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Abstract

Petri net (PN) as a graphical and mathematical formalism has extensively been used for the modeling, control and analysis
of discrete event systems and it has been recognized as flexible modeling technique because it is well suited for modeling the
multifarious constraints. This paper focuses on the recent developments in the area of linear algebraic techniques for the PN
models for systems. Theoretical developments in the area of PN based applications in the design and analysis of the systems
with the practical experiences are discussed and further identified the research trends in this area. The transitive matrix and
the transition vectors based applications are also overviewed for the first time in the literature.

Keywords: Petri net, place/transition invariants, transitive matrix, transition vectors.

Introduction

The size and complexity of automated systems, e.g. distributed
computer systems, reactive systems and distributed database
systems, often require a number of processes containing distinct
operations. Such systems can be called as supervised systems,
in which supervisors are used to coordinate the operations of
various subsystems so that overall system’s specification is
definite. The design of discrete event supervisory controllers for
the systems is important step to construct the intelligent control
systems. In designing the system, in essence, it is important to
know and be able to identify the required behavior of the
controlled system. For this purpose it is necessary to use a
formalism to specify the required behavior. Further, the
controller is required to specify and analyze with the formalism
and analysis of different kind of systems has been performed in
the literature'”>. Thereafter, the final control program describing
the operations of the system through a sequence of instructions
is implemented and verified by the formalism applied®.

Petri net (PN) formalism is extensively used for the modeling,
control, analysis and design of discrete event systems and it has
been recognized as flexible modeling technique because it is
well suited for modeling the diverse constraints. Due to its
graphical representation, the PN model can be developed and
enhanced from the logical sequencing of the system. Further,
PN modeling incorporates concurrency non-determinism, timing
information and resource-sharing”® and capture structural
interactions to model deadlocks, conflicts, buffer-sizes and
precedence relations. In addition, PNs have the salient feature to
perform qualitative and quantitative analysis of the modeled
system due to their underlying mathematical foundation.
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There are significant advantages of PNs with respect to other
formalisms due to the following reasons. First, a PN state is a
vector of non-negative integers, where the state space for
automata is a symbolic unstructured set’. Further, many analysis
techniques (e.g., linear-algebraic techniques, net reduction and
refinement methods, etc.) have been developed for PN based
models which do not require the state space enumeration and
related computation can be made by utilizing their structural
information. In addition, PNs have the capacity to represent
graphically and visualize the primitives whereas, automata can
only describe the interleaving of events and not their
simultaneous occurrence thus concurrency may not be
represented through automata. PN models for FMSs also have
advantages over their digraph models. In the digraph model of a
system, vertices only represent the system resources. Whereas,
PNs are bipartite digraphs whose places-type vertices represent
the available and used resources and transitions describe the
events representing changes in resource allocation’.

After performing the modeling of physical system, the main
power of PNs as mathematical tool is its support for analysis to
study the dynamic behavior. Generally, the analysis of PNs can
be classified into the state space based methods and structural
analysis including the net reduction and refinement'’.

The state space enumeration method which requires the
construction of reachability graph'' is important and
fundamental approach for verification and qualitative analysis
of the PN model. Further, it provides complete and detailed
information about the dynamic behavior of PN models. One of
the main advantages of reachability graph method is that its
application is not limited to a certain sub-class of PN. However,
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the size of reachability graph for PN models is main hurdle to
apply this method because its generation requires memory and
time at least proportional to the number of reachable markings
and it suffers from state explosion problem. Moreover, complete
state enumeration is needed for state based analysis methods
while the computational complexity has been a major problem
when generating the state space for the PN model'.

On the contrary, the linear algebraic methods for PN models has
advantage over state space generation methods because the
static structure of PN facilitates to study marking-independent
properties which depend on the place-transition relationship of
underlying net by the flow relation'>. The underlying static
structural has a potential to provide important information about
the dynamic behavior of the modeled system. So the behavioral
properties that are of foremost interest and less easily analyzable
in the analysis of systems may be reduced to easier-to-
investigate structural properties'. Therefore, linear algebraic
approaches grasped the attention of the researchers and have
been widely used for the analysis of PN based models. This
paper reveals the major findings in theoretical as well as
application perspective of such kind of techniques for the PN
based systems and overviews the recent developments in this
area.

