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Abstract 

This study examines the inherent trends in non-proportional hazard model and how non-linear covariates effect and 

interaction with time could be estimated by penalized likelihood with B-spline basis function. Bootstrap simulation was used 

to assess the assumptions and the results shown that the continuous variable “age” exhibited a non-linear trend, so, 

assessment of Cox PH model is essential to avoid wrong statistical inference. 
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Introduction 

Cox model is the most useful model in analyzing survival data 

because it is simple and does not rely on the assumptions of 

survival distribution. The model imposes assumptions which 

have not been justifiable by most data set. Generalized Additive 

Model could be applicable to any likelihood-based regression 

model, having potential to uncovering non-linear covariates 

effects. Fisher and Lin
1
 observed that modeling non-

proportional models could be a powerful tool for determining 

predictive relationships using quantities that vary over time. 

Proportional hazard model may be inappropriate in some 

instances and alternatives such as stratified and time-dependent 

variables could be use in analyzing survival data. Therneau and 

Grambsch
2
 estimating the parameters of proportional hazard 

model when assumptions are relaxed was considered by 

Abrahamowicz et al
3
 in modeling time dependent and non-

linearity effect simultaneously using regression spline product 

model concluded that effect of some continuous covariates 

accounting for time dependent shows strong evidence that non-

linearity is violated.  

 

The Proportional hazard assumptions are likely to be violated in 

long follow up, where the effect of some covariates may vary 

over time (Cox
4
). Ata and Sozer

5
 observed that handling non-

proportionality of hazards, varieties of methods could be 

employed. His findings revealed that using stratified and 

extended Cox model is more suitable than proportional hazard 

model. Most times, it is assumed that continuous covariate have 

a linear form, but this assumption is given less consideration. 

Gray
6
 suggests that spline functions could be used as a way of 

modeling continuous covariate without meeting stringent 

assumptions. Additional references on additive modelling and 

others could be seen in Friedman
 
& Silverman

7 
and

 
Amzat & 

Adeosun
8
. This study examines the non-linearity of a 

continuous covariates. 

 

Methodology 

The Cox proportional hazard model depicts the survival time as 

a function of several prognostics factors [1], expressed as: 

 

 (   ) =   ( )   {           }               (1) 

 

where  (   ) is the hazard function at time t for a subject with 

covariate values            ( ) is the baseline hazard function. 

The Cox PH model
1
 imposes two assumptions. First, it assumes 

that the effect of each covariate on the hazard does not vary over 

time. Analytically, ratio of  (   ) for two different covariates is 

given as: 

 
 (    )

 (    )
 

  ( )   {             }

  ( )   {             }
=   {  (       )    

  (       }                          (2) 

 

Implies the ratio of two hazards is a constant which does not 

depend on time. Secondly, the effect of each continuous 

covariate is linear on logarithm of the hazard. That is, log 

hazard ratio for the ith individual to the baseline described as 

 

   (
  ( )

  ( )
)                                   (3) 

 

This implies that the proportional hazard model is a linear 

model for the log of the hazard ratio. 

 

Non Proportional Hazard: Non proportional hazards may 

arise as a result of model failures. In appropriate functional form 

of a covariate is a model failure that could affect diagnosis of 
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non-proportionality
2,9,10

. To diagnose for non-proportionality of 

hazards, measures such as Schoenfeld residual plots, graphical 

and numerical approaches need be investigated. 

 

The relationship between non proportionality and the 

appropriate functional form of covariates suggests a sequence of 

how analysts ought to perform diagnosis of Cox model. 

 

Methods of Handling Non-Proportional Hazard: Stratified 

Model: Stratified Cox model involves splitting of samples into 

different subgroups base on categorical variable which is known 

as stratification of variable and the underlying hazard function 

which causes variation between these subgroups is re-estimated. 

Hence, stratified model for stratum s is defined as follows: 

 

  (   )     ( )    (  )                                   (4) 

 

where s = 1, 2, …, S and S is the number of subgroups base on 

stratification 

 

Interaction with Time: Covariate interaction with time occurs 

when the effect of an explanatory variable on survival varies 

with time. This technique is an approach to identify covariates 

in a model
11

. Interacting covariates with time in a model 

enhances interpretation of parameters by taking into 

consideration covariates influence on hazard. Covariate 

interaction with time for a variable    is given as:  

 

  (   )    ( )   (        ( ))                                      (5) 

 

Penalized Spline: P-spline are regression splines such that a 

penalty is imposed on the coefficients of the piecewise 

polynomial
12-15

. The smoothing parameter λ influences the 

smoothness of the fit. To explore the nature of log hazard ratio, 

flexible penalized B-spline is explored to model the continuous 

covariate. 

 

   
 (    )

 (    )
     (   )                                                   (6)  

 

Equation (5) as a smooth function compactly becomes 

 

       ( )                (7) 

where f(x) is a smooth function given as :  

 

  ( )  ∑      
 
                  (8) 

 

   are coefficients to be estimated, and     are basis function. 

 

The coefficient in (8) is estimated by penalized partial 

likelihood expressed as 

 

     (   )     
 

 
   ∫(   ( ))                             (9) 

 

Where  ( ) is log partial likelihood. 

Interaction of time with a continuous variable 

Consider extended CPHM  

  (     ( ))    ( )    ( 
     ( ))           (10) 

 

Where z(t) is a smooth time varying covariate while α is 

unknown parameter. Approximating z(t) by a linear 

combination of B-spline, we have 

  ( )     ∑   ( )            (11) 

 

The unknown parameter     (10) is estimated by penalized 

partial likelihood given as  

 

    (   )     
 

 
   ∫(   ( ))                        (12) 

 

   is log partial likelihood. 

