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Abstract

The equations of particle motion in an anisotropic elastic media in the presence of the stress have been derived. These
equations are nonlinear and in the form of twenty seven variable of displacement gradients and hence they are not applicable
in the practical works. Due to the fact that the particle displacement is composed of two parts, the static part caused by the
applied stress and the dynamic part due to the propagating stress wave, to linearize the equations of motion, a Taylor series
expansion about the static deformation state is used. Three linearized components of the equations of motion have the form of
an eigenvalue problem and its solution gives the wave velocities in the billet in the presence of stress. The analytical results
in time delay for one dimensional stress field in a billet are compared with the experimental results and there is a reasonable

agreement between them.
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Introduction

Design, protecting and confinable maintenance of structure and
machine elements demands the highest possible strength per
mass ratio, among other parameters. This goal cannot be
achieved unless a through knowledge of stresses within the
components body is at engineer's disposal. But the way of
destructive evaluations of stress in structure or machine
elements have been far under question and gradually will be
abolished because destructive methods can weaken parts and
elements.

There has always been a need for test methods to measure the
in-place stresses within the structure and machine elements.
Ideally these methods should be nondestructive because
destructive methods can weaken parts and elements. Between
non destructive stress measuring methods, using ultrasonic
waves in acoustoelasticity has been attended by many
researchers'™. In this method high frequency sound waves are
launched into a test object under specific angles by sender
transducer and reflected waves will be received by another
transducer. Based on velocity and round trip time of flight
through the material, we can obtain useful information about
characteristic of the stress field in the body. In this research, the
characteristics of stress field is obtained in the machine element
with rectangular cross sections such as billets, due to
compression, tension, bending or a partial torsion in each
arbitrary cross section of the part. In the elastic and isotropic
body, the wave propagation equations have been obtained both
in tensorial® and matrix’ forms. The equations of wave
propagation are presented by Murnagahan® for the first time. In
this research we used matrix formulation of Green’. In the case
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of infinitesimal deformation, the initial and final coordinates of
a material point in the undeformed and deformed states
respectively, cannot be interchanged. Therefore, the equations
of motion may be derived either in Lagrangian formulation
(undeformed coordinates) or in Eulerian formulation (deformed
coordinates). Here, we use Lagrangian formulation. The motion
equations obtained in this way, are nonlinear partial differential
equations which we use a method of perturbation to linearize
them.

Equations of Motion

Taking the point §;, (j =1, 2, 3) as the Lagrangian coordinate ,
the motion equations in these coordinates, without body forces,
can be obtained as:

Gij,j=p0ui ;i=1,2, )
The comma (,) denotes partial derivative with respect to &s,
where summation convention on repeated index is intended,
and:

2
_ o Jy

u=x,—-& ui= % )
Where x; - X; (§;, & . &) denotes the coordinates in the deformed
state.

The stress and infinitesimal strain is defined by Murnagahan as:

0
Gij:(é‘ik+ui,k)a¢ ;
E,
i=1,2,3 : j=1,2,3 3)



Research Journal of Recent Sciences

ISSN 2277-2502

Vol. 4(10), 86-92, October (2015)

1
Ekj = 5 [(5kl +u )(5,'1 tu )_ 5kj] ;

i=1,2,3 ; k=1,2,3 “)
Murnagahan has shown that the elastic energy density @ for an
isotropic solid is a function of the three strain invariants I, I, I
of the Lagrangian strains E;;, without considering initial strains,
could be written as:

A+2u o [+2m 3
If —2ul, + I =2ml 1y +nl, )

P =
Where:

~E.E,); I,=det(E,)  (6)

1
L =E; I, ZE(E.iiEkk
Expanding @ as a function of E,; by Mathematica software and

obtaining the nines derivatives and replacing them in

oE ki
the equation (3), we obtain oj; , then differentiating it with
respect to & and replacing into equation (1) for i =1 to write the
motion equation in the &; direction, we obtain:

Pour = (2p+A)[ uy+up i+ us 3 + Uy p + (U +3uy 1+ U3zt
Uz 13+ Up ) + Up Uy + Uz qUsp + Upp (20510 +Upp + Uz 03 ) + Upp
(Up 0 +Up 11+ Up33 + Up2) + U3 2U3 0 + Uy 3 (2013 + U3 +HU333 )
+ Uy 33+ U3z (U + U3z +uz3)] + p[=up (g +us 3
)+ U+ Uzz — Uzgz— Upip + Uy (2Upo+U0n + Up3sz ) + Us;
(Quy 3+ Uz + U333 ) + U (W33 + Up g —Usp3 ) + Unp (-2U 33—
2up 11— 12 ) + U3 (2u103— Uz 1) + U3 (Usoot Uz — Upp3 ) +
Upz ((2U503 — W3 ) + Uzz ((-2u5 2 —2uy 51 —u3;3 )] + 2( 1 + 2m
MUy s otus 3 YUy g +Hug o +us i3 )] + mlug (U0 + w33 — 3un,
—3uz;3) + (up+u)( 2up 2+ Uy + U+ Usz) + Uz (2ugs
U311+ Uz + Upoz ) + Upo (U2 - Uy + Uy 33— 3up 10— Sug 3 )
+uzp (U3 + upi3 ) + gz (uzg +20p53 + Uzzs + Upos ) + U

