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Abstract  

In this work, a steady two dimensional analytical solution is presented for non-isothermal, non-Newtonian fluid flowing 

through the channel having symmetric stenosis of cosine shape. The governing Navier-Stokes equations are reduced to 

compatibility and energy equations which are solved analytically with the help of regular perturbation method. The results 

obtained from the present analysis are presented analytically and graphically in terms of wall shear stress, separation and 

reattachment points, pressure gradient and temperature distribution on blood flow through a stenoised channel. It has been 

observed that the non-Newtonian nature of blood reduces the magnitude of the peak of flow over the stenoised region. 

Further, increase in second grade parameter (α)increases the temperature, pressure gradient, velocity distribution and wall 

shear stress while on the other hand the critical Re decreases. Its worth noting that the results presented in this article are 

compared with available results in literature and find good agreement. 
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Introduction 

It is well known that the deposit of cholesterol and proliferation 

of connective tissue may be responsible for the abnormal 

growth in lumen of artery. Its actual cause may not be known 

exactly but its effect on the cardiovascular system can easily be 

understood by studying the blood flow in its vicinity. One of the 

practical applications of blood flow through a membrane 

oxygenator is the flow with an irregular wall surface. Many 

authors have studied the behavior of blood in a constricted 

artery by considering different models of stenosis and assuming 

the blood to be Newtonian and non-Newtonian fluid. One of the 

earliest studies in this regard was conducted by Young
1
. He 

considered blood as a Newtonian fluid and suggested that the 

boundary irregularities can be an important factor in the 

development and progression of arterial diseases. Forrester and 

Young presented the analytical solution of Newtonian fluid for 

an axisymmetric, steady, incompressible flow and considered 

mild constriction for the flow of blood, both theoretically and 

experimentally in the converging and diverging tube
2
. Lee and 

Fung solved the flow model of the Newtonian fluid numerically 

through locally constricted tube for the low Reynolds number
3
. 

The constraints in their numerical procedure restricted the shape 

of the tube to be fixed and the Reynolds number to be moderate. 

Morgan and Young carried out the extension of Young
4,2

. They 

used an integral method and presented the approximate 

analytical solution of axisymmetric, steady state flow, which is 

applicable to both a mild and severe constriction. Haldar 

investigated the flow of blood through an axisymmetric cosine 

shape constricted artery and showed the solutions for velocity 

distribution, wall shearing stress and separation phenomena
5
. He 

indicated the presence of separation point, due to the occurrence 

of negative wall shear stresses at high Reynolds numbers. Chow 

et al. analyzed the steady laminar flow of incompressible 

Newtonian fluid for different physical parameters by 

considering the sinusoidal boundary
6
. It is observed that by 

increasing either Re orε , the separation point would move 

down towards the throat in the divergent part of the channel 

with subsequent enlargement of the region of separation. 

 

In addition to the Newtonian model many authors have studied 

the behavior of blood as non-Newtonian fluid. The non-

Newtonian fluid may be considered as comparatively better 

model to represent the blood, due to its cells suspension 

property, even at a low shear rate. Further the Newtonian model 

is reasonable with regards the large channel assumption. 

However, for smaller channels the flow is expected to take on 

non-Newtonian character. Shukla et al. presented the analysis of 

blood by considering it as non-Newtonian fluid and studied the 

effect of constriction on the resistance to flow along with wall 

shear stress in an artery
7
. Mishra and Shit

8
 considered the 

Herschel – Bulkley equation to represent the non-Newtonian 

characteristics of blood
8
. Haldar discussed the effect of shape of 

constriction on resistance of blood flow through an artery with 

mild local narrowing
9
. Cheng and Michel modeled the flow of 

blood as steady and pulsatile physiological flow
10

. Vahdati et al. 

designed a non linear ordinary differential equation for non-fatal 

disease in population and solved by Homotopy analysis 

method
11

. Thundil and Ramsai
 
assumed the fluid to be air and 

presented numerical investigation using CFD
12

. Chauhan et al. 

studied the effect of turbulent flow over Ahmed’s body by 

applying numerical technique
13

.    
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It should be noted that all the above investigations are limited to 

flow patterns, pressure gradient, separation and reattachment 

points. However, the present work also investigates the effect of 

heat transfer in the channel.  The solutions are presented 

graphically in terms of stream lines, wall shear stress, points of 

separation and reattachment, temperature distribution and 

pressure gradient. We assume the time independent flow of 

blood between two parallel plates, situated at the separation 2ho. 

To solve the highly non-linear equations, we apply the 

perturbation technique to find the analytical solution by taking δ 

as a small parameter. 
 