 

The Newton Raphson procedure is employed to obtain the 

estimates of parameters.  

 

Data description on colon cancer 

The colon cancer data set was employed in the study as an 

example, consisting of 13,011 patients along with covariates sex 

(female, male), age in years, status (alive or dead), Sub-site 

(Coecum and Ascending, Descending and Sigmond, others and 

Nos), year diagnose (75-84, 85-94), age group (0-44, 45-49, 60-

74, 75+, survival  time in years. 

 

 
Figure-1: Plot of estimated effects of “Sex” covariate against 

survival times. 

 

 
Figure-2: Plot of estimated effect of “Age” covariate against 

survival time. 
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Table-1: Estimates of Cox proportional hazard model. 

Variables   (p-value) Schoenfeld Test ρ (p-value) S.e (Coeff) HR (95%CI) 

Male 0.1359(2.15e-019) -0.0053 (6.31e-01) 0.0227 1.146 (1.096-1.198) 

Age 0.4369 (2e-16) -0.0580  (2.38e-08) 0.0026 1.045  (1.040-1.050) 

Sub site D&S -0.0300 (0.2384) 0.0482   (9.94e-06) 0.0254 0.971   (0.923-1.020) 

Sub site O&N 0.1508 (0.0014) -0.741    (1.28e-11) 0.0473 1.163  (1.060-1.276) 

Transverse 0.1698 (5.07e08) -0.0310  (4.59e-03) 0.0312 1.185 (1.115-1.260) 

Year 85-94 -0.4966 (2e-16) -0.0212  (4.98e-02) 0.0223 0.609 (0.583-0.636) 

45-59 -0.5000(7.16e-12) -0.0259   (1.83e-02) 0.0729 0.607 (0.526-0.700) 

60-74 -0.7571 (7.77e-16) 0.0447 ( 3.95e-05) 0.094 0.469 (0.390-0.564) 

75+ -0.7253 (2.32e-09) 0.0374 (5.62e-04) 0.1214 0.484 (0.382-0.614) 

Global 
 

(0.00e+00) 
  

 

Table-2: Result of Cox Non-PH Model with P-Spline. 

Variable    (p-value) S.e (coeff) HR (95% CI) 

Male 0.1403(6.06e-10) 0.0227 1.151 (1.101-1.203) 

Pspline (age), L 0.0436(0.0e+00) 0.0025 0.586 (0.196-1.751) 

Pspline (age), N L 0.00E+00 
  

Subsite D & S -0.026 (3.0e-01) 0.0254 0.974 (0.927-1.024) 

Subsite O & N 0.1403 (3.0e-03) 0.0473 1.151 (1.049-1.262) 

Transverse 0.1748 (2.1e-08) 0.0312 0.840 (1.120-1.266) 

Year Diagnose 

Age 85-94 -0.492(0.0e+00) 0.0223 0.611 (0.585-0.639) 

45-59 0.0719 (5.4e-01) 0.1164 1.075 (0.855-1.350) 

60-74 0.0502 (7.3e-01) 0.1463 1.051 (0.790-1.401) 

75+ 0.0203 (9.0e-01) 0.1563 1.021 (0.751-1.386) 

 

Table-3: Analysis of Deviance. 

 
Loglik p value 

Model PH -74034 
 

Model Non PH -73990 -2.2e-16 
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Figure-3: Plot of estimated effects of “Sub-site” covariate against transformed survival times. 

 

 
Figure-4: Plot of estimated effects of “Year 8594” covariate 

against survival time. 

 

 
Figure-5: Plot of estimated effects of “Year” covariate against 

survival times. 

 
Figure-6: Term plot of partial residuals against Age. 

 

 
Figure-7: Bootstrap simulated Hazard ratios obtained from Cox 

PH model. 

 

 
Figure-8: Bootstrap simulated Hazard ratios obtained from non-

PH Cox model. 
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Result from the study of fitting Proportional Hazard model 

shows that all variables have significant effect with the 

exception of Descending and Sigmoid level which is 

insignificant. Similarly, the Likelihood ratio, Wald test and 

Score test are significant with values 1739, 1741 and 1775 

respectively on 9 degree of freedom. In addition, the Schoenfeld 

residuals test for testing Proportional Hazard assumption shows 

that all correlation coefficients are significant except for the Sex 

male covariate. 

 

However, fitting a non-Proportional Hazard model with 

Penalized B-Spline for continuous and categorical variables 

shows that “Age” has a significant effect on hazard which 

indicates non-linearity. Similarly, the Likelihood ratio test gives 

a significant result with value 1825 on 12 degree of freedom. 

Also, result of analysis of deviance depicts Non-proportionality. 

 

Bootstrap simulation shows that the data set does not support 

proportional hazard model assumptions. The graph indicates 

that the hazard ratio increases with increase in patient’s age. 

Similarly, the bootstrap simulation of Non-PH model reveals 

that hazard ratio increases non-linearly with an increase in the 

ages of patients.  

 

Conclusion 

This study establishes the non-linearity of continuous variable 

“age” on hazard. In addition, Schoenfeld residual test and plot 

of estimated effect shows that Proportional Hazard assumptions 

may have been violated. Similarly, term plot of the age 

covariate indicates that the trend of the age covariate is non-

linear and this claim is being supported by analysis of deviance. 

 

Hence, the purpose of the study to ascertain the inherent trend in 

Cox PH model shows that the continuous variable “age” 

exhibited a non-linear trend. Therefore, assessment of Cox PH 

model is essential to avoid wrong statistical inference. 
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