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Abstract

In this article, we introduce a new subclass of analytic functions defined by a generalized generalized derivative operator.

The Hankel determinant for the nonlinear functional |a,a, —

known result.

ag2 | is obtained. Our result extends corresponding previously
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Introduction

The Hankel determinant play an important role in study of
univalent functions in complex analysis in the unit disk
U={z :z |<1}. It is essential in various majors of

mathematics and applied sciences. It has been of interest to
many researchers. One of the most important results in the study
involving Hankel determinants is the second Hankel
determinant, it is estimated and given by |a2a4 _332| which

has been considered by many authors, the pioneering work of
Duren introduced the concept of univalent analytic functions
and showed that second coefficient |33 _322| <1 is proved®.

Noor, determined the rate of growth of qu(n) for the class of
functions with bounded boundary rotation®. While Ehrenborg
studied the Hankel determinant of exponential polynomials and
Layman obtained estimates the Hankel transform of an integer
sequence and some of its properties®*. As we know, the various
subclasses of the univalent functions were investigated by many
authors and improved the results of the second Hankel
determinant, for instant, Janteng, et al, found a sharp bound for
the function f in the subclass R of S in the unit disk, they have

shown la,a,— & <g , then they found the value of the

second Hankel determinant for the class of star like and convex
H 2 H 5,6
functions |aza4 —a’ | <1 and |gq, —a2| <% respectively®®,

The sharp bound for the functions in the classes of strike
functions of order B and convex functions of order § were found
by Lee et al.”. Moreover, Kund & Mishra® examined a class of
analytic functions associated with the Carlson-Shaffer operator
in the unit disk to estimates the second Hankel determinant.
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Recently, other scholars have focused on deriving sharp upper
bounds for different classes and operators®™.

In this paper, we introduce a new class R"(4,4,,1,n,a) by

using a generalized derivative operator and fined the sharp of
the second Hankel for this class. In addition, various other
known results are also pointed out and find some interesting
corollaries on the class of normalized analytic functions in the
open unit disk. Our results certainly generalized several results
obtained earlier.

The Hankel determinants Hy(n) (n=1,2,3,--,9=1,2,3, - )
of the function f are defined by Noonan and Thomas *?

& & & g
Ay Ao, A 1q
Hy(k)= '
A g1 Gyuq A 4292

Let f A the class of functions of the form
f(z)=z+>az" (zeU) )
k=2

Let P be the family of all functions p analytic in U for which
the real of the function and P great than zero and

pz)=1+>c,z", (zel). )
k=1
In this current work, authors will show sharp estimate for

Hankel determinant of the univalent functions class which
define in the formula (1).
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Definition 1: Amer and Darus™ had recently introduced a new
generalized derivative operator 1™ (4, 4,,1,n) f (z), also this
operator has been used in many of research papers***’.

Let f & A.then the generalized derivative operator is defined
by

1 G do)f (@) =2 + 3 AR DD ()

S A" 1+ Ak D))"

Where n,meN,={01,2,...}, 4, >4,2>0,1 >0,
and c(n k)= D
D

We also a class of univalent functions
R (A4, 4,1,n,a) of A isintroduced.

denoted by

Definition 2: A function f € A.is said to be in the class
R*(ﬂi,ﬂ?,l,n,a)
R*(ﬂ’llﬂ’ZlIana)z

{f eA:SR{(l—a)Im(ﬂl’ﬂzél’n)f @) | o, 41,0 (ﬁl»i}mﬁ(@]tﬂz)m e

Where
nmeN,={01,2,.}4,>4>01>0a>0,z U.

Remark 1: The subclass R (0,0,0,1,1) =R was studied
systematically by MacGregor'® .
Lemmal: If peP then|c, |[<2, forallk* .