The paper is organized as follows. Section 1 was about
introduction and purpose of this review. Section 2 is about the
definitions and concepts about Petri nets and the review of basic
linear algebraic methods. Application of structural invariant
based techniques in the literature about PN analysis is discussed
in section 3. Section 4 provides transitive matrix based
applications to the structural analysis while section 5 throw light
on the transition vector based application and some concluding
remarks are given in section 6.

Linear Algebraic Techniques in the Petri Nets: The linear
algebraic techniques for PN are mainly based on incidence
matrix'" which is the matrix representation of a PN and shows
the relationship between the structure of net and its
behavior™'®. Such matrix representation of a PN together with
appropriate equation systems or systems of inequalities can be
used for describing the properties of its behavior.

Definition 1: (Petri net)'' A marked Petri net (Place/Transition
Net) is a 5-tuple PN = (P, T, F, W, M,)) where:

P ={p;, ps, ....., p,J finite set of places for n>0, T = {t; t, ...... ,
t,,/ finite set of transitions for m>0, F € (P X T) U(T X P) is a
set of arcs (flow relation), W = F — {1, 2, 3, } is the
weight function, My = P — {0, I, 2, 3, ..... } is the initial
marking, PN F=®and P UF +# @

A PN structure (P, T, F, W) is denoted by N, so that a PN with
specific initial marking is denoted by (N, M,).

Definition 2: (Input matrix, output matrix and incidence matrix)
6 A pure net N = (P,T,F,W) can be represented by its incidence
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matrix [N], where [N] is a [PIXIT| integer matrix with [N](p,
)=W(t, p) — W(p, t). Further, the IP| x IT| matrices [N] " (p, t) =
W(p, t) and [N]+ (p, t) = W(t, p) are called input (incidence)
matrix and output (incidence) matrix, respectively. The
incidence matrix [N] of a net N is defined as [N] = [N]" - [N]".

Let (N, MO) be a net system and O be a fireable sequence of
transitions from M,. The (integer) linear relaxation is given as:

Mo)M =M = M,+ [Nl.o20, 620

Where M is reachable from M, by firing 0", O is Parikh vector
or firing vector ®of O and [N] is incidence matrix of a net V.
This is the state or fundamental equation of net system model '*
'3, Any reachable marking in a place/transition net fulfils the
state equation however the converse is not true. In this sense,
the state equation provides a necessary condition for a marking
M to be reachable from an initial marking M,. Videlicet, if
marking M is reachable from M, the state equation must have a

vector solution for O with its components in N (set of natural
numbers).

Now by applying the linear algebraic technique with the help of
incidence matrix, we can find the set of places in a net which do
not change their token count by firing the transitions of the net.
Such set of places in a net is called P-invariants. Invariants are
important resources for analyzing the behavior of a
place/transition net from its structure. Therefore, the most
important structural question about the analysis of PNs is the
determination of place and transition invariants. In the same
way solving the system of linear equations, we can find the set
of transitions known as T-invariant, the firing sequence of the
transitions in T-invariant which is enabled in a marking, it leads
again to this marking.

Definition 3: (Place/transition invariant)'> A P-vector is a
column vector I : P — Z indexed by P and a T-vector is a
column vector J : T — Z indexed by T, where Z is the set of
integers. P-vector I is called a P-invariant (place invariant) iff I
#0 and I". [N] = 0" . T-vector J is called a T-invariant
(transition invariant) iff J # 0 and [N].J = 0. Where, 0 is column
vector having each entry equal to zero.

