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Abstract

Viscosity of the shear-thinning fluid depends on the shear rate. This study is conducted in Taylor vortex flow conditioned by
the rotation of inner cylinder and stillness of outer cylinder and just taking into account the axial flow for estimating the
parameters of flow (velocity and pressure components) in the narrow gap between two cylinders. The results of this study are
important in the bearing application. The equations of Taylor—Couette flow and Galerkin method were obtained by the
equations for the conservation of mass and momentum equations. Flow parameters were obtained by Fortran and
investigated by Mathematica software. The flow is the sum of base flow and a deviation from the base flow. According to the
main results of analysis above, the target diagrams are compared with Newtonian and a; diagrams. The more the value of
parameter a, is reduced, the quicker the flow will become critical. All components of real velocity and pressure are reduced

while increasing Shear-thinning.
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Introduction

Taylor indicated that if the relative velocity between two
cylinders exceeds a certain limit, the form of flow will be
changed into the horizontal vortices, in situ (independent of
time) and symmetric to the cylinder axis, called "Taylor vortex
flow" (TVF). The cylindrical longitudinal oscillation period will

be 27/2k = m/k -

Kuhlmann examined the TVF in a narrow gap when the inner
cylinder was rotating at angular velocity fluctuations in a period
of time® and simplified Navier-Stokes equations with the finite
difference method according to Galerkin. The thermal
displacement formulas in viscoelastic and shear-thinning fluids
have recently been investigated'.

The dependence of the parameters together creates the
limitations in this analysis; some of the available parameters

such as “0’“’7‘ are experimental. Zeidler et al's diagram,

According to the general hypotheses, the fluid is considered
incompressible, the cylinders rigid and long and the radius of
inner cylinder (R,) is equal to 50 cm and the gap ratio (d) equal
to 2mm; the outer cylinder is stationary and the inner cylinder
has the angular velocity () which is the integer multiple of = .

Here, the value of 2m is considered and due to the axial

)

symmetry in this analysis, is considered equal to zero and

also the density is 1000 Kg / m”.

Considered Equations

The equations for the conservation of mass and momentum® in
cylindrical coordinates are as follows:

VU =0 ey
p(U,+UVU)=-VP+V.(ul) 2

In the above equations,

which is obtained from simulating the following table, is one of U =U,U,U,)" . T=VU+(VU)
the best experimental sources for selecting the values'.
Table-1
Considered values for o .o, .p, 4
oy =-0.075 o) =-0.05 o =—0.025 oy =—0.01, oy =00,
0y ==0.002 0, =—0.002 0y =—0.002 0y =—0.002 0y =0.00
T (pa.s) 0.0044 0.0043 0.0042 0.0041 0.004

Given the multiplicity of available variables, the dimensionless
parameters with the first-order values and coefficients in the
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equations should be applied®. The dimensionless parameters
with such this condition are as follows:
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The dimensionless and real parameters are shown with large and
small indices respectively. According to the equations (1), (2)
and (3) and the boundary conditions governing the laminar
flow, we have:

0 0 0 0
Vg r=R)=R,Q . Vg (r=R,)=0 - uy=u,=0
R,Q(R, —1)
:>Vg:#: U.(}),II—X )
d

0

S =Ta@$))?

~Ta(l—x)?

In general, the rotational speed of cylinders relative to each
other is not the only determining factor for the beginning of
vortex flow, but the other factors such as the size of the gap,
radius of flow, and the viscosity of fluid are effective in this
regard and the changes in only one of them can change the time
of creating the vortices or their types. Therefore, the following
dimensionless numbers are defined':

Rezﬁ i—:=i TazRezs ©)
Vg Ry

Where, Re is Reynolds number, £ : The ratio of gap size to the

radius, and Ta: Taylor number. Furthermore, Q: Relative

angular velocity of two cylinders (in this case the angular

velocity of inner cylinder), R;: The radius of inner cylinder, d:

Size of gap and ¥,: Kinematics viscosity at zero shear rate.'

