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Abstract

In this study, a new four-parameter lifetime distribution called the Topp Leone exponentiated Weibull distribution was
introduced. The model includes several important sub-models as special cases such as Topp Leone Weibull, exponentiated
Weibull and Weibull distributions. A linear representation for the probability distribution function was carried out. Some
mathematical properties of the distribution were presented such as moments, moment generating function, quantile function,
survival function, hazard function, reversed hazard function and odd function. The distribution of order statistic was
obtained. Estimation of the parameters by maximum likelihood method was discussed. Two real-life application of the
distribution was presented and the analysis showed the fit and flexibility of the new distribution over some lifetime models
considered. The analysis showed that the model is effective in fitting survival data.

Keywords: Exponentiated Weibull distribution, linear representation, real-life, reversed-J shaped, reliability function,
symmetrical distributions, Topp Leone exponentiated-G family.

Introduction

Extensive review of literature reveals that several continuous
univariate distributions have been used for modeling data in
many areas of human endeavors such as economics,
engineering, biological studies and environmental sciences.
Although, applied areas such as finance, lifetime analysis and
insurance clearly require extended forms of these continuous
univariate distributions. So, several families of continuous
distributions have been developed by extending well-known
continuous distributions. These generalized distributions give
more flexibility by adding one or more parameter(s) to the
baseline model.

The Weibull distribution is a very popular model and it has been
extensively used over the past decades for modeling data in
reliability, engineering and biological studies. It is generally
adequate for modeling monotone hazard rates.

Some of the generalizations of the Weibull distribution available
inliterature are extensively studied by Silver et al.>, Cordeiro et
al.2, Aryal and Tsokos®, Shahbaz et al. “Cordeiro et al.?, Merovci
and Elbatal®, Hanook et al.”, Elbatal and Aryal®, Cordeiro et al.®,
Cordeiro et al.”®, Afify et al.'*, Nofal et al.*?, Nofal et al.*,
Aryal et al., Afify et al.'>, Afify et al.'

Recently, lbrahim et al."” proposed a new family of continuous
distributions called the Topp Leone exponentiated-G (TLEx-G)
family with two extra shape parameters a and@. For an arbitrary
baseline cumulative distribution function (cdf) H(x,¢), the
TLEx-G family with two extra positive shape parameters «
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and 6 has cdf and probability density function (pdf) for (x > 0)
given by

F(x;,6,9) = {1 —[1—-H(x,9)*]*}° (6]
And

f(x;a,0,9) = 2a0h(x; @)H(x; 9)* ' [1 - H(x; 9)*]{1 -
[1—H(x )43 @)

x>0, a, 0,
respectively.

>0

Parametersa and 6 are positive shape parameters and ¢ is the
vector of parameters. The cdf and pdf of the Weibull
distribution are given by

Hx; B,A) = 1— e 60" (3)
h(x; B,2) = A x*"te~(B* 4)
x>0, B, A>0

The motivation behind proposing the new TLExW distribution
by inducting two extra shape parameters to the Weibull model is
to obtain a more flexible modelthat will have an improved
goodness-of-fit to real data over the competing models.

The Topp Leone
Distribution

Exponentiated Weibull (TLExW)

This section discusses the TLEXW model. The TLExWcdf is
given by
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F(x:a,0,8,1) = {1 - [1 - (1 _ e—(ﬁx)/l) ] } (5)
The pdf corresponding to (5) is

a-1
FOia,8,5,2) = 2a0Ap 1= B0" [1 - e‘(ﬁ")l] [1 -

(1- e—(ﬁxﬂ)“] {1 ~[-(1- e—w")l)a]z}@_1 6)

where x > 0,8 > 0 is the scale parameter anda, 4,0 > 0 are the
shape parameters.

The graphs of the pdf of TLEXW distribution are presented
below with different parameter values.

Infinite mixture representation: Using binomial expansion for
cdf in Equation (5), we have

oo\ Y O (CDIT(6 + 1) o\
{1-[1- (1=} =_=Om[1—(1—e e ]

oo

e\ CDTRIHY e
[1-(1-e®)] =Zm(1—e )"

j=0

(1- e—(ﬁx%)“j 5 W(e—(ﬁxﬂ)k
LT (@ + 1K)

Then, the expansion for the cdf in Equation (5) is

_q1)ititk i i k
( 1)iti+ I‘(‘6+1).l'(2H:1)l'(o‘U+1) (e_(ﬁx)l) ) (7)
UJIKIT(O+1-)(2i+1— )T (aj+1-k)

