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Abstract 

This paper shows that a unique representation between Atkinsion and Fredholm operators with the help of non-negative 

index, zero and arbitrary index in terms of index except for a rational factor whereas every Atkinsion operator with non-

positive index can be represented as a finite dimensional perturbation of a left invertible Atkinsion operator. 
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Introduction 

The notion of Atkinson and Fredholm operators which 

associates either a natural number or + ∞  or - ∞  known as 

index. The operator that in the quotient algebra of all 

continuous operators with respect to the ideal of all finite 

dimensional operators they are right or left invertible 

respectively. Such invertible are known as Atkinson operators
1
. 

For notion of Atkinson and Fredholm operators, let X be vector 

space over φ , ℜ  a normal operator of algebra  on X, which 

contain I, F ( )ℜ  be the ideal of all finite dimensional  operator 

in ℜ , therefore ρ - ideal, ℜ  the algebra ℜ /F ( )ℜ  of 

equivalence classes. Let T̂  denotes the equivalence class of an 

operator T∈ ℜ  with respect to F ( )ℜ . Let A( ℜ )be the set of 

all Atkinson operator of the algebra ℜ . Also ∑ ℜ)( is the set 

of all Fredholm operator of the algebra ℜ . 

 

Definitions 

Definition-1:  Let T∈ ℜ , where ℜ is called Atkinson 

operator (relative to ℜ ), if T̂ is left or right invertible. 

Definition-2: T∈ ℜ  is called Fredholm operator
2
 orσ -

transformation (relative to ℜ ), if T̂ is invertible. 

Definition-3: If T∈  )(ΧL  and if at least one of the defects 

)(),( ΤΤ βα is finite, then ind (T) = )()( Τβ−Τα is the 

representative of the index of T. ind (T) is + ∞ iff ∞=Τ)(α

and ,)( ∞<Τβ ind (T) = - ∞ iff )(Τα < ∞  and ∞=Τ)(β . 

 

We then say that T possesses an index; T is therefore an 

Atkinsion operator relative to )(ΧL . ind (T) is finite iff )(Τα  

and )(Τβ is finite. So, T possesses a finite index then T is a 

Fredholm operator relative to )(ΧL . 

 

Theorems 

Theorem (1.1): T∈ ℜ  is an Atkinson operator iff is relatively 

−ℜ regular and at least one of the defects )(),( ΤΤ βα is 

finite. T∈ ℜ  is Fredholm operator, iff T is relatively ℜ - 

regular
1,2

 and both the defects are finite. 

 

Theorem (1.2): (Index Theorem): Let S and T  ∈ )(ΧL are 

operators with finite indexes. If S and T have also finite 

indexes, then it can be written as  

 ind (ST) = ind (S) + ind (T) 

 
Theorem (1.3): (Generalized index theorem): If S, T  ∈

)(ΧL is operators with finite null defects and finite image 

defects respectively, then it can be expressed as 

 ind(ST) = ind (S) + ind(T). 

 

Proof:  If )()( TandS αα are finite, then S, T∈A    αααα ( )(ΧL

But then S, T lie in∑ , and hence the result follows from 

above definitions and theorems. In the other case these are three 

possibilities: 

S ∈  A    αααα-Aββββ , T∈∑  

S ∈Τ∈∑ ,  A    αααα-Aββββ,   

S∈  A    αααα-Aββββ,   T ∈A    αααα-Aββββ,   

 

From, the definition of defect it follows that ST always belongs 

to A α-Aβ 
3
.
 
Hence it holds every time that 

 ind (ST) = ∞− and ind (S) + ind (T) = - ∞ .  
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One can likewise prove the proposition if S and T belongs to 

Aβ, 

 

Theorem (1.4): If T∈L(X) has an index K and if K ∑ Χ∈ )( , 

then it follows  ind (T+K) = ind (T). 

 

Theorem (1.5): If T ℜ∈  is an Atkinson operator with 

)()( Τ≤Τ βα , i.e. ind (T) 0≤  if T= KR + , Where 

ℜ∈R possesses a left inverse S ℜ∈ and K∈F ( )ℜ  

 

Theorem (1.6): If T ℜ∈  is also a Fredholm operator with

∞<Τ=Τ )()( βα . Then simultaneously fro above (Theorem 

1.5) it follows that ind (T) = 0, iff T = R+K, where R ℜ∈  

possesses an inverse in ℜ and K∈F ( )ℜ . 

