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Abstract

In analysis of variance, the F-test fails to identify the cause behind the differential effect among the levels of the treatment
under consideration. That cause can be easily pointed out through contrasts. Either the investigator plans the contrasts of
interest prior to the study or the experimenter searches for something unexpected after the experiment is over, allowing the
data itself to suggest additional interesting contrasts. Orthogonality of the contrasts is an important feature which facilitates

the testing procedures.
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Introduction

Suppose there are ‘p’ number of levels of an attribute, referred
to as ‘treatments’, and we wish to know whether these p
treatments affect the response variable differently or not. The
one-way ANOVA proves its utility in such problems. In
comparing p treatments, the null hypothesis is given by Hy: u; =
Uy = ... = W, where y; is the mean of the i-th group and the
alternative hypothesis states that at least one of the means is not
equal.

The above comparison is carried out through an F-test. However
this test fails to specify which treatments lead to the differences
in means. Hence, the ANOVA F-test provides limited
information on the data available. It is here that we first feel the
necessity of contrast analysis. There can be two kinds of
contrasts' as stated below:

Planned Contrasts> Following a significant one-way
ANOVA, one may be interested in carrying out some
comparisons specific to our problem. Planned or priori contrasts
are used when we have certain questions or hypotheses in mind
and hence want to reframe them as contrasts for the sake of
hypotheses testing. It is just a reconstruction of the questions to
which we want answers in a proper mathematical relation
between the means.

Post hoc Contrasts’: These, on the other hand, are provided by
the data itself. We frame the post hoc or posteriori contrast after
completion of the experiment and they are framed as per the
results of the experiment conducted. The objective of such
contrasts is to check though different hypotheses (framed as
contrasts) whether the results are reliable or not.

Before performing tests relating to planned contrasts, we are to
check whether contrasts planned by the investigator are
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mutually orthogonal or not. Treatment means are selected so
that they can be properly utilized to frame these questions into
proper orthogonal contrasts which in turn help in the testing
procedures.

These treatment means are so chosen that the sum of squares
corresponding to treatments (abbreviated as SST) can be
partitioned in such a way that the investigator is able to test for
most of his questions through independently (orthogonally)
framed contrasts.

Here, we can frame as many orthogonal contrasts as there are
degrees of freedom for treatments in the ANOVA.

Orthogonal Contrasts*’: Orthogonality of contrasts ensures
independence of the questions to which the investigator seeks

answers to. Earlier, we had considered p treatments. Let us
define-

C:Zp:ciTi,whereici =0andD=Y" ¢ 7,, with S d, =0.
i=1 i=1 i=1 i=1

C and D will be said to be orthogonal contrasts if we have

ZP: c,d,=0.
i=1

Property-1: For p treatments, we can have at most (p-1)
orthogonal treatment contrasts.

Proof: Let C;, C,,...,Cy be k treatment contrasts

h N =0 Vj=1(1)k
were;cﬂ 1=1(1)

The contrasts can be written in matrix form as-
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‘i i Sip || T,
Cy Cp Cap || T, |=CT .
Cr1 Cr2 Cip T,

The matrix C must be orthogonal for the k contrasts to be
mutually orthogonal. Thus k must equal p to satisfy the above
condition. We know, an orthogonal matrix satisfies the
following conditions: i. Sum of square of all row elements is 1.
ii. Sum of product of elements of any two rows is 0.

As observed, condition (ii) is nothing but the main definition of
two mutually orthogonal contrasts. However, for each of them
to be contrasts, the matrix C must also satisfy the condition that
sum of all row elements is 0. Due to imposition of this 3"
condition, the number of orthogonal contrasts diminishes by 1.
Thus we get (p-1) orthogonal treatment contrasts for p
treatments.

Property-2: Treatment sum of squares can be expressed as the
sum of squares of estimates of (p-1) mutually orthogonal
treatment contrasts.

Proof: Let C,, C,,...,C,; be p-1 mutually orthogonal treatment
P L2 .

contrasts  C; =Z c; T Wlthz c; = 0 Vj=1(1p-1 and
i=1

i=1

P
Z CiCii= 0 V j#j . Then, estimate of C;is given by —
=1

A 4

C, = Z ¢, Y where y,, is the group mean of the group
i=1

receiving treatment T;.