F(x;a,0,B,2) = XiZo o Zk=o

Also, we derive the expansion for the pdf in Eq. (6) by using
binomial expansion on the last term

{1‘[1‘(1‘6‘“”‘)1)51]2}6_1— 2, SO0 (1) T (g)

T AI=0 arig—i)
Substituting Equation (8) in to Equation (6) we have

fra,8,8,2) =
i —x’la_l _xl“2i+1
2002 5y IO ot e (e ©

Using binomial expansion on the last term in Equation (9), we
have

a2i+1

(1 = -0 —yo CVITCED) (1 o)V
[1 (1 € ) ] _ZFO JIN2(i+1)—j) (1 e ) (10)
Substituting Equation (10) into Equation (9), we have
fGa,6,B,2) = 2a0AB* T2 (_1)ir(9)29° COLEEHD) 11 ~(p0* (1 -
e =0 jire-iy <=0 jir2(i+1)-j)
e-(Bx)‘)a(]H)_l (11)
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Again using binomial expansion on the last term in Equation
(11), we have

(+1-1 _\k : k
_—oM\* _ DR (@G+D) (- (px)?
(1 € ) k=0 pir(a(j+1)-k) (e ) (12)
Substituting Equation (12) into Equation (11), we have
flxa,6,8,1) =
w (CDTO) v CDITEEHD) oo D@D a1 [, —(p)t)HT
2a9/1ﬁ’12i=0 ir(6-i) Yo JIN23i+1)—)) Yo KT (a(j+1)—k) x 1(9 *0 ) (13)

The expansion for the pdf in Equation (6) is

flxa,0,8,4) =

o o voo CDHFENOIE@E+1))(a(+1))
20!9/'13)“2#02,-:02,':0

ijk!IT(0-D(2(i+1)— )T (a(j+1)-k)

1o ') (14)

bl — y (CDITE
Where (1-»)""1 =332, Ur(e—i)

function defined by T'(b) = [,"y" ‘e ?dy

yt and I'(.) is the gamma

Equation (14) is the expansion for pdf of the TLEXW which can
be used to derive some of its properties like mean, moment and
moment generating function.

Some properties of the TLEXW distribution

Quantile function: The Quantile function is given by;

Qw) =F*(w) (15)
x= Q) = §<—zog {1 - [1 ~[1- u%]f]“D (16)
For u = 0.5, the median is given as

X = Q(0.5) = %(—loy {1 - [1 ~[1- 0.5%]5]‘1}> 17)

The random sample can also be easily generated from Eq. (17)
by using u as uniform random number.

Moment

Some of the interesting characteristics and features of a
distribution can be studied through its moments (e.g. measure of
tendency, measure dispersion, skewness and Kkurtosis).
Therefore, it is good to derive the moments when a new model
is proposed.

™ — [(® 7
E(X™) = [y x"f(x)dx (18)
E(X") =

Avo wo v CDFHEOIREHDIN@GHD) (@ rpaot (,-gor)
2002 Zi:ozj:ozj:oi!j!k!]"(9—i)l'(z(i+1)—j)]"(a(j+1)—k)fO X (e * ) dx (19)
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Lety = (k + 1)(Bx)* = x = yi(k + 1) Zp~1
Z—i’ = Ak + 1)pAxA?

[NEC

1 r+i-1 ~ dy
+1)728 1) e - - g
Ak + D (yack + 1)7Ap1)

© ardy
fo (v2) e kT D

(k+D7571) (=,
—A(k+1)ﬂA fo yie ydy

© . T
Lyﬂle ydy—l“(/1+1)

(Ce+ 1)‘%,/3-1)r
Ak + DB

r(%+1)

N
((k+1)75’1)

N _ Ay oo o _(=DHIHKIOIN2>+1)M(@(+1) T
E(XT) = 2a028" ¥iZo Ejo Zj:oi!j!k!F(B—i)F(z(i+1)—j)l'(a(j+1)—k) Ak+1)B2 r(z + 1)
(~DHIHr@r )N aG+)r(5+)
E(X") = 2a0 £20 5720 X0 . (20)

UJIRINO=DT@(41) =P @(+ 1) k) (e DT BT
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Moment generating function

E(e™) = [°x"f(x)dx (21)

tMx™

et = Zﬁ:o—m!

