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Abstract

It was shown in literatures that every density matrix for a spin-j system can be defined in terms of the Fano statistical
tensor parameters. On the other hand, this spherical tensor parameters can be uniquely determined by units vectors. In
this study, we construct the density matrix for the most general spin-1 system in terms of unit vectors. We also give some

cases to show symmetric properties of spherical tensor parameters.
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Introduction

The concept of density matrix, p, first introduced
independently by Von Neumann?!, Landau? and Dirac® in
eminently suited to describe polarized spin assemblies. With
havingN two level atoms, each atom can be represented as a
spin-1/2 system and theoretical analysis can be donein terms

. . > 1 - 5
of collective spin operator | = 525:1 0,. Here g, denote the

Pauli spin operator of the ath qubit. For a system
characterizing by a state |y) in the Hilbert space, p = [Y}XY|
is the density matrix or density operator associated with the
quantum state |). Since p = pT and Trp = 1 number of real
parameters needed to specify a density matrix is N2 —1
where N = 2j + 1 is the dimension of the Hilbert space.

It is very well known that p for a system of spin-1/2 particles
has the form

p=Ter[1+5.ﬁ] (1)

In terms of the Pauli spin matrices dand the polarization

vector P. Clearly, p assumes a diagonal from if the z —axis is

- 1+|P| 1-|P
selected parallel to Pand %, % correspond to the number

of spin-up and spin-down particles in the assembly. This
concept extended to a spin-j system and probabilities p(m)
are assigned to the (2j + 1) states |jm);m = +j ... — j, there
by leading to the notion of oriented systems”.

A standard form for the density matrix p for any arbitrary
spin-j has been obtained by Fano®°, wherein the state of
polarization is completely described in terms of what are
known as Fano statistical tensors t,’l‘ where k = 0,1,2 ... 2j and
q=-k..+k
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Fano Representation of Density Matrix

The systematic use of tensor operators was first suggested by
Fano®. In this representation it is well — known®>%78 that the
density matrix p of a spin-j assembly can be stated in the form

T j U
p=—LT0 Tek  thk () @)

Where N = 2j + 1 is the dimension of the Hilbert space. The
complex spherical tensor parameters tc’l‘ denote the average
expectation values

k _ Kk _ Tr(p) 1§()
ty =< () >=—

3)
9

Of the irreducible (spherical) tensor operators Tf; (f) .

The T,I;,S satisfy the orthogonally relations

Tr (o' 1) = 2] + 1)yd,q “@

Here the normalization are in agreement with Madison
convention'®. Also, we have

() = (D75, ()

And hermit city of the density matrix together with equation (5)
demands

th' = (-1)ck,.
The matrix element of the operator TZI‘ (f) take the form
(jm'| <&(7)[jm) = [KIC(kj; mqm’)

(&)

6)

@)

Where [k] = V2k + 1 and C(jkj; mqm) are the well known
Clebsch-Gordan Coefficients. Using equation (7), the matrix
elements of p can be written as,

T . . ’
Pm'm = %Zk,q[k]c(]k]; m qm) t](; 8)
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And conversely t,’l‘ can be expressed in terms of p,, .. using
equation (3) as,

t = 2w [KICGkj;m'qm) p,,:,. ©

It is well-known that corresponding to a given set of unit vectors
Q;; i = 1,2 ...k, a spherical tensor s(’{ (Q; ... Q) of rank k can be
associated through

55(@1; 02 Ok) = (o ((01 ® Qz) ® 03)®Qk) 5 (10)

Which is unique and completely symmetric in the k indices.
Therefore, it was shown!?! that

3
th = P, ( (061,90 ® 0(6:,0,)) ® @(eg,wg)) ®
)R Q61 i)k (1n
Where:
(061,01 ® 0(62,9))” =

L0, CA1K00:0) (061 00)), (062102). (12)

andP,is real in order to ensure about equation (6). Also, the
spherical components of ( are given by,

(20.9), = [Zri.0)

Here qu (6, @) are the well-known spherical harmonics.

(13)

Note that tk q = —k ..+ k, satistying equation (6) contains

2k +1) real parameters and the new parameters Q(68;, ¢;);i =
1,2 ... k, together with P, constitute exactly the same number of
parameters.

Standard Expression of Density Matrix for Spin-1 System

Let us now consider spin-1 state. In this case j = 1 and hence
according to equation (2) we can construct the density matrix in
terms of spherical tensor parameters. Since in the case of spin-1,
k=012andqg =—-2,—-1..1,2 we get

1 i t t T T
—-[tgfg TR o S LSS NN R N e L

2 g2t p g2 12" g2 120 (14)

For j = 1, matrix representation of irreducible tensor operators
T,’; 's, according to equation (7), are,

1.0 0 3/1 0 0
=010), Th = E(OO 0),
00 1 00 -1
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; 0 1 0 ; 0 0 O
rll=—\/;<0 0 1>,Tll=\/;<1 0 0), T2 =
0 0 O 0 1 0
n 1 0 O . 0 -1 0
5(0 -2 0>,112=\/;(0 0 1>,
0 0 1 0 0 O
3/0 0 0 0 0 V3
131=§1 0 oJ,z5={0 0 o0 |
0 -1 0 0 0 0
0 0 0
TEZ=( 0 0 0).
V30 0 0