The presented mathematical model is called Carreau-Yasuda
model as follows:

n-l
—Mo a
n'n==[1+(XY) } ‘ ©)
no Moo
This equation depends on five experimental parameters

including 77, <7}, <A «n ,anda. In equation (6) n is the

apparent shear viscosity (dynamic) and 7 is the same as the D
or the shear rate; and a is the dimensionless quantity which
represents the effect of transition from the stable region 77 to
the the

experiments, a = 2 and 7]_ converges to zero and A is a time

exponential region. According to performed

inverse constant of shear rate per which the shear-thinning
behavior begins.'
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The dependence of viscosity on the shear rate can be found
according to the equations (6) and (3) in which W is the real
viscosity, T the dimensionless viscosity, I the real shear rate
and ’Y the dimensionless shear rate. The following equation is
defined between I and 'Y !

d .

y=—T ™)

The equation (6) will be as follows in terms of 'Y through

introducing the dimensionless number pe — AR 0 and naming
d
g=He !
Hy

n(vj =S+(1—s)[1+(Dey)2}[nz_lj ®)

Since our fluid is shear-thinning (1<L_1<0), thus the
2

equation (8) is simplified as follows by extending three terms of

above equation and defining a, = (1 _ S)(n - 1) De? and
2

a2 =(1-5) (n-1)(n-3) (pe)’

4
n(y)=1+ alyz + oczy4 )
a,,0, are the important coefficients which cover the

rheological properties (¥,n,S), geometrical properties and
boundary conditions (d’Q’Rl)‘ The relationship among
0,0y, De indicates that the amounts of ¢,,c, should also be

small. ¢, ¢, is positive for shear-thickening fluids, negative for

shear-thinning fluids and zero for Newtonian fluids. Thus, the
amounts of ¢, , will be negative for our fluid. Now, if 0y =0:

our fluid will become weakly-shear-thinning.

. 0 .
Given thatuy,x =—1 and u(y)z =0, for the laminar flow we

have:

(10)

In the overall state, it is better to write the conservation and
viscosity equations in terms of total terms of laminar flow and
diversion towards it in order to obtain the better control over

0_
n —1+oc1+oc2
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both flow; it is worth noting that there is only v 9 in the laminar
flow, but all three viscosities existed in the deviation flow.

For simplicity and through inserting the values obtained from
the analysis of laminar flow in the equations (1) and (2), we
. ’ 4 _ ’ _ 7 _ I_
consider 77" =7,u, =u ,u, =0V, U, =W and P =P,

thus:
Uy +w, = 0

Uy fuuy +wu, —Tal)2 —2Ta1)(1—x):

Py + (110 +n)(u’xx + u’zz)+ 2N qu g +M, (“,z + w’x)

D,t + uU’X + WU,Z =

u + (T]O + T1)(”,){){ + 1’,22)+ MzV,z *Mx (D,X - 1)

Wt+uWX+WWZ: (11)
0
_P’Z + (n +n)(w,xx + W,zz)+ Zn’zw’Z +M (u’z + W,x)

Galerkin Image Method is considered for solving the equations
and the dominant modes are as follows according to the
performed experiments: °

uy (x,z,t) =up (t)sinnxcoskz

uy (x,z,t) =Y (t)sin1tx+1)11 (t)sinnxcoskz + Vs (t)sin 21X

u, (x,z,t) =W (t)cosnxsinkz

p(x,z,t) =p11(t)cos7cxcoskz (12)

Res. J. Recent Sci.