Problem Formulation 

It is assumed that the blood behaves like a homogeneous, 

incompressible, Non-Newtonian fluid of second grade with heat 

transfer. The governing equations for the present analysis are 

conservation of mass, momentum and energy equation. 

Consider the steady flow of blood through the channel of 

infinite length having stenosis of length lo/2. The coordinate 

system is chosen in such a way that the channel lies in xy-plane 

and x-axis coincide with the center line in the direction of flow 

and y-axis perpendicular to x-axis.  
 

Consider the boundary of the stenoised region of the form 

Haldar
5
 as 
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where ( )xh ~
 is the variable width of channel, oh2  the width of 

unobstructed channel and λ  the maximum height of  stenosis.  

 

Assume that the blood behaves like non-Newtonian fluid and 

for steady, homogeneous, incompressible two dimensional flow 

of blood velocity field is taken as 
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where ou  is the characteristic velocity. and oTT ,1  are 

temperatures on the boundary of stenosis and fluid respectively. 

Dimensionless form of the boundary profile becomes 
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where   
ohxhf /)~(=  and  

oh/λε = is dimensionless height 

of stenosis.  Introducing the stream functions of the form 
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which satisfy the continuity equation  identically and 

momentum equations reduces to component form by making 

use of (2), (3) and (5) along with the energy equation in 

dimensionless variables as follows 
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where q is modified pressure in terms of stream function given 

by 
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Eliminating modified pressure from (6) and (7), we get 

compatibility equation in terms of stream function of the form
14
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Boundary conditions in terms of stream functions are 
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It should be noted that for 0=α , the above model reduces to 

viscous case and reduced compatibility equation (10) for 

0=α  has been discussed by
1-6

. 
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Solution 

The resulting compatibility and energy equations are non-linear 

and exact solution is very difficult to find, for the analytical 

solution we apply perturbation technique in these equations by 

considering δ as a small parameter, which is requirement of 

concerned method, as follows 
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Zeroth order problem and its solution: Zeroth order system is 

obtained by substituting (12) in (8), (10) and (11), then equating 

the coefficients of
0δ , we obtain    
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Subject to the boundary conditions 
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The solution of (13) is obtained by integrating successively 

along with the boundary conditions on stream function in (15) 

as follows 
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which is similar to zeroth order viscous solution and free from 

second grade parameter. The solution of (14) by making use of 

(16) and subject to boundary conditions on temperature in (15) 

becomes 
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It is observed that zeroth order solution of energy equation is 

independent of second grade parameter and depends upon ratio 

of heat production by viscous dissipation to heat transport by 

conduction. 
 

First order problem and its solution: The first order system is 

obtained by comparing the coefficients ofδ , we obtain 
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along with the boundary conditions 
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The solution of equation (18) is obtained by integrating and 

making use of (16) subject to corresponding boundary 

conditions of the form 
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which is  first order viscous solution and independent of  second 

grade parameter. The solution of (19) is achieved by using 

expressions for 
1,, ψθψ oo

  and integrating twice along with 

the boundary conditions on temperature giving 
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It is observed that by setting 0=α , the first order solution 

reduces to first order viscous solution for energy equation. The 

solution of first order temperature distribution depends upon 

ratio of convection to conduction.               

 

Second order problem and its solution: The second order 

system of equations is obtained by equating the coefficients of 
2δ   as follows 
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subject to boundary conditions 
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The solution of equation (23) is obtained by making use of 

1, ψψ o  and integrating successively four times along with 

corresponding boundary conditions in (25) giving 
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It is observed that by setting 0=α , equation (26) reduces to 

second order viscous solution. To find the second order 

temperature using the expression for 
121 ,,,, θθψψψ oo

 in 

(24) and integrating twice along with the corresponding 

boundary conditions on temperature, we obtain 
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The second order viscous solution for the energy equation can be recovered by setting 0=α  in equation (27). The second order 

temperature depends upon ratio of conduction to convection and dissipation to conduction. Now velocity components u, v and the 

temperature θ  can be recovered from the above solutions. 

 

Pressure Distribution: In this section, our aim is to find the pressure for which we have to perturb modified pressure as   
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Using expression (28) in (6) - (7) and equating the coefficients of like powers of δ  we obtain the various systems. To find the 
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Further to find the pressure within the channel, substitute the perturbed pressure as 
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in equation (9), we get the following perturbed system for pressure. 

 

Zeroth order pressure: Equating the coefficients of
0δ  on both sides of (6)-(7) for modified pressure as follows 
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and equation (9) gives the zeroth order pressure as 
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which is viscous pressure and  independent of second grade parameter (α ) . 

