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Abstract

Using auxiliary information, a family of difference-cum-exponential type estimators for estimating the population variance of
variable under study have been proposed under double sampling design. Expressions for bias, mean squared error and its
minimum values have been obtained. The comparisons have been made with the regression-type estimator by using simple
random sampling at both occasions in double sampling design. It has also been shown that better estimators can be obtained
from the proposed family of estimators which are more efficient than the linear regression type estimator. Results have also

been illustrated numerically as well as graphically.
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Introduction

In survey sampling, taking the advantage of the correlation
between the auxiliary variable x and study variable y, the
construction of efficient ratio and product type estimators for
the population variance has widely been made by many
statisticians to assess the variations in population. Because it is
well known that the use of auxiliary information in the
construction of estimators can increase the efficiency of the
estimators of parameter of interest. When the population
variance g2 of auxiliary variable x, which is highly correlated

with the study variable y, is known in advance, several
estimators have been defined by different authors such as Das
and Tripathi', Isaki’, Ahmed et al.’, Jhajj et al.*, Kadilar and
Cingi’, Pradhan et al.® in the literature for estimating the
population variance of study variable y. Sometimes information
on population variance 52 of auxiliary variable x is not known

in advance then we generally use two phase (double) sampling
design. In the two- phase sampling design, a large preliminary
random sample (called first phase sample) is drawn and
auxiliary information are taken on sample units which are used
to estimate the value of unknown population variance g2 of

auxiliary variable x. Then second phase sample is drawn either
from the first phase sample or independently from the
population and observations are taken on study as well as
auxiliary variables.

In present paper we have proposed a family of Difference-
Cum-Exponential type estimators for estimating the population
variance of study variable using auxiliary information under
double sampling design. The efforts have been made to
compare the proposed family of estimators under simple
random sampling design as a special case.
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Notations and Results

A preliminary large random sample (first phase sample) of size
n’ is drawn from a finite population of size N and both
auxiliary variable x and study variable y are measured on it.

Then second phase random sample of size n(< n') is drawn
from the first phase sample.
Let ¥; and X; denote the respective values of variables y and

X on the ith (i =1, 2,....,N) unit

corresponding small letters denote the values in the samples.
Denoting

5= (=) Y 0= = (-1 -3

s2=(n-1)" Y -9 2 =(n'-1)" Y (5 -9

of the population and the

S2=(N-1)" ) (v-¥) s2=(N-1)" i(x,. -X)

i=1 i=1

X p= Y -RF (-7

2

2 2

2 2 .
where sy",sy, and Sy .Sy are the sample variances of

variable x and y based on the sampling units of first and second
phase samples of size n” and n respectively.
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Defining
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Assuming that

E(eo):E(el):E(ez):E(€3):O

E( 2) ~ var(si)
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The Proposed Family of Estimators and Its Results

When we don’t have an information about any parameter of the

auxiliary variable, then we propose a family of estimators of the
2

population variance S5 of the study variable y under the
sampling design defined in section 2 as

a
) 5 2 2 9(5}2 —S)%) 5/2 —S2 (2)
¢ _ 2 _ x "5x
Syﬁa —|:sy +49(sy sy):| 1 %) exp2| —5 >

Where 6 > 0and ¢ are any constants

To obtain the bias and mean square error of estimator §§
fa

in terms of
Oa

£'s and retaining terms up to second degree of approximation.

S S dei—) +oli-a) o) +edl1-a) ey —der—aps )
1 21

%I—Q(%‘%)”{(z‘g)(%‘ﬁ) —2(%-‘%20

—”ﬂ(%-‘%z)ﬂi_l)(9-1)2(%-82)2}

’up

to first order of approximation, we expand 55

3
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Noting that expectation exists and finite, we take expectation in
(3) and using the results of section 2, we have

2 2o 22 o 2)-v[2
AR O e e N i
X2y

2
X

which implies that

cov(s'2 92)—Cov(v2 92)
2 s sy S5y
2 {a(l—e) }

Bias(ﬁ% ) =S
(o4

Y s2s3

4)
ala-1), v(sz)-v(ss)
+{ ; (1-06) +oc(1—9)}s;L

Upto first order of approximation the mean square error (MSE)

of estimator § 5 is obtained from (3) and using the results of
Oa

section 2, as

MSE(§§W)=E[§§W H

(3)e(e 2ol () v ()
S )2l

2
2 S
i} 2a(0—1) %{cov(s%,s%)—cov(sf,s% )}
Sx

The expression (5) depends upon two unknown constants

+a? (6-1) 5)

o and 6, so keeping the value of 0 fixed, we differentiate (5)
wrt & and equating to zero, we get

za(e_lf‘;}‘{V(sg)_v(s;g)}-z(e_l)zg{mv(sg,sg)_m(sf,sg)}:o

After solving the above equation, we get the optimum value of a

SZ 2 2 2 2
X SOV |8y 8y | —cov|sy sy

o= (2) ()

Substituting the optimum value of @ from (6) in (5), we get

(6)

minimum mean square error, Min. MSE (3 39 ) as
o4
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Min. MSE(ﬁ%Ha) =V (s§ ) + (92 - 2‘9){" (s§ ) -V (s'yz )}
o l2.) -3
v (s3)-v ()