The components, “10(t)’ Dll(t)’ Vs (t), Wll(t)’
Py (t)and upq (t) are dimensionless. In order to make the

obtained values for three components of velocity close to each
other and within the interval [0,1], the following scaled
velocities are defined as follows: °

b1 T
uzzull(t) D:$Ull(t) wzfm)zo(t)

13)

We insert the equations (12) in the equations (11) and integrate
the equations for the conservation of mass and equations (13) at

the interval z e [0,%] and x e [0, 1] in a period. This is

done in two steps, and the scaled velocities become as follows
by defining the important quantity, reduced Taylor number, as

r:Ta’c3k22
u=rv—u

+oy (—u+ Alul)2 + A2UW + A3UW2) +0, (—u+ A4u1)2 + A5u1)4
+A6uw + A7u1)2w + Aguw2 + A9u1)2w2 + AIOuW3 + A1 1uw4
i):—uw+u—1>+oc1(B11>+B2n3 +B3‘UW+B4‘UW2)

3 5 3 2 (14)
+0ly (B51)+B61> +B71) +B81)W+B91) w +B101>w +B111> w
+B121)W3 +B131)w4)

. 2 2 3

w = u\)—Clw +oc1(C21) +C3w+C41) w +C5w )
+0c2(C61)2 + C71)4 + ng + C91)2w + C101)4w + C1 1w2 + C121)2w2

3 2 3 4 5
+C13w +C141) w +C15w +C16w)

The coefficients A; to Cy¢ are : Coefficients of equations (14)

) 2(k2_ﬂ2)2 )
A=

k*+7°)

A __9k6 —13k*7* +43k *n* + n°
' 87 (k> +7%)’

2=k *+7%)
A3: k2+7z.2

25k —44k °n* + 34kt + 56k *n° + 1*

3

A __9k6—11k47r2+111k27£4+3756
4 87 (k> +7%)°
Akt -6k n + 1)

CA=-

_6kP(k*-2k’m’ -11x")

167* (k> +7°)

A= k2+7°) “ A=

Tk =11k *2* +177k *xn* +3x°

(k> +7%)

C12(k -6k 7 + 7t

¢ A8=_12 ¢

A9=_ ‘ AIO_

_ 2=k +7)(k +7)
k*+r7?

Ar* (k> +71°)°
9%t +2k*xt+97t
Bz__ 87l'2(k2+7[2)2
33k Y42kt 157

B

25k 43k + 7k *nt +2572°

k*+37°

(k2+71'2)2 ¢ A11:_6 ¢ Bl:_k2+7[2
_ 2(k*+377%) _ k*+5x°
B4__ k24 ¢ BS__k2+7Z'2

_Ak*-577)

B.= © B.=

Ar*(k*+77)
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B.= 6(k*=57°) __12(k’+57%) B __TkP+12k°77 1057 12k -57%)
9 JZ'(k +7z') BIO_ k2+72'2 11 471'2(k2+71'2)2 - k2+7Z2
_ 6(k’+571%) AT k437 127° 2k +37%)
B13_ k2+7Z'2 Cl_ k2+7[2 Cz_ k2+7[2 C3 k +7[ C4 k2+7[2
C .- 127° C _20Qk’+37) | C .- 8k*+10k°z* 92" 207
Skt 6 k*+7? T sk + ) N
C _12Q2k* +217%) C _206k‘+k’x’+727) C - r cC 72(10k * —477%)
’ 5k*+7x%) 10 35725k > +7%) N gty 2 35(k* +7%)
10577 _ 16(47k* +45371%) __ leo4r’ _ 1350477
C.= Tk +71°) Cu 105(k > + %) C s 21k * +7%) C 231(k > + 7%)

Extraction and Analysis of velocity: Since the TVF is
independent of time, the time derivatives on the left of equations
(14) will be zero. In this case, the components of velocities are
extremely sensitive to the initial guess. The analytical solutions
are easily obtained for Newtonian fluid due to zero ¢, a, as

follows:

5)

In the above equations, the index S means the steady-state and
superscript N represents the Newtonian case, and it is seen that
two sets of solution are obtained for the equations. If o, = 0 and
we consider the weakly-shear-thinning state, the equations will
be simplified. These obtained equations and diagrams from
weakly-shear-thinning mode should be compared to the shear-
thinning and Newtonian modes. For shear-thinning mode,
solving the equations above is only possible numerically, thus
the appropriate initial values , which are ended to the non-trivial
solutions, are found through Fortran programming software, so
that we consider a desired value for r for each a, a, and guess

the initial values of . A subroutine, which applies

W, Ve Yo

Newton-Raphson algorithm, obtains w, v, u per mentioned 7 .