 
Proof: It follows similar to the theorems (1.4) and (1.5), since

,)()( ∞<Τ=Τ βα the operator S can be constructed in the 

manner as in the proofs of the theorems (1.4) and (1.5). 

 

We now consider the semi-group ∑ ℜ).(  

 

Let U = {ind (T): T ∑∈ }. If U is a subgroup of the additive 

group of integers and corresponding to every n∈U we can 

choose a definite Fredholm operator with ind (Tn) = n. By using 

ind (Tn) = n and theorems (1.4) and (1.5). We can easily get 

results. 

 

Theorem (1.7): Every Fredholm operator T ℜ∈ with index (T) 

= n can be expressed in the form T = TnR+K,  

where R possesses an inverse in ℜ  and K∈  F ( )ℜ conversely 

every operator T ℜ∈ of the above form is a Fredholm operator 

with index n. 

 

Proof: If T ∑∈ )(R and ind (T) = n, then by using definition 

(1, 2) and theorem (1.2), it follows that the equivalence class 

ℜ∈Τ ˆˆ = ℜ /F ( )ℜ of T lies in the neben calss of the 

normalizerη }0)ˆ(:ˆ{ == SiS of the group G of invertible 

element of ℜ̂ 4
. As the kΤ̂ η , k∈U, are all neben classes ofη

, and since i )ˆ(Τ = ind (T) = n, we have ηnΤ∈Τ ˆˆ , therefore 

1
ˆˆˆ RΤ=Τ  with ind (R1) = 0. for R1 1R̂∈ . Therefore T = 

TnR1+K1, K1∈F ( )ℜ , and by theorem (1.6) R1 = R+K2, where 

R possesses an inverse in ℜ  and K2∈F ( )ℜ .  Then it follows 

that 

T = Tn (R+K2) + K1  

= TnR + K, K∈F ( )ℜ  

The converse follows from theorems (1.4), (1.5) and (1.6). 

 

Some properties of the index: If S and T ( )∑ℜ∈ , and K∈F

( )ℜ then the properties of the index can be highlighted as 

follows: 

ind (ST)   = ind (S) + ind (T) 

ind (T+K) = ind (T) 

ind (T) = 0, provided T possesses an inverse in ℜ . 

 

Theorem (1.8): Let d be an integral valued function on ∑
with the following properties: 

d(ST)   = d(S) + d(T) 

d(T+K) = d(T), if and only if K∈F ( )ℜ  

d(T) = 0, if and only if T possesses an inverse of ℜ . 

Then there exists a rational number r such that d (T) = r.ind (T), 

for all T belonging to∑ . 

 

Proof: If ∑ ∑∈= :{Tn  ind(T) = n} then for T ∑∈ n we 

have by theorem (1.7), T= TnR + K and by the properties (a)-(c) 

we also have d(T) = d(Tn), hence d is a constant on ∑ n we 

wish to denote by d respectively. ind maps of the set {∑ n }, 

defined as follows: 

∑∈Τ= nnnn TdEd ),()( ; ind ( )∑ n =ind (Tn) = n, 

∑∈Τ nn the index  is one-one 
4,5

  On account of the index 

theorem we have TnTm ∑ +∈ ,nm
from which it follows that h = 

1−
indod is a homomorphism of the subgroup U = {ind (T) 

:T ∑∈ } of the additive group Z of integers into Z
6,7

. In fact 

if n, m∈U, thus h (n + m) = d

∑ ==+ +
−

).()())((
1

mnnm TTddnmind 8, 9,10
 

= d(Tn) + d(Tm) 

= ∑ ∑+ )()( mn dd  

= ))(())(( 11
minddnindd

−− +  

= h (n) + h(m) 

 

In U there exists a smallest positive number n0 such that  

U  = {Kn0: K }Z∈  

 

For n∈U, we have n = K(n)n0. 
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If T lies in ∑, then T ∑∈ n for an n = K(n)n0 ∈U and it 

follows that 

d(T) = ∑ )( nd = (h o ind ) ∑ )( n  

= h ( ∑ ))( nind  

)))(((

)(

0nnKh

nh

=

=
 

= K (n) h (n0)  

= n
n

nh

0

0 )(
 

0

)(

n

nh
= ind (T)  = r ind (T) ,  r = 

0

)(

n

nh
 

 

If U = Z, therefore n0 = 1, then d is an integral multiple of 

index. 

 

Conclusion 

Atkinsion operators with non-negative index and Fredholm 

operators with zero and arbitrary index give a mathematical 

representation for both operators in terms of index except for a 

rational factor.  
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