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Abstract

This paper contents common random fixed point results for random operators in separable Hilbert spaces with the use of
implicit relation for three and five co-ordinates. Mathematical Subject Classification: 54H25, 47 H10.
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Introduction

In 1950 study of probabilistic was initiated in The Prague School of probabilistic. After the publication of the survey article of
Bharucha-Reid", so many research works have been started in this area. Then many interesting random fixed point results and
applications have appeared in this area. The study of random fixed points have attracted so much attention of recent literatures in
random fixed points are discussed by I. Beg, and N Shahzad, >**, B.S. Choudhary, and M Ray °, N.S Papageorgiou, °, H.K Xu’,
In particular, random iteration schemes leading to random fixed point of random operators have been elaborately discussed in B.S.
Choudhary, and M Ray ° , B.S. Choudhary, and A Upadhyay®, Choudhary, B.S. ° and V.B Dhagat, A.Sharma, & R.K Bhardwaj *°,

This paper deals with random common fixed point results for two sequences of random operators in closed subset of separable
Hilbert spaces which satisfies implicit condition for three and five co-ordinates.

Preliminaries

Throughout this paper (Q,Z) denotes a measurable space, H stands for a separable Hilbert space, and C is non empty subset of H
then we recall the following definitions:-

Measurable function: A function f : Q —C is said to be measurable if f_l(B N C) e X foe every Borel subset B of H.
Random operator: A function F : QxC —C is said to be random operator, if F(.,X):Q — C is measurable for every X < C.

Continuous Random operator: A random operator F:QxC —>c is said to be continuous if for fixed
teQ, F(t,.):C — Ciscontinuous

Random fixed point: A measurable function g:Q —C is said to be random fixed point of the random operator
F:QxC —C,if F(t,g(t))=g(t), VteQ.

Implicit Relation: Let @ be the class of all real-valued continuous functions ¢: (R*) * — R* non -decreasing in the first argument
and satisfying the following conditions:

X< o(Y, Xty, X)or x < (Y, X, ¥a(x+y)) or x < o(y,, X+y, X +Yy), there exists a real number O<k <1 such that x <k vy, forall x, y
>0.

Similarly for (R*) ,let @ be the class of all real-valued continuous functions ¢ : (R*)> — R* non -decreasing in the first argument
and satisfying the following conditions for all x, y >0, x < o(y, X+ y, X+ Y, X+ Yy, y) or x < @y, X+ Y, X+ y, X+ y, X+ y) or x <
o(y,1/12(x+y) x+vy, x+y,+yX) there exists a real number 0<k <1 such that x <k y.

Results
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Theorem 3.1: Let C be a non empty subset of Hilbert Space H. Let Ei and Fj sequences of continuous random operators defined
on C such that for £€Q, Ei(E, .) and Fj(§, .):C—C satisfying conditions (I) and (II)
(:

IX(E)-YIP, LIX(E)-Ei(E XENIP+IY(E)-Fi(£ Y(ENIFY,
X FIEYENIF+HIY(E-Ei(EXEIFY

%)~ @I [ %)~ Eie, @) +Iv(&) - Fitg v ] |
SUX@ = Fite, yeN[ + Iy Eite x @) 1

I Ei (.x(8) —Fj €.y @’ ¢

Wi (@) AV <g| 5[ - YOI +1x@) - Eite. X +]y(@) - Eitg, x|

1+[x(&) = y(@)| (&) = Fi(&, y(EN| [x(&) — Ei(&, x(&))|

ly(&) — Ei(&, x@)| +]y(&) - Fi(&, y(&)|
| 1+[y(&) — Ei(€, X)) | y(&) - Fi(€, yE) [x - Fi, yE& ) |

Then the sequences Ei and Fj have the unique common random fixed point.

Proof (1): Let us define {g,} sequence of function as

920 () =E1(S,920(8))s 9202 (8)=FI(S, Gpny) forg e Q,n=0,1,2,3.....andij=123...

