1.986 1.990 1.612 2.053 1.704 1.813 1.805 1.555 2.132 

)19(ik  1.762 1.572 1.671 1.941 1.938 1.575 1.970 1.661 1.797 1.697 1.550 2.050 

)20(ik  1.928 1.772 1.879 2.151 2.286 1.854 2.404 1.960 2.151 2.120 1.884 2.584 

)21(ik  1.840 1.638 1.782 2.034 2.098 1.692 2.180 1.792 1.927 1.896 1.650 2.283 

)22(ik  1.806 1.601 1.745 1.989 2.001 1.619 2.065 1.711 1.818 1.813 1.562 2.151 

)23(ik  2.715 2.713 2.612 3.017 3.582 3.009 3.769 3.155 3.421 3.573 3.185 3.987 

)24(ik  1.824 1.618 1.772 2.003 2.036 1.647 2.125 1.747 1.853 1.845 1.616 2.229 

)25(ik  2.690 2.651 2.672 2.687 2.052 2.052 2.052 2.052 2.008 2.008 2.008 2.008 

)26(ik  2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 

)27(ik  2.685 2.598 2.591 3.075 3.689 3.412 3.699 3.477 2.853 2.847 2.815 2.868 

)28(ik  1.827 1.623 1.780 2.003 2.024 1.640 2.124 1.741 1.836 1.830 1.614 2.219 

)29(ik  4.042 3.838 3.978 4.000 3.955 3.747 3.987 3.813 3.785 4.057 3.752 3.987 

)30(ik  1.820 1.616 1.773 1.995 2.015 1.633 2.114 1.734 1.831 1.826 1.611 2.212 

)(ik  6.125 5.530 5.929 5.995 5.861 5.282 5.957 5.462 5.385 6.169 5.296 5.957 
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Figure-3: Radio of AMSE of LS over various GR estimators. 

Table-5: Ratio of AMSE of LS over various GR estimators for different ‘ ik ’ (p=4, ρ = 0.95). 

ik  
10n  80n  500n  

12   8 25 100 12   8 25 100 12   8 25 100 

)1(ik  5.147 6.498 7.353 5.151 6.076 5.363 5.703 5.405 5.709 5.793 5.856 5.928 

)2(ik  1.739 2.470 2.857 1.852 2.502 2.138 2.404 2.409 2.387 2.432 2.604 2.546 

)3(ik  2.025 2.055 2.078 2.002 2.043 2.022 2.010 2.002 2.025 2.023 2.009 2.002 

)4(ik  2.023 2.040 2.000 2.010 2.000 2.002 2.010 2.000 2.000 2.020 2.004 2.012 

)5(ik  4.146 5.304 6.043 4.187 4.956 4.334 4.679 4.448 4.669 4.726 4.804 4.845 

)6(ik  4.030 4.513 4.768 4.047 4.381 4.110 4.264 4.153 4.259 4.284 4.313 4.331 

)7(ik  2.662 2.711 2.732 2.667 2.053 2.053 2.053 2.053 2.008 2.008 2.008 2.008 

)8(ik  1.554 2.177 2.544 1.649 2.010 1.762 1.968 1.988 1.929 1.954 2.078 2.067 

)9(ik  1.560 2.192 2.560 1.659 2.027 1.776 1.988 2.009 1.946 1.974 2.101 2.088 

)10(ik  1.554 2.178 2.545 1.650 2.011 1.763 1.971 1.989 1.931 1.957 2.080 2.069 

)11(ik  2.137 3.011 3.482 2.267 3.246 2.781 3.137 3.100 3.126 3.174 3.376 3.322 

)12(ik  1.560 2.191 2.559 1.661 2.029 1.777 1.990 2.006 1.942 1.956 2.103 2.091 

)13(ik  5.127 6.468 7.320 5.132 4.630 4.311 4.423 4.252 2.688 2.693 2.734 2.694 

)14(ik  1.557 2.185 2.552 1.654 2.015 1.766 1.976 1.994 1.929 1.955 2.078 2.067 

)15(ik  2.138 3.013 3.484 2.269 3.356 2.885 3.261 3.226 3.470 3.504 3.826 3.680 

)16(ik  1.564 2.198 2.566 1.663 2.036 1.784 1.998 2.018 1.944 1.971 2.097 2.085 

)17(ik  4.795 6.046 6.846 4.788 5.654 4.999 5.305 5.015 5.309 5.388 5.445 5.520 

)18(ik  1.548 2.165 2.524 1.648 1.978 1.730 1.935 1.948 1.868 1.878 2.031 2.015 

)19(ik  1.542 2.054 2.419 1.648 1.888 1.673 1.937 1.907 1.828 1.801 1.989 1.914 

)20(ik  1.653 2.350 2.734 1.767 2.299 1.992 2.233 2.261 2.198 2.241 2.411 2.370 

1.5

4.5

7.5

10.5

1 11 21 31 41 51 61 71

A
M

S
E

 r
at

io
 

Set Number 

HK

MU

NEW



Research Journal of Mathematical and Statistical Sciences ____________________________________________ISSN 2320-6047 

Vol. 13(3), 1-13, September (2025) Res. J. Mathematical and Statistical Sci. 