(22)

Using the expansion in Equation (22), the MGF of TLEXW is
given as

o o wo wm (D)@Y (2(i+ 1) (a(+1))EmT(5+1
E(e™) = 2a0 X720 X720 Xj%0 Zm=0 )

(23)

i!j!k!m!r(e—i)r(z(i+1)—j)r(a(j+1)—k)(k+1)%”5"‘
Survival function: The survival function is also known as
reliability function, is the probability of an item not failing prior
to some time. It can be defined as

S(x) =1—F(x) (24)
A\ @12 o

S =1- {1 —[1- (1) } (25)
Hazard rate function

The hazard rate function is given as

_ @ f@

() = 1-F(x)  S(x) (26)
. zaemlxl—le—(ﬁx%[1-e—(Bx)l]"'l[1-(1-e—wxﬂ)“]{1-[1-(1-e—</3xﬂ)“]2} - )

1—{1—[1—(1—e—(BX)’*)'1]2}9
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Figure-1: Plots of pdf of the TLEXW distribution with different parameter value.

The graphs of the hazard rate function with different parameter
values are presented in Figure-2.

Odds function: The odds function is obtained using the relation

QM) =55 (28)
1-1=(1-e-B02)* il
Q) = { [ ( ) ] } (29)

1—{1—[1—(1—e-(ﬁx)’l)a]2}9

Reversed hazard rate function: The reverse hazard rate
function of the extended generalized inverse exponential
distribution is given as

o) =10 (30)
2 2771 1 e
oo = 20374 1e B0 1o~ 89| [1-(1-e"080) )H]{l_[l_(l_fwx) )T} (31)
{1—[1—(1—9*(63:)’1)“]2}
Order Statistic: Let X(q,X(2), ..., X(ny b€ n independent

random variables from the TLEXW distribution and let X,y <

X2y S, -0, < Xy be their corresponding order statistic.
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Let F.,(x) and f,.,(x), r =1, 2,3, ...,n denote the cdf and pdf
of the r™ order statistic X,., respectively. The pdf of X,., is
given as

frn(x) = fEIFCOI 1 - FCI™™" (32)

B(rn r+1)

frn(0) = =T (= 1)} fO[F )]+ (33)

B(r,n— ‘r+1)

Inserting Equation (5) and Equation (6) into Equation (33), we

have
frm () = Bron—1+ 1)2( 1ie —(l?x)l[l _ e_(ﬁx)l]a 1 [1

- (1 - e_(Bx)l) ]{1 - [1 - (1 _ e—(ﬁm)ar}"‘l {1

- [1 - (1 - e-(Bx);L)a]z}B(r+i‘1)
frn(x) = %ir(_l)i e—(/.?x)it[1 _ e—(l?x)‘]a_l [1

=0 3

- (1 - “’_(BX)A)“] {1 - [1 - (1 - e-(Bx)’L)a]Z}g(rﬂ)
frn(x/l) = )
Z;ZB rx+1) ST X0 Tiveo Dizo(— 1) A (G(W) 1) (Fm(tep- 1)( - Bx)‘)

(34)
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Figure-2: Plots of hazard function for the TLExW distribution with different parameter value.

Equation (34) is the r™ order statistic of the TLEXW

distribution.

Therefore, the pdf of the minimum and maximum order statistic
of the TLEXW distribution are obtained by setting r =1 and
r = n respectively in Equation (34).

Estimation: In this section we estimate the parameters of the
TLEXW distribution using the maximum like hood estimation
(MLE). In this study, we discuss the MLE for the parameters of
the TLEXW distribution for complete samples. For a random
sample, X;,X,, X5, ..., X,, of size n from TLExW(a, 3,0, 1), the
log-likelihood function L(a, 8, 8, 4) is given as

logL(x) = nlog2 + nloga + nlogf + nlogA + nllogB + (A — 1)

%o log(x) + X (Bx)* + (@ — 1) X7, log (A) + X, log [1 —
A%+ (0 — 1) X, log{l — [1 — A%]%} (35)
Where A = 1 — ¢~(Fxd"

We take the first derivative of the log-likelihood equation with
respect to each parameter and equate to zero respectively.

dlogL(x) n A%log(A) 2A%(1-A)log(A)
e =gt Ziilog (D - m T+ O - DI T e =0 (36)

dlogL(x) _
B

na ABxp*a-a) arBxpt1-a)a®
i AT (Bx)* + (@ = DI, =5 -2 (;,Aa) +(6-
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D 37
dlogL(x)
WD = L4 nlogh — X, (Bx) log(Bx;) + Ei log(xy) + (a -
N (1— A (1= .