Theorem 4: Let (N, M) be a net with P-invariant I and M be a
reachable marking from M,. Then I'M=1"M, 12,
Theorem 5: Let (N, M) be a net with a transition sequence O

such that M0[0'>M. Then M = M, if and only if 5‘ is a T-

invariant of N *°.

Definition 6: (Boundedness and safeness) ' '* for all D, € P of
PN (N, M,), PN is b-bounded if VM, € R(M,): M, (p;) <band
said to be safe if M, (p;)<1. Moreover, a PN is said to be

structurally bounded if it is bounded for any finite initial
marking M,.
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Definition 7: (Deadlock, deadlock-free and liveness)”'' A

transition tjeTis said to be dead transition at

marking M, € R(M,) if there is no reachable marking to make
transition?; enabled. A marking M; € R(M)) is said to be

deadlock if th eT, tj is dead. A PN (N, M,) is said to be

deadlock-free if and only if there is no deadlock. A PN (N, M,)
is said to be live if there is no dead transition at any reachable
marking.

Applications of Invariant Based Techniques in the
Literature of Petri Netanalysis

Most of the PN models developed for control applications for
the systems have been analyzed structurally by using the linear
algebraic techniques which lead to invariant analysis method.
Moreover, the structural properties of PNs have been
successfully used for the design of supervisors for supervisory
control problems'”. The results in the literature mostly address
the synthesis of discrete event controller which consists of
avoidance of unwanted, bad or forbidden states given in a
control specification.

The use of PNs structural techniques in the supervisory control
of discrete event systems has been presented by different
authors and non-blocking property has been studied for the
system’s behavior under supervision. The deadlock avoidance
control policy using the structural analysis of bounded
asymmetric choice nets called PAC net has been addressed. The
authors introduced the control places added to the control model
to avoid the global deadlock'®. The authors consider a class of
place/transition nets, called elementary composed state
machines. The reachability problem for this class has been
solved by a modification of classical incidence matrix
analysis'.

General properties of systems e.g. stability, place-invariant, and
conservativeness have been presented by using the state-space
formulation of the equations describing the dynamic behavior of
systems modeled by continuous PNs'". Fundamental equations
that govern the dynamic behavior have been provided for
batches PN and defined the invariant concepts with the
determination of the quantity vector, then used to analyze the
structural properties of the batches PN*’. A class of PNs based
on primary components of flexible manufacturing systems
introduced which allows for representing the unidirectional flow
of physical resources and control information®’. The work
further addresses the issue of the verification of the
interconnections or interfaces among the PN models of primary
components by the introduction of functional abstractions of the
PN models.

The place invariant implied subnets has been introduced which

can be used for evaluation of the basic performance
characteristics of the Petri net models. Further, the relationship
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to the controllability and boundedness of PN models has been
discussed by P-invariant analysis and it has been concluded that
they cannot be fully controllable and bounded
simultaneously22.

A method has been proposed to model sequential control
systems by using PNs with place invariance as well as a method
of dividing a large PN model into some small sub nets using the
same place invariance in Miyazawa et al.”>. An approach has
been proposed, based on firing sequence of a place/transition net
as a use case, for the synthesis and analysis of a FMS while
invariance-preserving transformations has been used to ensure
the preservation of place and transition invariants during
synthesis and simplification™.

The Petri net controller by using redundant places, connections
and tokens to impose invariant conditions has been introduced
that allow the detection and identification of faults via linear
parity checks25. The proposed redundant Petri net controller
makes efficient use of redundancy and allows for the systematic
detection and identification of faults. The research work of
Kezic et al. uses a method for P-invariant based Petri net
controller design for automatic traffic control of marine canal
traffic system26. The authors describe a method for calculating
control places which control conflicts and restrict the set of
reachable states to avoid first and second level deadlocks.

The invariant analysis for task refinement, a kind of workflow
composition approach, of workflow nets has been presented and
proposed a sufficient condition for 1- soundness of task
refinement of workflow nets”’. A method has been presented to
reduce the number of constraints for safe and conservative PNs.
The proposed method needed to construct the set of possible
states, which was more expensive than the set of reachable
states™.