 

First order system and solution: Comparing the coefficients of δ  on both sides of (6)-(7), the resulting equations are obtained as 

,Re
4

4

2

2

3

1

3

1

xyyyx

q ooo

∂

∂









∂

∂
−

∂

∂
+

∂

∂
=

∂

∂ ψψ
α

ψψ
         (35)  

,Re
4

4

2

2

1

yyyy

q ooo

∂

∂









∂

∂
−

∂

∂
=

∂

∂ ψψ
α

ψ
                             (36) 

 

and first order pressure becomes 
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The solution of first order modified pressure is obtained by using  1, ψψ o  in (35)-(36) along with (29) as 
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The first order pressure is given by (37) as follows 
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It is observed that second grade parameters do not appear in the first order modified pressure but it is present in first order pressure. 

Second order system and solution: Equating the coefficients of like power of 
2δ  on both sides of (6)-(7), the system is obtained 

as  
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and equation for second order pressure is 
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The solution of second order modified pressure is obtained in the integral form by using (40) and (41) in (29) as follows 
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and  (42) gives the second order pressure as 
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One can find the pressure p by substituting the expressions for 21, pandppo   in equation (30). Viscous pressure could be 

obtained by setting the second grade parameters 0== βα . 

 

Wall shear stress 

Wall shear stress for the second grade fluid in dimensionless form is obtained from the component of Cauchy shear stress as 

follows 
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Wall shear stress up to second order in δ  is obtained by making use of velocity components defined in equation (5) as follows 
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The points of separation and reattachment are given by setting 0=wτ , the resulting equation in terms of Re becomes 
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From the expression (47), we have to find the critical Reynolds number at which the separation and reattachment points occur. 

 

Graphical Discussion 

In this section solutions are presented graphically for wall shear 

stress, zero wall shear stress, temperature distribution and 

pressure gradient. Solutions are analyzed numerically through 

graphs for second grade parameters ),( βα , height of stenosis 

( ε ), Reynolds number (Re), Brinkman number (Br) and Peclet 

number (Pe). The geometry of the proposed model for the study 

of the stenoised channel is depicted in figure 1. The radii of 

obstructed and unobstructed regions are )(xh  and oh . 

 

The distribution of wall shear stress for the various values of Re is 

given in figure 2 for fixed 04.0,1.0,2.0 === αδε . An increase 

in Re, wall shear stress increases near the throat of  stenoised  

region and becomes adverse in the converging and diverging 

section of the channel. The negative shearing in converging and 

diverging sections of channel indicates that there is point of 

separation in the upstream region and reattachment point in the 

downstream region of the channel. It is observed that wall shear 

stress holds for both small and large Re. It is also observed that 

the magnitude of adverse wall shear stress in the diverging part is 

smaller than in the converging part. In figure 3 effect of second 

grade parameter 08.0,04.0,0=α  is shown on wall shear 

stress, wτ , other parameters are chosen to be 7/1,7.0 == δε  

and Re=38. It is observed that for 0=α , the present result 

corresponds to viscous fluid. As the second grade parameter 

increases wall shear stress increases near the throat and becomes 

negative in converging and diverging sections due to separation 

and reattachment points. It is noted that the effect of Re and 

second grade parameter on wall shear stress have same adverse 

behavior. In figure 4 effect of ε  on wall shear stress is presented. 

The straight line indicates that there is no stenosis and the flow is 

Poiseuille flow. By the increase in ε  wall shear stress increases 

near the throat and becomes negative in the converging and 

diverging sections of the channel, which is the prediction for the 

points of separation and reattachment. The separation point was 

considered to be the point nearest the throat where adverse flow 

along the wall of channel is observed. The point farthest down 

stream from the throat where back flow occurs is defined as 

reattachment point. Figure 5 presents the distribution for the point 

of separation in converging section of the channel for different ε  

along with fixed δ  andα . The separation point lies to the right 

of minimum point; actually the purpose for zero wall shear stress 

is to find the critical Reynolds number where separation occurs. It 

is observed that the critical Re decreases as the ε  increases. The 

theory that the critical Reynolds number decreases with the 

increase in height of stenosis is verified. Figure 6 predicts the 

separation point for different α  in the converging region for 

fixed δ  andε . It is observed that with the increase in α  critical 

Re decreases and this behavior has observed earlier. It is also 

observed that the critical Re have same behavior for negative 

values ofα . In figure 7 zero wall shear stress is plotted for ε  

having fixed α  and δ  in diverging section of the channel. The 

aim of investigation is to determine the critical value of Re at 
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which reattachment occurred in the diverging region of channel. 