(uz,10+ Up13) + Uz3 (U - 4up g + U3 — 3uz;3— Supp )] + —n

[(uip+up; )(Ua33—U323) + (U3 + U3 )(Uspo— Upp3) + (Uzp+ Uy
) 2up23— Uz 10— Up 3 ) + 2o (U353 — Up33) + 2u33 (Ug 12— Uy 20)]

(N

The equations of motion in the other two directions &, and &;
may be obtained by a circular permutation on the subscripts 1, 2
and 3 in equation-7. These are three nonlinear partial differential

equations with respect to 27 terms u;; and u; j , that U, v = Uik

Linearization Process: Considering a low-amplitude plane
wave, the components of displacement can be obtained as:

u =¢£¢ +mnAexp{l(wt—ijj I
n=1,2,3 )
Where convention of summation is not intended on n, but is

intended on j., X; can be written in terms of the initial
coordinates &, as:
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X; :(1+g}.)§j : j=1,2,3 9)

Where convention of summation is not intended on j. The
component of the wave vector k; may also be written in terms of
the wave number k and the wave normal direction cosines 1; as:

27

k.=Xl =Kl, . j=1273 (10)

J

replacing from (9) and (10) into (8), the three displacement
components (u,) may be obtained as:

u, =& +me™ F  n=1,23 (11)

Where:
F=Aexp{-ik[(1+¢&) &L +(1+¢,) EL +(1+€) EL])
(12)

Which: (g,) are strains, (I,) are the wave normal directional
cosines and (m,) are the directional cosines of the polarisation
vector. Equations (11) then represent the final form of the
infinitesimal dynamic displacements superimposed upon the
finite static displacements:

W, =l 4ul s ul <<uly j=1,2,3 (13)
Having the proper form of the displacement components ready
to be replaced into the motion equations-7, the next step is the
linearization process. A Taylor series expansion about the static
deformation state will be used to accomplish this. The motion
equation in the direction of &; is seen from equation-7 to be a
function of 27 variables. That is:

Por=f(upy,upz, o s Upgp 5o, U333) (14)
The function f in equation-14 is analytical and may be written as

a series of Taylor about the static-deformation-values as:

PolUr=f(up;, gz, ..o ,Upgg 5 ..o, U333)
s s s S s s
=S U Uy sty 35 Uy s Uy g seee sl 33)
0 a
+[(d,—+d,—+...+d,,
du, du, , 8143’3
0 0
+d,,,—— 5 +otdiy 5 —)f] yaid + HO.T (15)
U Us 33
Where with respect to equation-13 we can write:
_ s _ ..d .
d;=u,;—u;, =u;; :
— 5 _d
dijk U g T U e T U (16)

And the notation gy | implies the evaluation of the partial
derivatives at static values. Equation-15 is then reduced to:

- s s
Pour=f(uip , ui; )= f(u,',j’u,',jk)
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d d
. +u.
I,

! ou,

)
“E u

i, jk

+[(M )f] xtatic+H~0'T (17)

Where summation convention is intended on repeated indices.
The first expression of equation-17 indicates the static element

of the deformation u, = ¢, &,. Since u;,jk =0 and the terms

containing first-derivatives in (7) are multiplied by the second-
derivatives, it can be seen that the first expression of equation
(17) equals to zero. That is:

f@u,)=0

The dynamic deformation gradients in equation-17 may be
obtain by using equation-11 and substituting them into equation-
17 , discarding the quadratic and higher or higher order terms of

the strains as being negligibly small and taking e vV the
K

linearized term of the motion equation is obtained as:
my{ poVo+ I [ A+ 2u+ (4 + 10u+4m)e, +(4+20)0]

12 1 2
+ by [+ 2ue,—(2p + En)83+(/1+2,u+m)9]+l3 [ -
(2/¢+%n)82+2,u33+(/1+2,u+m)9]}+m2{1112[/1+,u
+2(/1+,u)(81+82)+(%n—2m)83+(21+m)9]}+m3{

l,l.g[/1+,u+2(){+,u)(81+g3)+(%n—2m)82+(21+m)

01}=0

Where: =€, +¢&, +&,
Also the other terms of linearized motion equations may be
written by a permutation of 1, 2 and 3 in subscripts of equation-

18. These three equations are the most general form of the
equations of motion.

(18)

Evaluation of Stress-Strain Field in the Billet: Taking billet
as a one-dimensional body, previous equations can be simpler.
Assuming one dimensional stress in billet and using Poisson's
ratio, strains can be obtained as: figure-1.