Then by condition (I)
lI92n+1() - G2n(E)IF = 1[Ei (&, g2n(&))- Fj (Egon1(®)I

< q{ 1920 (£)-Gon 1 (OIP NG 20 () -Ei(E, Gon(EDIF +119 20.4(E)- Fi(E.9 ona(ENII },J
Yo {11920 () - Fi(E.9ona (ENIP + Il 920s (&) - Ei(E,9,, (EDIPH]

_ ¢[[u{gzn(f) = Do s (NP L1 G0 (&) = Do (DI + [1950.(E) - 92n(§)llz}}

Yol lI[{9 20 (&) = on (IIP + 119201(E) = Fonia (E)IPH

= A 11920 (£)-G2ns (OIF Al Do (E)-Ginea (OIF +10 202 (£)-92n ()P F Y2110 201 (€)1 (E)IPH ]

_ ¢[||92n (£)-92n 2 (NP A Gon (£)-Gonea (N +19201 (£)-Gon (EIF }
Yo L1(D2na (E)-Gon (£) + Gop (E)-Gony (EIFF

_ (/{nmzn (£)-Gon s (O L G (£)Yoner (DN HIG 2y (£)-920 (IS |
Yo £201(zn1 (£)Gon (E)IP+ 201950 (€)- Do (NPl G201 (E)-F2y ()92 (E)- Fnin (EDIFH

_ ¢[mgzn (£)-Gona (DI AN Gon (E)-Gonia (DI +IIDons (£)-9on (DIIPT, |

Yo L211(Q2na (E)-Gon (DI + 211920 ()~ Donia (DIIPF
= K|l 9on1 (E)-Gopn (DIIP
A0, (|05 (£)Tzns (ONIF <K 9501 (E)Uana (OIP-

Therefore in we get  [[gn (£)-Gns1 (&)1 <k || 811(8)-gu(©)I
Since 0 < k < 1, therefore {g, (&)} is a Cauchy sequence and hence it is convergent in H. Since C is closed therefore there exists a
measurable function g: C— C such

that gn (§) — g(§) asn— oo, V & € Q.
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IIg(i)-Fj(i,g(i))gz <[ 8(&)-Fan+1(E)+Lan+1(8)- Ej(é,g(ﬁ))llzi 2/1&(8)-Gan1(&)I+2G2n41(8)- Fi(&2(E))I” by the use of parallelogram law=
2[|g(8)-Gan+1(S)I|+2[| Ei(5,g20(8))- Fi(E.(D))]

= 2/19(&)Yona (DI +2 @ [l 92, (£)- GEDII® AIG2n (£)- Ei(E.920 (ENIIP
+ 119(&)- Fi(&, 9N} Y2{lg2, (£)- Fi(&.9(ENIF + 119(E)- Ei(&,9., (ENI°H]

= 2/19(£) G201 (DI + 2 & [l 920 (£)- IENIIZ AN1G2n (£)- onur (DI
+ 119(&)- Fi(&,.9(ENN1} 72192, (£)- Fi(E,9(ENIP + 19(E)- Iz (ENIIFH]

As n—o [|g(©)-Fi(5.8(9)II° =2 Kllg(©)- Fi6.g@)I’
Hence for all Fj (&, g (§)) = g (&). Similarly one can prove Ei (&,g(&))= g(&)

Now, if G: Q X C —C is a continuous random operation on a non empty subset of a separated Hilbert space H, then for any
measurable formula f: Q —C the function g(&)=G(&,f(£)) is also measurable. Therefore the sequence of measurable functions {gn}
converge to measurable function of this fact along with Ei(&,g(&8)) = g(&) = Fj(&,g(&)) shows that g: Q —C is common random
fixed point of Ei and Fj for eachiand j .