PNs based models have been used for the diagnosis of discrete
event systems in the fault detection aspect and several
researchers used the structural methods in this regard, e.g.,
place-invariant based method and modular based approach to
build the diagnose. A diagnosis approach has been presented
where the diagnoser was built on-line by defining and solving
integer linear programming problems and diagnoser worked on-
line to avoid the redesign of the diagnoser for the changed
structure of the systems™.

A method to design optimal control places and an iteration
approach to obtain a maximally permissive liveness-enforcing
supervisor for an FMS has been presented by Chen et al.30. A
minimal covering set of legal markings and a minimal covered
set of first-met bad markings (FBM) has been computed by
using a vector covering approach. A place invariant has also
been designed to prevent the FBM from being reached by
solving an integer linear programming problem. An invariant
based method has been presented, for a class of nets S3PR, to
explore all the live lost states in the first-met bad marking
(FBM) method, when an alternative control policy is
employed™'.
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Transitive Matrix Based Applications

The matrix representation of a PN shows the relationship
between the structures of net and its behavior and linear
algebraic techniques for the PN analysis depend on such matrix
representation. The weighted place transitive matrix can
efficiently be used to identify important structural aspects in the
Petri net model of the control system. Moreover, the control
flow is done on the basis of token flow in the PN models. The
transitive matrix further provides the token flow relation from
its columns to respective rows e.g. it can be said that the column
relation is a sum of the sent tokens from the place p; and the row
relation is a sum of the received token in place p;. Through
introducing the m x m place transitive matrix, we can evaluate
transition enabling firing, and calculate quantity and sequence
of transition enabling firing. The method to construct the
transitive matrix from directed graph of PN model and the basic

definition of transitive matrix can be found in the work of Liu et
al32.

Transitive Matrix: Definition 8: (Transitive matrix)*> Let Lp
be place transitive matrix and let Ly, be transition transitive
matrix with m rows and m columns, where Lp= [N] .([N]+)T
and Ly= ([N]+)T [N]". The labeled place transitive matrix Lyp is

) ([N
where the elements of Lyp describe the direct transferring
relation from one place to another through one or more
transitions.

am X m matrix satisfying: Lyp = [N] diag(t, t,, ...

Definition 9: (Weighted place transitive matrix)** The Weighted
place transitive matrix is denoted as Ly which is a
transformation from Lyp: if a transition #; appears s times in the
. . *
same column of Lyp, then replace f#; in Lyp by #/s in Lyp,
. . *
otherwise the elements in Lyp are the same as Lyp.
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Definition 10: (Marking transformation)*>*” The transformation
of marking is defined as Mg(k+1)" = M(k)" Lyp", where My(k+1)
is a m-vector of nonnegative integer and is a marking calculated
from reachable marking M(k) = [p,(k), p-(k), ..., PO, Lyp is
the weighted place transitive matrix.
The transformation equation shows the flow relation of a token
in pi(k) from M(k) to Mg(k+1) by the weighted place transitive
matrix. In this equation, if the cogfficient of # in the function
i P,va,, is an integer, then let P,-va,j =1, which means

tokens in pi(k) can be transferred from M(k) to Mg(k+1);

otherwise, letzi: p iL VP, T 0 , which means tokens in p,(k) can

not be transferred from M(k) to Mp(k+1). However, Mz(k+1)
only presents the flow relation of tokens, it may not necessary
correspond to a reachable marking M(k+1)*.

Example: The transitive matrix of a place/transition net given
figure 1 is shown below.

Now consider, M(K)=[p,(k), p(k). ps(k). pa(k), ps(k)]" then
Mg(k+1)" = M(k)" Lyp thus obtained is given as Mz(k+1)=[0,
it (py(k)+ ps(k)t/2, ps(k)e3, ps(kye3]". Further, | £ 1 = 1
when tfires, or | # | =0 when ¢ doesn’t fire as well as Ipl =1 when
a place p has a token and zero otherwise. The reachable marking
Mpg(k+1) shows the token flow from the marking M(k) as by
firing the transition t1, the token of the place pl would move to
p2. Thereafter, t2 can only be fired when both p2 and p5 have
tokens while the token of these places would move to p3.
Similarly, the token of p3 can move to p4 and p5 at the same
time in the reachable marking Mg(k+1), by firing of the
transition t3.