I SRS S N
Let \/; \/; \/; Yao =7,say.=>Cy=7.
i 2 Gy : ~ o~
Yo
Cpfl,l Cp71,2 Cpflyl’ !
P P
Now z'z =y Ty =% Sy

Table-1: Seed yield under different fertilizers and a control.
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V4 A
—=>SST = z (V.o — )—)00)2= C12 + C22 4o

i=1
SST has df (p-1). Thus the contrast squares will have df 1.

Planned orthogonal contrasts®® are equivalent to independent
enquiries pertaining to our data. Neither can all questions of the
investigator be framed through orthogonal contrasts, nor do all
possible orthogonal contrasts lead to meaningful questions
about the experimental results. Here, we provide some ways to
set the contrasts depending on the research questions.

Let us consider the following data which gives the seed yield of
a plant under implementation of type I fertilizing procedure,
type II fertilizing procedure, type III fertilizing procedure and a
control.

In Table-1 we have 4 treatments. Hence, at most 3 research
questions can be planned — i. Do fertilizing procedures affect the
yield?, ii. Is there a difference between type I, type II fertilizers
and the type III fertilizer? iii. Do the fertilizers I and II affect the
yield differently?

To form the planned contrasts, we must reframe these research
questions of interest as linear combination of the treatments.
The coefficients of the planned contrasts are show in Table-2.

The 3 research questions can now be easily framed as statistical
hypotheses. For instance, the first contrast is same as asking
whether the population mean of control is same as the means of
population for type I, II and IIL. If py , Wy , po, w3 denote the
population means of yields of the control group, type I, II, III
fertilizers receiving groups respectively, then the hypothesis can
be given by-

Ho: 3po-pi-po-p3=0 orH,: C=0
. 1
The hypothesis 3 o - - -3 =0 = po= g(u1+u2+u3)

—>Control group mean =
groups

Mean of all fertilizer-receiving
Similarly, questions 2 and 3 can be expressed as the following
statistical hypotheses —

Ho: y + o - 2p3 =0 and Hes: py - o = 0 or equivalently Hy,:
C2 =0 and H03: C3 =0

Control 7.6 83 9.6 8.8 10.1 8.5 7.9 8.5 9.4 9.8
Type I 12.2 12.4 11.9 11.3 11.8 12.1 13.1 12.7 12.4 114
Type 11 16.6 15.8 16.5 15 15.4 15.6 15.8 15.8 16 15.8
Type III 9.5 9.5 9.6 8.8 9.5 9.8 9.1 10.3 9.5 8.5
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Table-2: Coefficients of Planned Contrasts.

Contrasts Control Type I Type II Type IIT
C +3 -1 -1 -1
C, 0 +1 +1 -2
C; 0 +1 -1 0

It can be easily verified that the three contrasts are orthogonal

and hence the SST can be split up as Cl2 +C22 +C32, each

containing df 1. The F-tests for testing each of the contrast
hypotheses are carried out through F-statistics, whose
numerators are nothing but the contrast sum of squares. All
calculations are given in the following ANOVA Table-3.

Table-3: ANOVA

Source df SS MS F
Treatment 3 305.243 101.748 272.21
Control vs. 1| 97.56033 | 97.56033 | 261.011
fertilizers
Types [ &Il vs. 1 | 139.2327 | 139.2327 | 372.501
type III
Type I & type II 1 68.45 68.45 183.130
Error 36 13.456 0.374

The contrast sum of squares are computed by

(Z Ciyil).)z where r is the number of
z (¢} /1)

. I .th
units receiving the i treatment.

SS(C)=MS (C) =

We observe that in the above analysis, fertilizers significantly
enhance plant yield, that the types I and II cause significantly
more growth than the type III fertilizer, and that the difference
between type I and type II fertilizers is also significant.