Uniqueness: Let h: Q —C be another common random fixed point of Ei and Fj which is also measurable and now by the use of

condition (I)

gg(ag)@”nj} h IEI(E ,2(8)- Fi(&, hE)I < 0Ll 2(&)- hE)IP || (&) -Ei(E , 2(&) [*HhE)- Fi&, g@I}2{lle (&) - Fi& hE)I*+ [ (@) -
> 8

=k | g(©-h@IP
= g®=h® VEeQ (as 0<k<l)

Proof (11): Let us consider sequence {g,} of function defined for £eQ and n=0, 1, 2, 3...... as Part (I)
U2 (&) =Ei(&, 50 (E))s Gonan (E)=Fi(&, Gypa) 192042(8) - Gon (&) I = Ei(E , 220(8))- Fi(Egana(E)”

[ 11920 () = G2 s (DI [ 1920 (&) = Eigon (DI +]19201(£) — Figan 1 (D ],
211920 (&) = Figan 2 DI +]18201() — Eiga, (DI 1,

= %[Hg% (€)= Gon s DI +1|9202(E) — Eig, (DI +]1920(£) — Eig,, ()] |
1+]]920 (&) — Gon 1 (O |920 (&) — FiGsn 1 ()| || 920 (&) — Eig,, (&) 2

192n2(E) — Figon 1 (|7 + 1920 (&) — Figsn 1 ()|
1+ 9202 (E) — Eigon (|7 19201 (€) — Figan 1 ()| 1920 (£) — Fidan 1 (D)

2

||92n (g) - 92,1,1 (5)”2 !|: ||92n (5) - an+1(§)”2 + ||92n71 (é:) - an (5)”2 :| !%”g2nl (é) - 92n+1 (é)” ’

;[”gm (f) - gzn—l(g)”Z +||92n—1(é:) - 92n+1(§)”2 + “gzn (‘):) - 92n+1(§)”2:|
141950 (€) = Don s (O 1920 (€) = Gon () 1920 (€) — Gna (E)] 2

19201(E) = Gon O +[|92n (£) — Gon ()|
1+]902 () = Gonis N 19201(E) = on (O 1920 (&) — G5 ()|

International Science Congress Association n



Research Journal of Mathematical and Statistical Sciences ISSN 2320-6047
Vol. 1(4), 6-11, May (2013) Res. J. Mathematical and Statistical Sci.

1
”gzn - an71||2’||92n - an+1||2 + ||92n71 - an”Z’E”anfl - 92n+1||2'
_ 3.1 ()

1
E(”gzn - an—1||2 +||92n - g2n—1||2 +||92n - an+1||2)1 95n1 — 92n||2

Now

192028 = Do s O =] [9204(E) = 9o (E)] +[920 (£) — G2 (EN |
By using parallelogram law we can write
[x-+ 9+ x = yI"=2[x" + 2y =[x+ " =2 + 2|y =[x - ¥, v x, ye €
[19201(8) = Gon (O +[920 (€)= s (O]
=2]9204(8) = 90 O +2] 920 () = Gna O ] [9202(&) = Do (EN] - 1920 (&) = Do n ()]
<2904 (E) = o0 ) + 2920 () — nn (BN
On putting this in 3.11 (a), we get
1920 (8) = Gons O 9202 (E) = Uon ) +]920(E) — B n (D)
192041(8) G2n (©) I < 8] 904 (8) = Do O +]90 (&)~ Do n (O
192028 = Gon N #1920 () = Doner O 9202 (8) — 0 (O]

1920 (&) = Do O <K 950 (E) = G2 s (D) —-3.11 1)

Similarly we can find for

1920 (&) = Gon 1 )] <K G2 (€) = G o ()| V & & Qerrrrmemee 3.11(c)

Equations 3.11 (b) and 3.11(c) jointly implies that

19,(8) = 901 (O <k [|9,2(&) ~ 9, (&) VEe Q311 (0)

Itis clear that g, (&) isa Cauchy sequence and hence it is convergent in the Hilbert spaces H.