It calculates the values of w, U, u with a single value and only
for a specific r, while we are seeking to find the solutions in
the form of functions which give the responses per multiple
values of r . Therefore, our equations should be converted into
the ordinary differential equations, then we obtain
u(r),u(r),w (r) through another subroutine which utilizes

Runge-kutta algorithm. Finally, we calculate the velocity
functions by Mathematica software and compare with other
cases.
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Three diagrams are drawn for comparing u,V,w as follows.
The comparison of these three diagrams indicates that wherever
(062, o = 0) in the diagram related to Newtonian state, they are

formed from r = 1 onwards.

2
1.5 1 — a1=0,02=0
1 p
=}
0.5 - al=-
.075,a2=0
0 4
.05 005115225335445
r
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Figure-1
Obtained diagrams for u, v, w
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The more the slopes of diagram are increased, the more the
shear thinning is enhanced; in fact, the formation point of all

diagrams indicates their critical ¥ . We can reach this conclusion

that increasing the shear-thinning property quickly makes the
flow critical andu,w are enhanced by increasing Taylor
number, but V is reduced after a sharp increase. u,w are
reduced by decreasing ¢ 120> but W is increased.

Now, for obtaining the real velocities, first the time coefficients
are obtained from the equations (13) and then the dimensionless
velocities from equations (12) and finally the real velocities
from the equations (3).

Finally, for quantitative comparison of shear-thinning effect on
the velocity components, the maximum and minimum values
are obtained for each velocity through the programs written in
Fortran software; the results are presented in table (2).

©)
Figure-2

Res. J. Recent Sci.

Spatial areas for a) U, b) U, ©) U, per

a; = -0.075,05 = —.002

(A)
Table-2
Minimum and maximum values obtained for velocity components for all values of a0,
o = -0.075, o = -0.05, o = -0.025, oy =-0.01, o = 0.0,
o, =—0.002 o, =—0.002 o, =-0.002 o, = —0.002 o, =0.00
Minimum | -0.055 -0.0619 -0.0648 -0.0651 -0.0663
U
R
Maximum | 0.055 0.0619 0.0648 0.0651 0.0663
Minimum | -1.156 -1.170 -1.174 -1.175 -1.176
Ug
Maximum | 1.156 1.170 1.174 1.175 1.176
Minimum | -0.0298 -0.0324 -0.0339 -0.0341 -0.0347
U
Z
Maximum | 0.0324 0.0339 0.0341 0.0347 0.0347
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Furthermore, Figure 3 shows all three states governing the
components of angular velocity for a sample of 0,00y -

Figure-3
The real value of angular velocity obtained from the sum of
components of laminar and diversion flow per

oy =-0.075, 0, = -.002

The following results are obtained from the figures 2 and 3 and
table 2: 1. The angular velocity is significantly greater than
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other terms of velocities. ii. The axial and radial velocities
which are not existed in the laminar flow appear due to the
effects of turbulence on the TVF. It is observed that the above
rates are negligible. iii. With an increase in the shear-thinning
property, all components of velocity are regularly decreased.
For all values of o,y > the maximum velocity is equal to T

and the minimum velocity is zero m.s, which is the extreme of
laminar flow. Thus, it can be found that the laminar flow is still
existed and the linear flow misleads it a bit from the laminar
mode. Figure 3 exactly shows this issue.

Pressure analysis and extraction: The pressure can be
achieved through finding the components of velocity.