Therefore, Matrix form of the density matrix can be establish

with knowing about matrix elements of Té‘ S,

p:
2
/1+\Et%,+t—fi \E(tllﬂz_l) V32, \

gl—\E(th';‘) 1-V2 83 \E(tal—t'ﬁ‘l)|<15>
\ V3t3 —\E(t%—t%) 1- ftOJW'

According to equation (11), we can formulate tfl‘ s in the case of
spin-1 state as follows:

th =PQ§(01,9,) = P1C0591
th: = PQLi (01, 0,) = 1 5 Sinfy et
t§ =P, [Q(92'¢2)®Q(93’(P3)]0 =
P,[C(112;000)Q} (62, 9,)Qb(03, ¢,) + C(112;1 —
10)Q%(92'(P2)Q1—1(93'(P3) +

[f Cos6,Cos0; —

C(112; -110)QL,(62,9,)Q1 (65, 0,)] =
L\/g (Sin6,SinO;e%ze 1% + Sin9281n63e‘i‘°2ei‘°3)] (18)

16)
a7

£ = P,[Q(602,0,)8Q(03,0,)]
= P,[C(112;101)Q} (62, 9,)Q5 (63, 9,)
+C(112;011)Q5(62, 9,)Q1 (03, 90,)] =
‘TPZ [Sinb,Coshse®2 + Sind;Cos0,e™%s | (19)

t2 =P, [Q(ez’(P2)®Q(93'(P3)]:
= P,[C(112; —101)Q", (02, ¢,)Q5 (03, 9,)
+C(112;011)Q5(6,,¢,)QL (03, ¢,
= % [Sin6,Cos0;e7%2 + Sind;CosO,e %] (20)

t% =P, [Q(ez, (p2)®Q(93' (P3)]z

= P,[C(112;112)Q} (62, 9,)Q1 (63, 0,)] =
% [Sind,Sin0;ei*zei0s] 1)
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25 = P,[Q(02,0,)®Q(05,0,)]", = P,[C(112,—1— 1 -
2)Q1—1(92'(P2)Q1—1(93'(P3)] = ];—Z[SinGZSin93e'i‘P2e'i‘P3] (22)
Thus, the matrix elements of the density matrix p,.'. (equation

(8) ) in terms of P, P, and (6;, ¢;) in the |1m >basis will be,
P11 =

1 3 P
3 [1 + \/;P1C0391 + T§C0562C0593 -

%Sinezsm% (el92e71%s 4 712 ei‘*’3)] (23)
Pro = i[\/% (3—% Sinf e'*1 + % [Sin6,Cosbze7%2 +
Sin93C0592e'i"’3])] (24)
Py, = %[@ (SinOZSin93e'i‘P2e'i‘P3)] (25)
Por = % [\E (3—% Sind, e + % [Sin®,Cos0;el +
Sin93Cosezei‘P3])] (26)

Poo = § [1-P, [% Cos0,Cos0; — %(SinOZSin%ei‘Pz e 03 +

Sind,Sinf;e 1z ei"’3)] 27
Po_y = %[\E (3—% Sinf e %1 — Z—Z[Sin92C0563e‘i‘°2 +
Sin63Coseze_i‘P3])] (28)
Py = %[\E;Z (Sin,SinH,e'®: ei‘°3)] (29)
P10 =

%[(3—% Sind, e®1 — % [Sin6,Cosb5ei%2 + Sin63C0592ei‘P3])] (30)

P11 =

211 — + [2P,Cosb, +~2 Cos0,Cos0; —

. > P1Cost; + = Cos6,Cosb;
%Sin9251n93(ei¢2e_i¢3 + e—iq’zei%)] (31)

In the figures (1) and (2) we plot spherical tensor

parametersRe(t]) andRe(t1;) in terms of angles 6 and ¢,
respectively. Here we choose P; to be N2

Symmetric Properties of tl; s : As we mentioned in previous
sections, spherical tensor parameters are symmetrized product
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of unit vectors Q(Gi, @;);i = 1,2 ... k. Let us now consider some

examples to show symmetric properties of té"s.
A:K=2andg=1

—P, . .
t? = TZ[SinBZe”pZCosH3 + SinBe'?3Cos0,]

= _TPZ [z3(x, +iy2) + 2, (x5 + iy3)] (32)

Figure-1
Re(t}) = _71 Sin® Cosein terms of 0 < 0 < 2mand0 < ¢ <
2.
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Figure-2
Re(t!;) = % Sin® Cosein terms of 0 < 0 < 2mand0 < ¢ <
2.

B:K=2andq=0

2 _p | |2
tg =P, 3 Cos0,Cos0;
1

— ——(Sin0,Sin0;e'*2e ™03

2v/6

+ Sind,Sinf;e"*2el%s)
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2 1 . . .
P, [\/;2223 - ﬁ((xz +1iy,) (X3 — iy3) + (X — iyp) (X3 +

iy)]

(33)

With Q(6, ¢) = (Sin6 Cosg, Sind Sing, Cos®) and 0.0 = 1.

Conclusion

The paper is devoted to study the density matrix in terms of
spherical tensor parameters. Since these parameters can be
uniquely determined by unit vectors, therefore, we constructed
the standard form of the density matrix for spin-1 system in
terms of unit vectors. The symmetric properties of spherical
tensor parameters was shown in some cases.
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