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Abstract

In this present work, a special tensor Vl.jk = ﬂLiik + a'hjk +ajhl.k + akhlj is introduced and some properties of Finsler

l

space admitting the so-called tensor is studied.
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Introduction

Let F"(n2=3) be an n-dimensional Finsler space with metric

function L(x, y) . There are five kinds of torsion tensors in the

theory of Finsler space based on Cartan’s connection, out of
which

1 or
o 4 9y'dy’ay*

As (v)hv-torsion tensor and (h)hv-torsion tensor are of great

_ . h
szjk =y ijk

and

importance tensors for the present study, where Phijk is as hv-

curvature tensor.

Various interesting forms of these tensors have been studied by
many geometers' . One of them is a C-reducible Finsler space

in which the torsion tensor Cijk is of the form’

C, =L1(c[hjk +Ch, (M

ijk j ik
n+

. . ik
where J; is the angular metric tensor and C; =Cy, g”

+Cyhy)

k. . .
where g™ is reciprocal of the metric tensor g ;, .

Izumi** introduced P”-Finsler space in which Pl.ik is of the
form

P, = AC, @
where A is a scalar homogeneous function of degree zero in
yi. In a P-reducible Finsler space the tensor P is of the

form®

1
By =—— Gy + Gy +Gyhy) 3)

ijk i j ik
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where G, = C,, =C,;. A Finsler space in which B = 0 is

called a Landsberg space . If C, =0, then F" is called a

Bewald’s affinely connected space®’.

Prasad' introduced a special form of torsion tensor P, as

follows
P, = ﬂCiik +ah, +ah, +a.h,

1

“)

Where A = A(x, V) is a scalar homogenous function of degree
I and a; =q, (x) is a homogenous function of degree 0 with
respect to y[. He then studied some properties of F'" satisfying
(4). Peyghan et. al." studied F" satisfying (4) as generalized

P-reducible Finsler space.

Preliminaries

Let M be an n-dimensional C” manifold, By 7.M we mean

the tangent space at X€ M and by TM \ O the slit tangent
bundle of M.

A Finsler metric on M is a function L:TM —[0,o0) which

has the following properties: i. L is C”on TM \0.ii. L is
positively homogenous function of degree 1 on TM . iii. For

each y€T M , the metric tensor g,;» the angular metric
tensor hl.j are respectively given by

1 9’ 9°L

_aniayj T dy'dy’
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The angular metric tensor hij can also be written in terms of the

normalized element of

1 o
support12 li :Zgljylyj , as
h,=g;—Ll, .

For ye T M \0 define Cartan torsion tensor vector as:

C,=g"C,.

C, =0

to be Riemannian.

According to Deicke’s theorem, is the necessary and

sufficient condition for F"

Let F"=(M",L) be a Finsler space . For ye T.M\0 ,

we define

M, =C, ——(c

1M+Ch
n—+

Jj ik

+ Ckhl.j) 5)

A Finsler space F'" is said to be C-reducible if M ik = 0.
Next, we define the tensor

Lijk = Cijkll y Z (6)

4|?

where the means h-covarient differentiation with respect to
Cartan connection.

A Finsler space F'" is called a Landsberge space if Ll.jk =0.

Define

L=g"L, ()
A Finsler space F'" is said to be weakly Landsberg space if
L=0"

Mloreover,we define

M, =L, - —= (Ll + Ly +Lhy) ®)

A Finsler space F is said to be P-reducible if 1\7% =0.

It is obvious that every C-reducible Finsler space is P-reducible,
but the converse is not true. Peyghan et. al. proved the
following theorem'".

Lemma 1: Let (M,L) be a generalized P-reducible Finsler
manifold. Then

M =M
We define
= 1
M =V __I(Vihjk +Vihy +V, h;) ©))
where
Vi : /1Lljk +tah, +ah, +ah,; (10
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and

V.:=g"v, (11)

The purpose of the present paper is to study F"
(10).

satisfying

Properties of /" admitting the tensor V,,

Let F'" be a Finsler space satisfying (10), when A =1, and
@; vanishes then F'"is a Landsberg space. Again if V; =0,
then from (10) it follows that

_tc

(al +a.h .
* n+1

; lk+akh[j),and a,

ljk

Hence we have the following propositions:
Proposition 1: A Finsler space satisfying (10) is a C-reducible

Finsler space iff V., =0.

ijk

Proposition 2: Let a Finsler space F'" satisfying (10) be a

weakly Landsberg space, then, a, =——V,.
n+l

The proof immediately follows from contraction of (10) with

gjk . We prove the following theorem.

Theorem 1. Let (M,L) be a Finsler manifold satisfying (10),
then

M =M (12)
Proof: Suppose (10) is satisfied then contracting it by gij and
using gijhl.j =n—1 and gi’(al x)=8 ij(aj h,)=a,. we
get: V, = AL, +(n+1)a, ,

from which

a, = ! A (13)
“n+l f o+l "t

Substituting (13) in (10) we obtain
Vi ﬂgw+ 7 Vi +Vih +Viy) = (Lhﬂ+ Lh, +Lh) (19

The relatlon (14) , may be put as

1
Vi = iy +V 4V = ALy, o+ L)1 (15)

ijk

1
— Ll L

J

The relation (15) is equivalent to (12) by which the proof of the
theorem is completed.

Corollary 1: If (M,L) a Finsler manifold satisfying (10) is a
generalized P-reducible Finsler manifold as well, then

M=M.
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Proof: The proof immediately follows from the theorem (3.1)
and lemma (1).

Theorem 2: Let (M,L) be a Finsler manifold satisfying (10) and
Vi = Vijllk >

i

Then F"is a P-reducible Finsler space .

Proof: Given that

Vier = Vi = 0. (16)
Contracting (16) with yl yield
Vijkuyl =0 (a7)
Taking h-covarient derivative of (10) and then contracting by
yl we get

V' = ALy + AV, +ah, +a b, +ah;. (18)

where A = Ay'.a,
obtain

Viuy =(A+A)L,

ij ijk

= al.”yl . By replacing (17) into (10), we

+(Aa, +a)h, +(Aa, +a,)h, +(Aa, +a)h, (19)

From (17) and (19), we get

[(Aa, +@)h, +(Aa; +a,)h, +(Aa, +a,)h;]  (20)

-1

Contracting (20) with gij and using the relation

ljh =n- 1 and g (az jk) ak gij(aj tk)

(n+1)

T, ——— (g, +a,).

implies that [, =

A+ 1
n+1

or equivalently Aa, +a, =— L, (21)

Putting the relation (21) into (20) and simplifying we have

L —%(Lihjk + Ly +Lh).

ik j

Conclusion

Finsler space is a natural extension of the Riemannian space in
which all geometric objects depends not only in positional
coordinates as in Riemannian geometry but also in directional
arguments. There are Finsler spaces with special structures
called as special Finsler spaces such as Berwald’s space,
Landsberg space and so on. In this paper Finsler space with a
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special tensor as a generalized Landsberg space is introduced
and obtained some results.
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