According to the sixth hypothesis of second chapter, 9£ is
00

dp

oz

becomes zero according to the equation for the conservation of

momentum in the axial direction for the laminar flow.
Therefore, the pressure will vary only along with the radius. In

other words, P° = Po(x). According to equation (4), it can be
concluded that:

po(x);:a(l_xfm

always zero because of the axial symmetry. Moreover,

(16)

In the above equation, C is the integration constant which
cannot be the function Zz,0 according to the arguments above
and it is a constant number. Its value can be measured by
measuring the pressure at a desired point. Here, its amounts is
Ta 1

3
Using the method used for velocity, the real pressure will be as
follows:

2
p=pDZO(pll(t)COSTCXCOSkZ—(Ta(1—X)3 _Ta]j 17
d 3

considered equal to

3

The first term of equation above represents the diverted flow
pressure and the second term represents the laminar flow
pressure. Obviously, the laminar flow pressure has a greater
portion of the total pressure.

The existence of Taylor number in the equation (16) indicates
that the laminar flow pressure can be changed by variation in
the intensity of shear-thinning; however, the pressure above will
always remain constant in the laminar flow like the angular
2
. e pvaTa . . .
velocity because the multiplication of "0 diminishes the
3d2
dependence on the viscosity in measuring the real pressure.
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Figure-4
The real amount of pressure from the sum of laminar and
diverted flows per o) =—075,05 =—-.002- The spatial areas

of the fourth figure are the same as the third figure in
another view

According to the selected values for the constant of integration,
we have for the laminar flow:

PO =1316@x =1 : p?

i =0@x =0 (18)
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The pressure extremes in the diverted flow include: Figure 3 and
table 3 yield the following results: i. The diverted flow pressure
is reduced like its velocity as the result of increasing the shear-
thinning property. Here, the pressure is more reduced by
reduction in X. ii. The maximum diverted flow pressure lead to
the enhanced maximum total flow and its maximum reduces the
maximum pressure of total flow, whereas this is not true for the
velocities and the extremes of velocity in the total flow is equal
to the extremes of laminar flow velocity.

Conclusion

The diverted and laminar flow parameters are analyzed through
the functions, diagrams and values above and the velocity and
pressure parameters in shear-thinning mode are evaluated and
compared with the modes obtained from the literature and the
main result of analysis above is as follows: i. In the diagrams of
unreal velocities, u and w are enhanced by increasing Taylor
number, but the dimensionless V is decreased after an intense
increase; u and w are decreased by enhancing the shear -
thinning property, but w is increased. ii. The more the value of
o, is reduced, the sooner the flow becomes critical. iii. The
angular velocity component governs the flow at the real
velocities. iv. The more the fluid progress towards the shear-
thinning mode, the more the amounts of distortion at all
velocities are reduced and the TVF in them decreased; in other
words, it leads to the enhanced fluid capacity and resilience
against the external disturbances. Thus, the fluid loses its
coherence in a longer time and less influenced by the
disturbance. v. The more the fluid progresses towards the shear-
thinning mode, the more the amount of distortion of pressure
component is reduced.

The future studies, which can be conducted to become closer to
the reality in this regard, are classified into four categories: i.
The study on the equation of state and investigation of other
models for shear-thinning and weakly-elastic fluids for
extending the range of equation above. ii. The study on the flow
boundary: In this regard, the available equation of state can be
utilized, thus we can analyze the fluid flow between two flat
plates assuming that the walls are non-rigid. iii. This analysis
can be continues assuming the oscillatory flow: The initial
equations of oscillatory Taylor-Couette flow for Newtonian
fluid were introduced by Kuhlmann et al.*” Despite the fact that
performing such this analysis is much more difficult than the
non-oscillatory flow, it still seems essential*'’. iv. Analyzing
the flow based on the not centralized cylinders'"'?.

Table-3
The minimum and maximum values obtained for the pressure component in terms of all values of o, 0
a; = -0.075, a; = -0.05, oy =-0.025, o =-0.01, a; =0.0,
0, =-0.002 @, ==0.002 %, = -0.002 a, =-0.002 ay =0.00
P(pa) Mini'mum -1.081 -1.082 -1.083 -1.243 -1.33
Maximum | 1.081 1.082 1.083 1.243 1.33
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