So gn(é) —g(&)asn—ooo ..o, 3.11(e).
Since Cisclosedand g :C —C , so for ££Q

19(&) —Ei(&, g (@) = [(9(E) = Fon (E)) + (95, (&) — Ei(E, g (&)

<2[9(&) ~ 9o ()" +2]9,0 (&) — Ei(&, g(&)| by paralelog ram law
=2||g(&) — o (O|” + 2||Fi(E, Gon 2 (£)) — Ei(E, g(D)|
==2(|g (&) — g, (O] + 2||Ei(&, g(&) — Fi(E, gon 1 (N
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= 2[|g(&) — g, )|
19(E) — Gon 1 (O [l9(E) — Eig (O +[[Gan 2 (E) — Fig on 2 (I ]
29 — Fig 2 1 I +ll9201() — Eig ()]

of 9@ — 920 N +9@ — Eig DI +lg2m @ —Eig@F] | 311(T)
1+ [9(E) — 9on 1 ()] 9(E) — Eig (£)]|°]|92n 1 (&) — Eig (&)|
9202 (&) — Eig (DI +]|9201 () — Fig 20 (D) ]
| 14+ [920 4 (&) — Eig(E)]*]|920 4 (£) — Fig 20 4 ()79 (£) — Fig., 1 ()| |

Making n—oo and by the help of 3.11 (e)

l9(&)—Ei(&, 9@ <[g(&)-Eig(®)|
SOV &, Ei(&,g(&)=g(&) —-3.11 (9)

Similarly we can prove that Fj(&, g(&))=g(&) - 3.11 (h)

Again, for a nonempty subset C of a separable spaces H there exists A:&xC —C random operator then for any measurable
function f :Q —C,the function h(&) =A(&, (&)) is also measurable. 1t follows from the construction of {gn}and the
above considerations that {gn }is sequence of measurable functions it follows that g is also a measurable function. From 3.11 (g)
and 3.11 (h) shows that g : €2 —C is a common fixed point of Ei and Fj.

Uniqueness: Let h:Q —C be another random common random fixed point of Ei and Fj that is for£eQQ,

Ei(S,h(£)=h(&), Fi(&,h(&)) =h(&) ---3.11 (i)
l9(&) -h(&)|*=|[Ei(&, 9(£) - Fi(g, h(&)|

9@~ | [96)-Eig@ +In&)-Fin@" | %[||g(5)—th(5)||2 +[h(&)-Eig(&)[ 1,

<4 1 : o o =|h&) -9
< E[||g(f)—huf)|| +o(@)-Eig()[" + @) - Eig(&) | 1) - Eig@[f + @) - Fin@f

1+]g(&)-h&)[ la€) -Fih@| o) -Eig@"  "1+[n&)~Eig(&)[ |n(&) - Fin(&)|a(€) - Fih&)[
which is a contradiction therefore g(&)= h(&).

Remark: Our results are generalization of V. B. Dhagat and et.al. As the convergent mappings of sequences also satisfy both
conditions and therefore we can obtained random common fixed point results
Example

Let H=R, Q =[0,1] and X be the sigma algebra of Lebesgue’s measurable subset of [0,1]. Let C = [0, «) and define a
mapping d: (QxH)x(QxH) — C by

d (x,y) =| x(®) — y(») | . Define random operator Ei, Fj: QxH — H as

Ei(§,x) = (1-£9)x" and Fj(&,x) = (1-€%)(x/2) . Also sequence of mapping g, : Q —C is defined by g, (&) = (1 -£)*" for every £ € Q
and n eN. Define measurable mapping g: Q — Cas g (&) = 1-& for every & € Q which is fixed point of Ei and Fj.
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Conclusion

We ensure the unique fixed point of sequences of continuous random operators for implicit relation analogue of a plane
contractive. Also, we provide measurable sequence of function which converse to measurable function to ensure the existence of
unique common fixed point.
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