As the critical Re reached the reattachment occurs in the 

diverging region of channel and separation point occur in the 

upstream region of channel. It is observed form figure 7 that as ε  

increases critical Re decreases. In figure 8 zero wall shear stress is 

presented for various values of α  along with fixed ε  andδ . It 

is observed that critical Re decreases as α  increases in the 

diverging region of the channel. It is noted that the reattachment 

point lies to the left of minimum point and shows similar behavior 

as in figure 7. Now numerical results are carried out to study the 

behavior of the temperature distribution graphically forα , ε ,  

Br and Pe. In figure 9 behavior of Newtonian ( 0=α ) and non-

Newtonian ( 0≠α ) effects are observed over the distribution of 

temperature. Increase in α  temperature increases over the 

stenoised region along with the fixed values of remaining 

parameters and becomes negative in converging and diverging 

regions. It is noted that the maximum value of temperature occurs 

at the middle of the stenoised region. The adverse temperature in 

these regions causes back flow as observed earlier in wall shear 

stress. In figure 10 effect of Br is shown over the distribution of 

temperature for fixed Pe and Re. It is observed that with the 

increase in Br temperature increases over the stenosis and 

decrease due to back flow in the converging and diverging section 

of the channel. Figure 11 presents the effects of Peclet number, 

Pe, on temperature by keeping other parameters fixed. It is 

observed that with the increase in Pe temperature increases which 

firmly ensures that the whole region is dominated by convection. 

The magnitude of the adverse temperature in the diverging region 

is smaller as compared to that in the converging region. The 

adverse temperature in these sections causes back flow. Figure 12 

depict the pressure distribution for various values of ε  in the 

converging as well as in the diverging sections of channel for 

fixed Re, δ  and α . It is observed that increase in ε  increases 

the pressure gradient over the stenoised region. The magnitude of 

adverse pressure gradient is greater than in the converging part as 

compared with the diverging part. Straight line presents the 

pressure gradient in the absence of stenosis, which is known as 

Poiseuille flow. Figure 13 shows the effect of Re over the 

pressure gradient for fixedε , δ   and second grade parameters 

( βα , ). It is observed that with the increase in Re pressure 

gradient increases and becomes maximum at the throat. The 

adverse pressure gradient in the converging and diverging part 

indicates flow separation and reattachment from wall also 

confirm the results for the velocity field. The magnitude of 

adverse pressure gradient is higher in the converging part as 

compared with the diverging part. Figure 14 describes the 

distribution of pressure gradient for Newtonian and non-

Newtonian behavior. It is observed that with the increase in α  

pressure gradient increases over stenosis and becomes negative in 

the converging and diverging sections of channel. It is also noted 

that the pressure in the non-Newtonian fluid is higher than that in 

the Newtonian fluids. 

Figure-1 

Geometry of the problem 
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Figure-2 

Effect of Re on wall shear stress 
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Figure-3 

Effect of α on wall shear stress 
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Figure-4 

Effect of ε  on wall shear stress 
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Figure-5 

Separation point for ε  in converging region 
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Figure-6 

Separation point for α in the converging region 
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Figure-7 

Reattachment point for ε  in the diverging region 
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Figure-8 

Reattachment point for α in the diverging region 
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Figure-9 

Temperature distribution forα  

 

-0.2 -0.1 0 0.1 0.2
x

0

20

40

60

80

q

d=0.1,e=0.4,Re=40,y=1.2,a=0.04,Pe=2

Br=3

Br=2

Br=1

 
Figure-10 

Temperature distribution for Br. 
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Figure-11 

Temperature distribution for Pe. 
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Figure-12 

Pressure distribution forε  
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Figure-13 

Pressure distribution for Re 
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Figure-14 

Pressure distribution forα  

Conclusion 

In the present article, consideration has been given to second 

grade steady state flow of blood through the channel of infinite 

length with heat transfer having stenosis of length 2/ol . The 

highly non-linear equations are solved with the help of regular 

perturbation method. The results thus obtained are discussed 

graphically in terms of wall shear stress, pressure gradient, 

separation and reattachment point and temperature distribution. 

It is noted that by setting 0=α , the present model reduces to 

viscous case
1-6

. Furthermore, the general pattern of streamlines 

is same as discussed in literature
4-5

. Wall shear stress, separation 

and reattachment points are similar with available literature
2, 3

. 

From the present investigation the following conclusions are 

made: i. Increase in Re increases wall shear stress and pressure 

gradient. ii. Increase in ε  increases wall shears stress, pressure 

gradient and temperature. iii. Critical Re decreases with an 

increase inε . iv. Increase in α  leads to increase in 

temperature, pressure gradient and wall shear stress. v. 

Temperature increases with an increase in Br and Pe. vi. The 

critical Re decreases by increasing α  in the converging and 

diverging region. 
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