E =& ; &, =& =-V¢E (19)
In this case, waves propagate in (I — 3) plane only and the
cosines of direction of the /; have values as:

1,=0 ; I+ =1 (20)

Using above equations, the equations of motion in 1, 2 and 3
directions can be obtained for one dimensional stress in the
billet. Rearranging these equations as an eigenvalue problem:
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2
Ay =PV 0 A3 nm,
0 Ay = pV? 0 m, +=0 (1)
2
Ay, 0 Ay =PV |my
m
This must hold true for any vector <m,  and ﬂij can be
1,

written as:
A= 112[7»+2u+(5k+10p+4m+21)e-u(27»+41)s]+ 132

1
[p+(A+2u+m)e — v (2A+4p+2m - En)a]
AMz=2A= L LA+ pu+CAr+2u+2l+m)e-v A+ 2u+41 +

—n )e]
2
2 1 2
A=l p+(dp+r+m)e-v(2A+2u+2m- —n)el+ 5
2
[u+(k+m-%n )e — v (2A+6p+2m)e]

1
das= LT+ (4p+h+m)e-v(2h+2un+2m- En)e]+ L

[A+2u+(A+21)e — v(6A+10p+4m+41) €] (22)

Figure-1
Coordinate System

The eigenvalues in equation-21 yield a pure shear horizontal
(SH) wave mode, a quasi longitudinal mode and a quasi-shear-
vertical mode respectively:

povl2 =% ﬂ“n + ﬂ?s +\/(/111 _/133 )2 +4ﬂ“123 (23a)

oy =4, (23b)
2 L[ 2 2 ]

pov3 = 5 /111 +ﬂ“33 _\/(ﬂ'll _/122) +4/113 (23¢)
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In figure-2 the launch angle ¢ measured from the 3-axis and the
transducer-fixture rotation angle y measured from 1-axis. The
angles ¢ and a are related through the Snell's law:

sing _ sina
v Vv

w
Where Vy, denotes the wave velocity in water and V is the

velocity in the solid.

(24)

3
A

Figure-2
The various angles defining the incident and the refracted
wave path

A careful inspection of the eigenvalue problem as represented
by equation-21 with A;; given in equations-22, along with the
Snell's law given in equation-24 reveals the fact that the wave
velocities are dependent on the direction cosines 1;, 1, and 15 of
the wave normal and vice versa. In the other words, to
determine the wave velocities one needs to know the direction
cosines 1;, I, and 15 of the wave vector. However, to obtain 1, 1,
and 1;, the wave velocities are required to be known a priori.
This double-headed difficulty can be solved by incorporating
the Snell's law into the elements of the eigenvalue problem. The
direction cosines of the wave normal may be formed as follows:

I, =cos f=sina.cos y = MV.cos ¥ (252)
VW
.2
I, =cosa=+/(l—sin’ @) = (1—513—2%2)”2 (25b)
w
I, =cosS=(1-1 -1 =S;L¢v.sm ¥ (25¢)
w

The direction cosines of the wave vector are now in terms of the
angles ¢ and y may virtually vary from -90° to 4+90° and 0O to
360°, respectively. However, due to the geometric and loading
symmetry, ¢ needs to be varied from 0 to 90° and y from O to
180°. Equations (25 a) to (25 c) explicitly show the dependency
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of the velocity of wave on the wave path. Because of this, the
elements A; of the eigenvalue problem (21) must undergo some
changes to incorporate the Snell's law as explained above.

Substituting from equations (25 a) to (25 c) into all of the
equations represented by (22), one obtains:

211 = all +fi1V2

sin’ ¢
/113 = fl3v 1_—2V2
VW

2
/122 =a, + [,V
133 =a; + f33V2

Where: a,, = ,u+(ﬁ+2,u+m)£—v(2/1+4/¢+2m—§)g

(26)

a, :,u+(/1+m—g)£—v(2/1+6,u+2m)8 @7

a, =A+2u+(A+20)e—-v(6A+10u+4m+4l)e
£, =UIA+2u+ (A +10u+4m+21)e — v(2A + 4)€] cos’
sin® ¢

VZ

w

y—[ﬂ+(/1+2y+m)g—v(2/1+4y+2m—%)g]}

fi3 S [ A+l QA+ 20+ 20+ m)e— VA + 2+ 4]+ el
2

sin ¢

cosy
Vw

fo = {[y+(4y+/1+m)g—v(2/1+2y+2m-§)e]c052 y

.2
+[,u+(/1+m—§)8—1)(2/1+6,u+ 2m)8]}81;—¢

2
w

fo= {[,u+(4,u+/1+m)8—v(2/1+2,u+2m—g)8]cos2 ¥

sin® ¢

2

w
Having the Aij defined as in the succession of equations-26 to

27, the eigenvalue problem-21 may now be rearranged to:

HA+2u+ (A +2De—v(6A+10u +4m +4l)e]}

| 2 sin” ¢ z_ .
a, +(f,, —pV 0 SV 1-—V
VW
m,
0 a, +(f, —pV* 0 =0
sin® ¢
f]3V 1_7‘/2 0 Qs +(f33 _p)vz ny
L w _
(28)

The determinant of this symmetric matrix, with all of the
elements containing the wave velocity V, must vanish for any

89
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vector m; (i = 1, 2, 3) to obtain a non trivial solution. Performing ) O+27r 1
the operations, grouping the appropriate terms and simplifying, V, = 2=Q cos( )——q (31b)
the following cubic characteristic equation in V* is obtained: 3 3
6 4 2
|4 +611V +Cl2V +a3 =0 (29) V2 2\/7Q (0—}-471’) 1 310)
= 24/—0 cos -—a c
. _b b . 30 3!
Where: @, =—,a, =—,a, =— |
4 b, b, Where: Q = —(3a2 - a12)
9
= - - - - 1
b =a,(f,, =p)fy; = p)+a,(f,, —p)+a,(f, —p) R=— (ajay —27a, _2‘15) (32)
2 , sin’ ¢ >
(fzz_p)_fls(fzz_p)'i'azzfm—z -1 R
V, 6 = cos 3
-0
It is important to note that wave velocities in equations (23) and
_ (31) are different. The latter, given in equations (31),
b, =a,a, (f;; = P+ a,a;,(f, = P) + ara, incorporate the Snell's law, while the former, represented by
(f. —p)—a f2 equations (23) do not. Changes in QSV velocity as a function of
1 2713 strain for different launch angels in accordance with equation
(31c) have shown in figure-3 for aluminum. Where o is launch
b3 =a,,0,,05; (30) angle and ¢ is strain in 1 direction. With respect to relation
L between stress and strain as:
, sin” @
b4=(f11_p)(fzz_p)(f33_p)+(fzz_p)f13 2 ,11(3/1+2,u)
VW 0-1 =LE= Té‘ (33)
The solutions to equation (29) are as follows: . + # . . .
Now one dimensional stress in every section of billet can be
V2 = 24/-0 cos g - 1 a (31a)  obtained.
1 - 3 3 1
3105
3104 -
3103
? 3102 \
E 3101 I~ ——¢=25°
E \\ \\ . (p — 200
8 3100 °
3 —a— @ =15
> 3099 |
3098
3097 -
3096

0 200 400

600 800 1000

Micro Strain
Figure-3
Changes in QSYV velocity as a function of strain
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Figure-4
Time Delay obtained from theoretical results
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Figure-5
Time Delay obtained from experimental works

Calculating Time Delay: Since in an ultrasonic technique the
quantity which is experimentally measured is time of flight and
not the velocity of propagation, Egli and Koshti’ defined a
quantity called "time delay" as:

3 2hCosax

1%

Figure-4 shows the time delay Af as a function of strain for the
QSV mode propagating in (1-3) plane and figure-5 shows the

At (34)

corresponding variation in time delay borrowed from the
experimental works of Egli and Koshti’. Both figures are for
aluminum specimens, the variations of time delay as a function
of strains are the same in both figures, which represent a good
agreement between analytical results obtained in this paper and
the mentioned experimental results.

An aluminum property which is used in analytical result has
shown in table-1.

Table-1
Mechanical properties for aluminum

Density (kg/m3) Elastic constants *10'° (Pa) Elasticity Module #10'° (Pa) | Poisson's Ratio
p A u 1 m n E v
Aluminum 2730 593 | 265 | -31.1 | -40.1 | -40.8 7.1 0.34
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Conclusion

At first step the motion equations are obtained as function of
deformation gradients u;j, ujj which are nonlinear. The
nonlinear equations of motion are linearized by means of a
method of perturbation. So that the final linearized results, as
equation-18, comprise such variables that can be measured
experimentally. These variables contain the wave velocity (V),
the principal strains (g1 , &, , €3 ), the material properties ( A, , 1,
m, n ) and the characteristic of the wave vector (1, , 1, , 13, m,
m, , m3 ) and.

Considering one dimensional stress in the billet, Changes in
wave propagating velocity as a function of strain for an
aluminum specimen have shown in figure-3. Also the time delay
as a function of strain is calculated from equation-34 and
compared with experimental results obtained by Egli and
Koshti’ which show a good agreement between them.
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