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Abstract

In this paper,  we discuss on the existence of general solution of non-linear partial differential equation
a1

F '.k” W, E ¥| = 0in complex space by using Fixed point theorem and contraction function.
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Introduction

Supposed D € C and Sp < o, weakly and strongly singular
operators I and [T are defined as follows:

T,f (z)=_?1ﬂ&d§dn,

[,f (2 )——jf@ S qzan.

sothat E=(+in,z=x+iy and aTDf(Z)—f( ) and
wZHDf (z) and if f is aboundedin D then
Z

T,f (z) is bounded and Holder Continuous'.

An interest to the developing of this area is connected first of
all with different types applications of generalized analytic
functions. The most known constructions are those
generalized analytic functions of Vekua type’ defined as a
solution to elliptic system of differential equations in
complex domains containing so called (F, G)-derivatives.
Different methods are developed for the study of the
corresponding differential equations and the corresponding
boundary value problems.

Now, we represent the most results in this direction.

In relation to this subject, mentioned topics have been studied
as follows: i. Mamourian A, Esrafilian E, Taghizadeh.N. On the
existence of general solution of first order elliptic systems by
Fixed-point theorem’. ii. N.Taghizadeh. On the uniqueness of
solution of first order non-linear complex elliptic systems of
partial ~ differential equations in Sobolev space’. iii.
N.Taghizadeh, M.Akbari, the existence and uniqueness of
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solution of non-linear partial differential equations by Fixed-
point theorem in sobolev space and their results’.

Existence of general solution in complex space.

Firstly, we assume that w € C, (D) (0 < a < 1) is an

arbitrary solution of

ow ow
F 0.
(z.w, PP —)=

We define two functions as follows:

ow ow ow ow ow
G s ) ’ = _T F ) s 2
(Zwaz az—] 2 D(Zwa azj()
ow ow
dz 07

By differentiating « partially with respect to z and = we obtain

that:
99 _ow _ (Z,W,a&,aﬁ_jzo @
07 d7 Jdz 02
aq) ow ow Jdw

-I1,G —_—,— | 5
0z az ( "0z 07 j ©
Since
G(z w 2 awj c, (D) (0<a<l

9z oz
the following estimates hold:
ow ow
6
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It follows from the equation (4) and Wely’s lemma' that @ is

99
dz

(D

+

< ow

dz

a.D a.D a.,D

holomorphic in D and it belongs to the complex space
according to (6), so, we deduce that, if W is a solution of (1)
then it is in the form:

ow Jdw j

= T.G W, —,——
v (2)=ple) 1,6 2 2

where @ is holomorphicin D .

(®)

Theorem 1.2: supposed D ] and S, <oo. A function
we C, (D) (0 < a < 1) is a solution of the partial

differential equation (1) if and only if for a function
pe C, (D) and holomorphic in D , W ,h) satisfied the

system below:

w(z)=¢(z)+T,G (Z W ,h,aaﬂ_j
Z

3 ©

h(z)=¢'(z)+11,G (z W h%)

Z

Proof: Firstly, supposed W is a solution of (1), as it is proved,

W is in form (8) where ¢ is holomorphic in Ca (D) and
G is in form (2).

By differentiating (8) partially with respect to z we obtain
that:
ow —a—(p+HDG [z,w,

ow  ow j
dz dz

dz 97

w
we denote: —— = h
0z

then () = o (z)+1,G (z W h%)
z

so W ,h) is a solution of the system (9).

Now, we suppose (W , /) is a solution of the following system.
By differentiating the first equation in this system partially with
the respectto z and Z we obtain:

d ad

W _g (Z,W ,h,i]

0z 0z (10)

al=§0'(Z)+HDG (Z,w ,h,al_]=h(z)
0z o7
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w

on substitution ——=~h in (10) we obtain the following
Z

result.

Remark: We denote the set of all pairs (W , /) for which both

W and h belong to the space C, (D ) . The norm in this

space shall be defined as follows:

[ov .1, =Max (], .[h]

a,D )
thus making C, (D ) a Banach space.

Theorem 2.2: If
i. The domain D has a finite area.

ii. As a function of the variables ze€ D cl]
ow ow )\ . . _ _
Z,w,——,—— | is acontinuous of its variables.
dz 0z

iii. The function G satisfy in the Lipschitz condition of the
form:

G(Z ,w,h,ai_j—c (z ,w,ﬁ,aﬂ:J
07 0z

almost everywhere in D ,whereas constant L2 is strictly less

<L —w|+Ly|h —h]

than 1 and L is arbitrary positive number.

There exist W,hGQp(D)Z{(W,h)|W,/’lE Ca(D)}

ow 0
such that G (Z W ,%,%je Q, (D).

Then differential equation (1) has unique solution in the
complex space.

Proof: We denote Q (D) ={w ,h)lw,he C,(D)}

and we define the norm as follows

[ov .1, , =Max (], .[h]

wn)

then the set £ (D) is a Banach space.

For apair (W,h)e Q (D) we define an operator L as

follows:

L:Q, (D)—Q, (D)
Lw.h)=W ,H)
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where

W (z)=p(2)+T,G (z " ,h,aﬂ_j

0z (12)

H(z)z(o'(z )+HDG (z W ,h,%ﬁ_j
<

where @ is holomorphic in D and it belongsto C o (D)

We will prove L satisfy in Lipschitz condition. Supposed
W.,h),67,heQ (D) so
Lw,h)=W .H)

where

W (z )=(0(Z )+TDG (z W ,h,%ﬂ_j
Z

H(z)z(o'(z )+HDG (z W ,h,%ﬁ_j
<

and

LG, h)y=W ,H)

where

d

=

W(z)=¢(z)+TDG(Z, LA,

j (13)
Then

Lo, h)=L67 )| =|W .H)-W )|
=|ov ). -1
=Max (W W ||H -H|) .

d
N

I‘i(z):¢’(z )+HDG (Z ,W,};,

|
N|‘§z

b

According to the systems (12) and (13):

b (e G2 0 (20 57

0 _ o~ oW
F,)(G [ ,w,h,%j_c; ( ,w,h,%}u

<AL, —w |+ L, |h—h])
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SADYL+Ly)(|ow 1) =67 1D))

and similarly:

|o = | < BDYL,+L,)(0v 1) =067, ).

This mean that:

| H) =@ )| < (L, +L,) max(A(D), B(DY) 6w, 1) =65, ).

We denote K = (L, +L,)max(A(D),B(D))
then H(W ,H)—(W,H)“SK H(w ,h)—(w,ﬁ)u.

Now, if O0< K <1 then the operator L is contraction function

in Q » (D) and such as, there exists a unique fixed element

(W ,h) of the operator L which is also a solution of (9). The

corresponding W is then by theorem (1.2) a general solution of
differential equation (1).

Conclusion

In this paper, we discuss on the existence of general solution of
Non-linear partial differential equation in general case in
complex space. We deduce that the proposed method can be
extended in other spaces.
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