Theoreml: Up to first order of approximation, the bias of

)

-(6-1)

estimator 5‘5 is
(o4

2 ) 5 cov(s;cz,‘%)—cov(s%,s%)
Bias(Sy ):s {a(l—a) }
(24

Y 5353
2)_y (2
+{“(‘2_1)(1—9)2+a(1—9)} V(‘X)S;:V( )

And its mean square error is

MSE (§§€a )= v(s3)+(e? - 29){\/ (s3)-v (3 )}
a2 (e-1) z%{v (s2)-v (s )}

2
2 Sy 2 2 2 2
-2 (60 —-1) —5-jcovisy.,s —cov|sy,s
(0= o (8)-con (2.}
Theorem 2: Up to first order of approximation, the MSE of

. a2 e
estimator S y is minimized for

Oc
S% {cov (s)%, s% ) —cov (s;? , s% )}
oS ) ()
And its minimum value is given by
Min.MSE(S%Ha ) =v(s3)+(6” - 20){v (s3)-v(sy )}
cov(s%,s% ) —cov (sscz ,s% )}

((2)v(2)

For comparing the proposed family of estimator with the
existing ones we consider the special case.

-(0—1)2{

Special case: when simple random sampling is applied for
selection of samples in both phases of double sampling design
we have

vas3) =G —%jsfg(%—l)

i e |
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Substituting results of (8) in (4) to (7) respectively, we have

Bias §§0&)_(;1_;) y{[a(a 1)(9 1) +g(1 B)J( —1) 0{(1 9) ( )}(9)
4

me{ S, ) =) o1 a0
{(6% ~20) 04 ~1)+ 2 (017 (3 -1) 200011 1, -1)

~ /122 -1
(a’)opt = p (an
" (%A ~Ag) (61" ()
nof5,) {0 = (”Z) FIE RS

/_\

2
A1) (6-i2|12)

(44071

WHENE {1 )8 (-

n

From (12), we see that /i, MSE (§)2 )will vary with the
o

a
change in variation of 6 so range of variation of @ can be
obtained at which proposed family of estimator is better than
the existing ones.

Comparison
For comparing the proposed family of estimators with the linear
regression type estimator slzr J° considered by Mishra®

COV(S2 52)
2 _ 2, Y’X(,z_z)
Stird =Sy (2) x T Sx
var| sy

we first obtain expressions of its bias and mean square error,
under double sampling design using simple random sampling at
both phases, up to first order of approximation,

2
1 1 1 Ayny —1
st (124) =5 (1gg )L ot U2 )

mon (440 -1)
Using (12) and (13) and after some algebra, we obtain

MSE ()~ MSE i, (nga) {l—ijs;‘(zm—l)(az ~26)(p2-1)20 (19

n

13)

Where (’122 ‘1)
Py =
\/(’104 ~1) (249 - 1)
= MSE_. (Sﬁaa ) < MSE(slzrd ) if 0<6<2 (15)
12
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Numerical Illustration

For comparing the efficiency of the proposed estimator ( 55
fa

) with Regression-type estimate (‘ler J ) under double sampling

design, we take the empirical population considered in
literature (source: Institute of Statistics, Republic of Turkey).
This empirical data concerns the level of apple production (1
unit=100 tonnes) as the variate of interest and number of apple
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trees (1 unit=100 trees) as the auxiliary variate in 106 villages
in the Marmarian Region respectively in 1999. The values of
population parameters obtained are given in Table 1. The
biases, mean squared error and relative efficiency of proposed

estimator (§ 2 ) w.r.t regression-type estimator (sl2 d) are
Yoo "

given for some different values of & in table 2.

Table-1
Value of population parameters
’ n
N n Sy 204 2“40 /222 231
106 48 20 64.25 80.13 25.71 33.30 29.67
Table-2
Mean Squared Error and Relative Efficiency
Values of Mean Squared Error Efficiency
2 o2 2 o2
o Sird S Sird S
0 46483968.52 46483968.5 100 100
0.5 46483968.52 32757889.7 100 142
1.0 46483968.52 28182530.1 100 165
1.5 46483968.52 32757889.7 100 142
2.0 46483968.52 46483968.5 100 100
— Proposed estimator
T — Regression- type estimator
3.00E+008
2.50E+008
2.00E+008
w
%)
=
1.50E+008
1.00E+008
5.00E+007
0.00E+000 — , , ,
-3 2 -1 0 1 2

Figure-1

Graphical Representation of MSE of Estimators
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Conclusion

From table 2, we observe that in double sampling for 0 < 8 < 2

the efficiency of proposed estimator ( 5)2 ) got increased as
fa

compared to the Regression type estimator (512([ ). The
r

graphical representation also predicts that there is gain in

efficiency of proposed estimator ( S% ) over the Regression—
fa

type estimator (Slzrd ) for 0 <@ < 2. Hence we conclude that

the proposed estimator will always be better than existing
Regression-type estimator under double sampling design for
0<f<2.
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