P5
P1 tl P2 t2 P3 t3 P4
Figure-1

An example Petri net

100 04000 0n 0 00
0 10| 0001000y (g9 0o . N . Joog200
Lyv=1{0 0 1llo n, 0ll0 01 00|y 0 - , and the weighted place transitive matrix is, Lyp = 00 0 11
00 0\0O O #)JOOOT11 000 00O 00 0 0O
010 0014 00 004200
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Application of Transitive Matrix based Techniques in the
Petri Net Analysis: Structural properties have been examined
using the equation of the transitive matrices and characteristic
polynomial. Furthermore, behavioral properties concerning the
transition firing orders have also been discussed using the power
of the transitive matrices.

A divide and conquer analysis method has been proposed by
dividing the Petri nets into the subnets using transitive matrix
under the condition of the safe Petri nets33. A decomposition
method has been proposed for Petri net using the transitive
matrix based on P-invariant in their several research articles™**
and timed PN slices have been applied to analyze the FMS
model. The authors further defined the basic unit of concurrency
(BUC) as a set of the executed control flows based on the
behavioral properties in the net. The authors in their research
divided original system into subsystem using the transitive
matrix and permutated these sub-nets for analyzing the optimal
cycle scheduling.

As mentioned earlier that the transitive matrix may explain all
relations between the place and transitions in PNs and one of the
reasons for deadlock occurrence is the relationship between
more than two transitions based on the conflict places.
Therefore, several researchers used this feature of transitive
matrixggr%d addressed the deadlock problems using the transitive
matrix™ .

Transition Vectors Based Applications

In Section 2, the state-equation based on incidence matrix was
defined as M = M, + [N].o . However point to be noted for

the state-equation is that the transition firing vector has to be put
manually in the equation. In other words, the state-equation
doesn’t provide any information about the enabling of a
transition or a set of transitions at given marking. Therefore,
there is a need to develop a method to calculate the enabled
transition(s) at a given marking in order to simulate the PN
mathematically.

The Transition Vectors (TVs) can be used to determine all the
enabled transitions at a given state of system and identify them
whether they are concurrently enabled. Transition vectors (TVs)
can be viewed as a powerful tool to describe the structure of PN
models in a systematic and simplified manner. Further, TVs
explain the relation between places and transitions of net in such
a way that they provide not only the token flow relation but the
complete information about the structure. Further, they can also
recognize whether the enabled transitions are independent. In
addition, TVs have the feature to detect the concurrently
enabled transitions and to get the resultant marking after their
execution.

The transition vectors (TVs) are two vectors 7; and T, with [Pl
components such that the vector 7; is a [Pl-vector whose ith
component corresponds to the output place p; and contains its

International Science Congress Association

Res. J. Recent Sci.

input transition(s) and T, is a [Pl-vector whose ith component
corresponds to the input place p; and contains its output

transition(s), Vi = 1,2,...,|P| . Formal definition, procedure for
construction and detailed discussion about the TVs can be found
in the work of Ahmad et al.*®”°.

Construction of TVs: Definition 11: (Transition Vectors) ' a
|P| -vector is a column vector T, : P — I(p,) indexed by P and

a | P|-vector is a column vector T,, : P — O(p,)indexed by P,
where I(p,)and O(p,)are the sets of input and output

transitions, respectively. The definition implies that the vector
T, is a |P| -vector whose ith component corresponds to the

output place p, and contains its input transition(s) and 7, is a
|P| -vector whose ith component corresponds to the input

place p, and contains its output transition(s), Vi =1, 2,...,|P| .