Dy, E'a :)loguzxo _ymn @) (1:jgalog<ﬁxl) n

_ n 2a(Bx)*(1-A)(1-ADA% log(Bxy) _
((39 1():: T =0 (38)
logL(x) _ n 27

9% —5+Z?=1log{1—[1—A“] }=0 (39)

Since Equations (36), (37), (38) and (39) are in the complex
form, therefore the exact solution of ML estimator for unknown
parameters is not possible. So it is convenient to use nonlinear
Newton Raphson algorithm for exact numerically solution to
maximize the above likelihood function.

Application to real-life data set

In this section, we present some applications of the TLEXW
distribution using different data sets to demonstrate the
flexibility of the distribution to model these real data sets. The
data are fitted to the TLExXW distribution and other distributions
such as the Topp Leone Weibull, Exponentiated Weibull and
Weibull distributions.

Topp Leone Weibull distribution
) = 202577160 [1 - =B {1 -[-(a- e-(!?x)‘)]z}g_1
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Exponentiated Weibull distribution

fG0) = anpixt?

Weibull distribution
() = ABAx*1eB0"

e—(ﬁx)l[l_e—wxﬂ]“‘l

Table-1: Statistics for data set 1.
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Data set 1: The first data set represents the survival times (in
weeks) of 33 patients suffering from acute myelogeneous
leukemia. These data have been studied by Feigl and Zelen®.
The data are: 65, 156, 100, 134, 16, 108, 121, 4, 39, 143, 56, 26,
22,1,1,5, 65, 56, 65, 17,7, 16, 22, 3,4, 2, 3, 8, 4, 3, 30, 4, 43.

Model Goodness of fit (G-O-F) criteria
BIC AIC CAIC HQIC -L
TLEXW 218.9551 216.9410 218.3696 218.9551 104.4705
TLW 434.6316 430.1421 430.9697 431.6527 212.0710
ExW 357.7886 353.2990 354.1266 354.8096 173.6495
W 326.9911 323.9980 324.3980 325.0051 159.9990
Table-2: Maximum likelihood estimates of distributions considered for data set 1.
Estimates
Model — — —
a B A 6
TLEXW 1.5264 0.0039 0.2515 0.2406
TLW - 0.0654 2.0290 41837
ExwW 1.5991 0.0427 1.2864 -
W - 0.0729 0.3733 -
Table-3: Statistics for data set 2.
Goodness of fit (G-O-F) criteria
Model
BIC AIC CAIC HQIC -
TLEXW 400.1795 392.5315 393.4203 395.4439 192.2657
TLW 568.9393 563.2032 563.7249 565.3875 278.6016
ExW 590.7134 584.9773 585.4991 587.1616 289.4887
W 326.9911 471.2030 475.0270 472.6592 233.6015
Table-4: Maximum likelihood estimates of distributions considered for data set 2.
Estimates
Model 5 - "
a B A 6
TLEXW 1.7274 0.0041 0.1288 0.3224
TLW - 0.0336 1.7406 1.6758
ExwW 0.4262 0.0309 1.5036 -
w - 0.0274 0.4546 -
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Data set 2: The second dataset consists of 50 failure times of
devices analyzed by Aarset’®. The data are: 0.1,0.2, 1,1, 1,1, 1,
2,3,6,7,11, 12, 18, 18, 18, 18, 18, 21, 32, 36, 40, 45, 46, 47,
50, 55, 60, 63, 63, 67, 67, 67, 67, 72, 75, 79, 82, 82, 83, 84, 84,
84, 85, 85, 85, 85, 85, 86, 86.

The maximum likelihood estimates of data set 1 and data set 2
are reported in Table-2 and Table-4 and the Information Criteria
values for the fitted distributions are reported in Table-1 and
Table-3. The results show that the TLEXW distribution provides
a significantly better fit than the other three models considered
base on the values of AIC, CAIC, BIC and HQIC.

Conclusion

We proposed a new distribution, called the Topp Leone
exponentiated Weibull distribution which extends the Topp
Leone Weibull distribution. An expansion for the density was
derived which was now used to generate properties of the
distribution, including the moments and moment generating
function. Some other properties were derived such as the
survival function, hazard function, quantile function, the median
and order statistics. The estimation of parameters by the method
of the maximum likelihood was carried out using a package in R
known as Adequacy Model. Application of the Topp Leone
exponentiated Weibull distribution to two real datasets showed
from the Table-1 and Table-3 that the Topp Leone
exponentiated Weibull distribution is quite effective and flexible
model in fitting survival data.
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