The problem that arises when the planned contrasts are not
orthogonal (i.e., the comparisons are not independent) is that the
sum of square corresponding to one contrast is either a subset or
a superset of the sum of squares due to any other contrast. As a
result, the different F-tests carried out for the different contrasts
will get confounded or contaminated or mixed up with one
another and hence the sum of squares of the individual contrasts
will never add up to the treatment sum of squares SST.

formulation

General rule for

contrasts’'°

of planned

Here, we first decide the groups of treatments in the contrast
under consideration, i.e., a particular contrast divides the
treatments into groups which confront each other in the
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hypothesis. Once we decide upon the groups, we assign to the
means of the first group, the coefficients equaling the number of
treatments in the second group. Similarly, we assign to the
means of the second group, the coefficients equaling the number
of treatments in the first group, but this time with an opposite
sign. For example, we have 5 treatments and we are interested
in comparing the first two to the last three. Then we assign the
coefficients respectively as +3, +3, -2, -2, -2 or -3, -3, +2, +2,
+2. Both these will give the same contrast sum of squares in the
corresponding F-test.

Also, the coefficients of the means in any contrast must be
reduced to the smallest possible integers, i.e., instead of +4, +4,
-2, -2, -2, we must have +2, +2, -1, -1, -1.

Conclusion

Contrast analysis comes into play when information from
ANOVA F-test is limited. There can be two kinds of contrasts-
planned and post hoc. This paper mainly deals with the planned
contrasts. The only thing that is to be kept in mind before
performing a planned contrast analysis is that the planned
questions must correspond to orthogonal contrasts. This actually
establishes the independence of the enquiries of the investigator.
When comparisons are not orthogonal, the contrast sum of
squares may be jumbled up. The method of determining
coefficients of planned contrasts has also been discussed.

References

1. Beasley T.M. and Schumacker R.E. (1995). Multiple
regression approach to analyzing contingency tables: Post
hoc and planned comparison procedures. The Journal of
Experimental Education, 64(1), 79-93.

2. Castaiieda M.B., Levin J.R. and Dunham R.B. (1993).
Using planned comparisons in management research: A
case for the Bonferroni procedure. Journal of Management,
19(3), 707-724. https://doi.org/10.1177/
014920639301900311

3. Kim Hae-Young (2015). Statistical notes for clinical
researchers: post-hoc multiple comparisons. Restorative
Dentistry & Endodontics, 40(2), 172-176. http://doi.org/
10.5395/rde.2015.40.2.172

4. Nogueira M.C.S. (2004). Orthogonal contrasts: definitions
and concepts. Scientia Agricola, 61(1), 118-124.

5. Bechhofer R.E. and Dunnett C.W. (1982). Multiple
comparisons for orthogonal contrasts: examples and tables.
Technometrics, 24(3), 213-222.

6. Wiens S. and Nilsson M.E. (2016). Performing Contrast
Analysis in Factorial Designs: From NHST to Confidence
Intervals and Beyond. Educational and Psychological
Measurement, 77(4), 690-715.

7. Ruxton Graeme D. and Beauchamp Guy (2008). Time for
some a priori thinking about post hoc testing. Behavioral
Ecology, 19(3), 690-693.



Research Journal of Mathematical and Statistical Sciences
Vol. 6(8), 7-10, December (2018)

ISSN 2320-6047

8. Abdi Herve and Williams Lynne J. (2010). Contrast

Analysis. Encyclopedia of Research Design, 243-251.
http://dx.doi.org/10.4135/9781412961288.n75

Ramboz S., Oosting R., Amara D.A., Kung H.F., Blier P.,
Mendelsohn M. and Hen R. (1998). Serotonin receptor 1A
knockout: an animal model of anxiety-related

International Science Community Association

10.

Res. J. Mathematical and Statistical Sci.

disorder. Proceedings of the National Academy of

Sciences, 95(24), 14476-14481.

Shurin J.B., Borer E.T., Seabloom E.W., Anderson K.,
Blanchette C.A., Broitman B. and Halpern B.S. (2002). A
cross-ecosystem comparison of the strength of trophic
cascades. Ecology letters, 5(6), 785-791.