For example, the TVs for figure 1 are T, =[t5 Lot o4 +t4JT

and 7, :[tl +t, 4t ISJT . The TVs in Figure 1 are indexed

by places to refer the components of TVs and stand for output
(input) places for transitions in the components of 7, (7, ). The

representation of TVs in figure 2 is just to make them
conceivable. Further, the coefficient of an arbitrary

transition?; in T, is equal to the number of its input places, i.e.,
|I (tj)| while the coefficient an arbitrary transition 1 in T, is

equal to the number of its output places, i.e., |0(t j)| .

Example: LetT, =[t; 1, 1, t,+1,], T,=[n+1, 1, 1]
and M, =[1 0 0 0]" are TVs a marking for PN given in

figure 1. To identify the enabling condition, the linear

combination M/T, =t,+t, indicates that the number of entries
of 1is one, ie., N,
C, =1. The condition N,,, =C
1 1 k
communicates that 7 is enabled at M, ,

enabled dueto N, ,,, =C

. =1 and the coefficient of ¢ in 7, is

i is satisfied which

similarly z,is also

2

For marking transformation, if the enabled transition ¢ at M, is
fired, since 1, € T, (p,) therefore M, (p))=M,(p)-1=1-1=0
and M, (p;)=M,(p;) fori=2,3,4. The transformed vector is
M.=[0 0 O of . we replace
T,(p,)=1and the
T, =00 10 01" . Finally, the transformed marking by firing 1,

Further, since ¢ € T,(p,).,

zero  otherwise to  get vector

, My, =[0 1 0 0]" is obtained by adding vectors M, and
T, .

k
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t5
pl
tS pl tl + tZ
tl 2
t |p, |t
]w[ — 1 2 3 — To
t2 p} t4
p2 p3 t} + t4 p4 tS
3 t4
p4
Figure-2

An example of PN model and its TVs representation

Application of TVs in the Petri Net Analysis: Several
structural aspects of important properties have been examined in
13 for the verification of PN models using simplified approach
of TVs in order to overcome the shortcomings of existing
methods of verification.

The TVs have been used as a new method for deadlock
detection and deadlock avoidance in a class of PNs called
parallel process net with resources (PPNRs)’. The components
of TVs of PPNRs identified the places representing the shared
resources as well as the transitions to begin and finish the
operations on these resources. In this way, the condition of
operation flows has been determined from the components of T,
to the components of 7; through transitions in their components
and used for deadlock detection. The authors further proposed
the strategy of deadlock recovery in PPNRs by adding the
control places.

A method of analysis for PPNRs based on TVs has been
presented in the literature'®*®. The proposed analysis method is
based on reduced reachability graph of PPNRs to verify the
correspondence  between  required  specification  of
manufacturing system and its PN representation. Moreover,
relationship between the reduction of reachability graph and
parallel structures in the PN model has also been discovered.

Conclusion

In this paper, different linear algebraic approaches for the
analysis of PN based models have been discussed. Several
analysis methods for the PN based systems discusses in this
paper have been categorized into the structural invariants,
transitive matrix based applications and transition vectors based
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applications. In this survey we tried to emphasize the merits and
the demerits of these techniques. It has been established that the
use of linear algebra based techniques for analysis and
performance evaluation of PNs is a rich field that is known
under the name of structural as well as behavioral analysis of
PNs.

In addition, from the review of the literature presented above
following are the concluding remarks. Reduction of constraints
and control places: The authors used linear constraints to
specify forbidden states and the strategy was based on the
equivalence between the set of forbidden states and the set of
linear constraints obtained from it. Invariant based optimal
controller synthesis by adding the control places has been
presented in the literature. These sorts of techniques have the
drawback that the number of forbidden states, and consequently,
the number of constraints, are large and lead to a large number
of control places. Several authors tackle this issue by taking the
structural properties into account and adopted the reduction of
constrains and used the linear programming, linear integer
programming and mixed integer programming methods for
solving the set of integer equations.
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