 International Science Community Association          10 

)21(ik  1.581 2.221 2.589 1.689 2.079 1.819 2.050 2.063 1.983 1.989 2.169 2.137 

)22(ik  1.548 2.168 2.531 1.649 1.988 1.735 1.941 1.953 1.877 1.892 2.042 2.031 

)23(ik  2.327 3.270 3.773 2.468 3.644 3.117 3.514 3.448 3.516 3.567 3.782 3.723 

)24(ik  1.558 2.188 2.556 1.659 2.024 1.773 1.985 2.001 1.939 1.954 2.097 2.086 

)25(ik  2.684 2.700 2.728 2.655 2.052 2.052 2.053 2.052 2.008 2.008 2.008 2.008 

)26(ik  2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 

)27(ik  2.310 3.339 3.837 2.518 3.726 3.548 3.671 3.688 2.842 2.849 2.882 2.854 

)28(ik  1.560 2.190 2.557 1.658 2.018 1.769 1.979 1.998 1.932 1.959 2.083 2.072 

)29(ik  3.694 4.160 4.405 3.696 4.025 3.776 3.898 3.791 3.901 3.930 3.951 3.976 

)30(ik  1.554 2.177 2.544 1.649 2.010 1.762 1.970 1.987 1.928 1.953 2.076 2.065 

)(ik  5.142 6.493 7.346 5.147 6.073 5.359 5.699 5.401 5.706 5.789 5.852 5.924 

 

 
Figure-4: Radio of AMSE of LS over various GR estimators. 

 

Table-6: Ratio of AMSE of LS over various GR estimators for different ‘ ik ’ (p=4, ρ = 0.95). 

ik  

10n  80n  500n  

~
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T
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)1(ik  5.444 7.645 5.031 4.063 4.320 3.411 3.714 4.723 3.179 

)2(ik  1.799 2.048 1.713 1.501 1.701 1.258 1.629 1.928 1.412 

)3(ik  2.013 2.005 2.002 2.000 2.002 2.000 2.000 2.001 2.000 

)4(ik  2.010 2.010 2.020 2.002 2.000 2.003 2.001 2.000 2.000 

)5(ik  4.305 5.873 3.783 2.896 3.338 2.179 2.413 3.490 1.979 

)6(ik  4.113 4.735 3.918 3.433 3.622 3.021 3.206 3.766 2.895 

)7(ik  2.664 2.710 2.620 2.049 2.052 2.041 2.008 2.008 2.006 
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)8(ik  0.714 0.087 0.857 0.873 0.118 0.102 1.968 0.354 2.010 

)9(ik  1.431 1.731 0.592 0.357 0.921 0.045 0.061 0.516 0.007 

)10(ik  1.650 2.392 0.208 0.109 0.552 0.011 0.015 0.162 0.002 

)11(ik  2.237 2.668 1.882 1.462 2.075 0.735 0.872 1.988 0.562 

)12(ik  1.052 1.573 0.194 0.104 0.457 0.011 0.015 0.159 0.002 

)13(ik  5.425 7.615 5.025 3.694 3.771 3.221 2.584 2.681 2.498 

)14(ik  0.900 1.497 0.169 0.089 0.383 0.010 0.014 0.137 0.002 

)15(ik  2.241 2.671 1.886 1.530 2.188 0.748 0.968 2.454 0.589 

)16(ik  1.053 1.574 0.194 0.104 0.454 0.011 0.015 0.157 0.002 

)17(ik  5.093 7.207 4.755 3.880 4.059 3.312 3.593 4.480 3.080 

)18(ik  0.896 1.492 0.169 0.089 0.384 0.010 0.014 0.137 0.002 

)19(ik  0.843 1.198 0.167 0.089 0.379 0.010 0.014 0.136 0.002 

)20(ik  1.616 1.875 1.030 0.691 1.295 0.207 0.250 0.990 0.108 

)21(ik  0.991 1.556 0.183 0.098 0.429 0.011 0.014 0.149 0.002 

)22(ik  0.886 1.484 0.168 0.089 0.381 0.010 0.014 0.136 0.002 

)23(ik  2.488 3.002 2.237 1.842 2.416 1.036 1.231 2.453 0.847 

)24(ik  1.013 1.555 0.187 0.100 0.437 0.011 0.015 0.153 0.002 

)25(ik  2.545 2.635 2.275 2.034 2.048 2.010 2.005 2.008 2.002 

)26(ik  0.905 1.500 0.169 0.089 0.384 0.010 0.014 0.136 0.002 

)27(ik  2.500 2.774 2.798 2.645 3.175 1.814 2.032 2.711 1.578 

)28(ik  1.038 1.565 0.194 0.104 0.450 0.011 0.015 0.157 0.002 

)29(ik  3.806 4.482 3.649 3.230 3.349 2.900 3.059 3.524 2.770 

)30(ik  0.918 1.503 0.184 0.102 0.420 0.012 0.016 0.156 0.002 

)(ik  5.439 7.640 5.027 4.061 4.317 3.410 3.712 4.721 3.178 
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Figure-5: Radio of AMSE of LS over various GR estimators.  

 

From Table-2 to Table-6 and Figure-1 to Figure-5, we observe 

that )(ik  performs equivalently to )(HKki
 ridge parameters

1
.  

Whereas, it gives better performance than )(MUki
 and other 

ridge parameters reviewed in this article for all combinations of 

number of predictors (p), correlation between predictors (  ), 

sample size (n) and variance of the error term (
2 ) used in this 

simulation study in all the cases from I to V under the influence 

of multicollinearity.  

Conclusion 

A method for specifying ‘ ik ’ is proposed herein and were 

evaluated in terms of MSE via simulation techniques. 

Comparisons were made with other 30 estimators proposed 

elsewhere earlier according to MSE criterion. The simulation 

study showed that the improvement of the suggested estimators 

is substantial from the MSE point of view. We believe that the 

findings of this paper will be definitely useful for the 

practitioners to select the optimal ridge parameters in the 

context of ridge parameters in Generalized Ridge Regression.  

 

Appendix: List of the ridge parameters considered for GR 

estimator: 
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