Lemma 2: Let the function p € P be given by the power
series (2). Then, 2¢, =¢/ +X (4—c,),

for some X, |Xx |<1, and
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¢, (1+D)" L+ )"
2 (+a) 1+ A+ (n+1)
_ 2c,(L+ )" (1+24,)"
T (L+2a)1+24+ D)™ N +1)(n +2)’
X = 6c,(1+1)"*(1+34,)"
O A+3a)(1+34+ D" M (n+D)(n+2)(n+3)

()

8

From (5), it can be established that

‘aza4 _a32‘ =
| 6C,C,(1+ 1) P (1+2)™ (1+34,)"
(1+a)(1+3a)(X+ 4+ )" (21+34 + )" (n +1)*(n +2)(n +3)

~ 4 (1+1)2" D (1+24,)""
(1+2a)*(1+24, +1)X™ D (n +1)*(n +2)?

Now assuming,
_ @+ 1)"3(n +12) _ (@+24+1)"*(n +1)(n +2)

2(1+D)" (1 +24,)"

and
_ (434 +1)" (0 +1)(n +2)(n +3)

X, -

A+D)"(@+34)"
Also, let ¢, =¢ ,(0<c <2), and use lemma 2 we get
ja.a, —ai|=

" +4ac*)(X 7 =X X ;) +(4a’c’X 7 —3a’c'X X ;)
4(1+ o)1+ 2a)? (1+3a)X X 2X
[(2c? +8ac?)(X [ =X X ;) + (Ba’c?X  —6a’c’X X ,)Ix (4—c?)
' 4(1+ )1+ 2a)?(1+3a)X X 2X ,
X?(4—=c?)[(* +4ac?)(X 7 =X X )+ (4a’c?X [ —3a"C?X X 3) +4X X ; +16aX X +122°X X 4 |
B 4(1+ o)1+ 2a0)? (1+3a)X X 2X
c(d—c?)(A-|x )z
2(1+a)(1+3a)X X,

4c, =c+2(4—cl)ex —c,(4—c)x* +2(4—c)2(1-|x P)z,

forsome z, |z |<1see® .

Results

Theorem1. If f €R”, then

\a2a4 —ag\ < 16(1+ 1) (17+ 24,)%" |
(1+2a)*(1+ 24 +1)*™ D (n +1)*(n +2)?

where o > 0.

Proof: Since f eR”

(- B LB 1 ) @) = p2) (4)

Equating coefficients in (4), we get,
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replacement of | X | by p give by
Cc*+4ac®)(X 2 —X X )+ (4a’c*X 2 —3a’c*X X )
41+ @)1+ 2a)®*(1+3a)X X 2X ,
+[(cz +8ac?)(X 2 —X X )+ (4a’c?X 2 —3a’c?X X )] p(4—c?)
21+ a)(A+2a)*(1+3a)X X 2X
. P(A—c?)[(€® +4ac?) (X — X X ;) + (4a’c?X [ —3a’c?X X ) |

.2, —al| <

41+ @)(1+2a)* (A+3a)X X 2X 4
. P2(4—c?)[4X X 5 +16aX X 5 +12a°X X 5 — 2cX 2 (1+2a)? |
41+ @)(1+2a)? (A+3a)X X 2X 4
c(4—c?)
2(1+ @)(1+3a)X X 4

=F(p). ©6)
with z =|x [<1.
Let the upper bound for (6) is attained at an interior point of

{(p,c): p<[0,1],c €[0,2]}, then
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OF _[(c® +4ac)(X 7 =X X 5) +(4a’c?X [ —3a’e®X X ;)](4—¢?)
op 21+ a)(1+2a)*(1+3a)X X /X,

U]

+p(4—c2)[(c2 +4aC?)(X =X X 3)+ (4a’C?X J —3a’cX X 5) |
2(1+a)(1+2a)*(1+3a)X X 2X

pA—c?)[4X X 5 +16aX X, +120°X X ;= 26X J (1+2a)’ |
+ .
2(1+ a)(1+ 2a)?(1+3a) X X 2X
Let F'(p)>0 and consequently F is increasing and

max <<ty F (0) = F (1), which contradicts our assumption

of having the maximum value at the interior of o €[0,1].
Now let

(€ +4ac*)(X 2 =X X ) +(4a’c*X 2 —3a’c*X X ;)
4(1+ a)(1+2a)*(1+3a)X X 2X
. [(c® +8ac?)(X 2 —X X )+ (4a’c?X 2 —3a’c’X X )](4-c?)
2(1+ a)(1+ 2a)? (1+3a)X X 2X ,
. (A—c?)[ (€ +4ac®)(X 7 =X X ;) + (4a’c?X [ —3a’c?X X ) |

CEO=F®= 41+ a)(1+2a)? (1+3a)X X 2X,
. (4-c?)[4X X 4 +16aX X 4 +12a°X X ; — 20X } (1+2a)” ]
4(1+ a)(1+2a)* (1+3a)X X 2X ,
21+ a)A+3a)X X,
then,

®)

(4c® +16ac®)(X 2 — X X ;) + (16a’c®X 2 —12a%Cc®X X ;)
41+ @)1+ 2a)?(1+3a)X ;X 2X ,
. [(2c +16ac)(X 2 —X ;X ;) + (8a’cX 2 —6a’cX ;X ;)](4—c?)
21+ a)(1+2a)* (A+3a)X X X 4
_2¢[(c? +8ac?)(X f —X X )+ (4a’c’X  —3a’c’X X ,)]
21+ @)1+ 2a)’(L+3a)X X X 4
(4—c?)[(2c +8ac)(X 7 —X ;X 3) + (8a’cX [ —6a’cX X ;) —2X 2 (1+2a)’ |
4(1+ a)(1+2a)?(1+3a)X X 2X
2c[(€? +4ac®)(X [ =X X ;) + (4ar’c’X 7 —3a’c’X ;X ;) |
41+ @)L+ 2a)?(1+3a)X X 2X,
2c[4X X 5 +16arX X 3 +12a°X X 5 — 2X 2 (1+2a)” |
A1+ a)(A+2a)*(1+3a)X X 2X ,
+L,
21+ a)(1+3a)X X 4

therefore (8) implies ¢ = 0, which is a contradiction. Thus any

G'(c) =+

maximum points of G must be on the boundary of ¢ €0, 2].
However, G (€) >G (2) and thus G has maximum value at
c=0.

The upper bound for (6) corresponds to o =1 and ¢ =0, in
which case

| 6C,C,(1+1)" "V (1+ 4,)" (1+34,)"
A+ a)(1+3a)( A+ A4 + D)™ (2+34 +1)" (N +1)*(n +2)(n +3)
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AL+ (1422, | 16(1+1 Y™ (L4 24,)™
(L4 20) (L 22+ D)™ (042 (0 +2 T (14 2a) (14 22, + 1" (0 +1)2(n +2)F

The proof of Theorem 1 is evidently complete.

Remark 2. If & >0, then we get the corresponding functional

la,a, —a,j |, for the class f €R7(0,0,0,0,) =R (),
studied in G. Murugusundaramoorthy and N. Magesh # as in
the following corollary.

4

Corollary 1. If f eR (), then |a,a, —a% |<K ————,
y (a) |24 a3| (1+2a)2

the result is sharp.

Remark 3. If ¢ =1, then we get the corresponding functional

|a,a, —a,j |, for the class f € R 7(0,0,0,0,1) =R, studied
in A. Janteng et al.” as in the following corollary.

4
Corollary 2. If f €R, then |a,a, —a |< 3

the result is sharp.

Conclusion

In this study, we define a new class of univalent functions using
the generalized derivative operator. Then we investigated the
bounds of the second Hankel determinant for this class. Our
results extend previously known results in the literature.
Recently, researchers have explored various problems related to
analytic and univalent functions, with a particular focus on
derivative and integral operators. These topics offer vast
opportunities for further exploration, as detailed in the existing
literature®* %’
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