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Abstract

This paper summarises conventional and alternative estimators of the ratio of two population means of study characters
using regression estimator with known population mean of auxiliary character in the presence of non-response. The
expression of bias and mean square error of the proposed estimators are derived. After comparison with the corresponding
estimators in case of fixed sample size, it is observed that the proposed estimators is always efficient than the existing
estimators. An empirical study is carried out to support the theoretical results.
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Introduction

Some times, we need estimation of ratio of two population
means in the field of agricultural, socio-economic and
medical science. For example, in calculation of growth index
rate in the children; we need to divide the weight of children
by the height of children

The information on auxiliary variables play a significant role
to increase the efficiency of the estimators for estimation of
ratio of two population means.

Using the information on auxiliary variable, various research
works for estimation of ratio of two population means have
been done by Singh', Tripathi*’, Upadhyaya and Singh®,
Srivastava™® et al , Singh”® er al and Singh and Singh’.

During conducting the sample survey some times we find
that information on all units selected in the sample is not
available due to the problem of non-response. To deal with
the problem of non-response in mail-survey Hansen and
Hurwitz'® suggested a technique a sub sampling from non-
respondents.

Further El-Badry'' proposed a method to sending several
ways of questionnaire by mail. Using Hansen and Hurwitz
technique, various research works for estimation of
population mean in case of known and unknown population
means of auxiliary characters in the presence of non-
response have been done by Cochranlz, Rao”, Khare and
Pandey'*.

The estimation of ratio of two population means using
auxiliary variables in the presence of non- response have
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been proposed by Khare and Pandey', Khare and
Sinhalé’17’18’19,Khare20’21et al.

The proposed estimators

Let Y, (i = 1,2), and X, (p =1,2,......... ,N) be the non- negative
value of p-th unit of the population on the study characters
v;(i = 1,2) and the auxiliary character x with their population
means Y; (i = 1,2), and X respectively.

Using Hansen and Hurwitz technique, a sample of size n is
drawn from the finite population of size N, which can be
considered as divided into two groups such as Response
group of size N; and Non-response group of size N,, using
simple random sampling without replacement (SRSWOR)
technique and N;+ N, = N. It is found that in sample of size
n(<N), njunits supply information on y;(i = 1,2) and n,
refuse to respond. So, we may regard the sample of n,
respondents as a simple random sample from the response
group and the sample of n, units as a simple random sample
from the non- response group. Let m denote the size of the
sub-sample from n, non-respondents drawn randomly and is
enumerated by direct interview such that k = n,/m ,(k > 1).
Hence, the Hansen — Hurwitz'® estimator for population
mean ¥; of study character y;(i = 1,2) based on (n; + m)
units is given as

Fiw = 2 Viy + 2 Vi@m (M

Where, y;1y and ¥;2)m are the sample means of y;(i = 1,2)
characters based on n; and m units respectively.

And also the variance of Hansen- Hurwitz'® unbiased
estimator of study characters y;(i = 1,2) is given by
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Where, W, =Fz , stratum weight of non- responding groups
of size N,.

1 -_—
Syi = w5 Lp=1(Yyp — 1)
charactersy;(i = 1,2) for entire population.

; the population mean square of

1
And, S = Zp {(Yipzy = Yiez))%s

square of Characters y;(i = 1,2) for non- responding groups
of size N,.

the population mean

Similarly, the Hansen — Hurwitz'® estimator for population
mean X of auxiliary character x , based on (n; + m) units is
given as

— ny — ny _

Xw = n X + Ixz(m) (3)
Where, X; and X,y are the sample means of x character
based on n; and m units respectively.

And also the variance of Hansen- Hurwitz'® unbiased

estimator of auxiliary character x is given by
_ 1 1 W2(k-1)
V(x,) =(;-5) 8¢+ S5

C))

Where,
1 -_—
S = m Xp=a(Xp — X)?
characters x for entire population of size N.
1

And, 59?2 = N_Zp 1( p2) — Xz)

square of character x for non- responding groups of size N,.
Let Rw ( =

; the population mean square of

the population mean

?—W) denotes a conventional estimator for the
2w

. . . . Y;
estimation of ratio of two population means R (=Y_1 ) of study
2

characters y;(i = 1,2).

In this case, when population mean of auxiliary character x
is known, the conventional (S;) and alternative (S2)
estimators for estimation of ratio of two population means in
presence of non-response is defined as

S = =
and S2=RWT)E
X

(5)
(6)

Where, ¥ = %Zgzl Xp sthe sample mean of auxiliary
character of size n.

Now, the relative bias and mean square error of estimators
S1 and S2 is given as
R.B.(S)) = R.B.(Rw)
RLEICC))

- nyz ]

)

(o IC

Xy1

[Coyr @) = Cayo2)]
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M.S.E.(S;) = M.S.E.(Rw) +R2(% - % )CZ + 2(Cyy, — Cxy,)]
w2(k-1
+ ( €25 + 2(Cay2) — Cayay)] (®)
And, R.B.( S,)= R.B.( Rw) +(% ; % )Cry, = Cry,] )
M.S.E.( S;) = M.S.E.(Rw) +R2(% ; % )CZ + 2(Cry, = Cay,)]
(10)
W2 (k—
Where, RB.(RW) = (= - 1)[CZ, = Cy,y,] + 2( Ve o) -
Cyryr )] (11)
And, M.S.E.(Rw) = RZ{(% - % NCE +C2 —2Cyy]
w2(k-1
+ ( U2 o) + Chay) — 2Chyai]} (12)

Now, we suggest two different type estimators, first, the
conventional estimator (S;;), when incomplete information
on both study characters y;(i = 1,2) and auxiliary character x
and second ,the alternative estimator(S,;), when incomplete
information on only study characters y;(i = 1,2) which are
given as

_ V1w + bxy, (X—%w)

Siu= 13
1 Vaw + bxy, (X— %) (13)
Viw + bxy, (X— %)
And, S;; = Tow + bryy - 1) (14)
Where, by, (i=1,2) = Sxyl = Txy‘:# ; the sample regression
x X

coefficient of y;(i =1,2) and x.

2= —Z"(xp — %)? ; the sample mean square of characters
x based on n units.

1 _
sf,i = EZS()’@‘%‘)Z ; the sample mean square of

characters y;(i = 1,2) of size n.

And, 1, be the sample correlation coefficient between y;(i
=1,2) and x.

Relative Bias and Mean Square Error

For expression of Bias and mean square error, Let us assume
Viw=Yi+& Fow =Y + & ,xW—X+£3 X = X+s4,sxyl

2
Sxy1 + &5 Sxy, = Sxy2+ &6 3 sx =S¢ +&;

Such that - E(g; ) = E(g, ) = E(e3) = E(g4 ) =E(&5) = E(gg) =
E(e;) =0

Now, expressing Sy, in terms of ¢; ‘s , we get
Sx Sxy,+
Si={(Y o) + (o n (- £3 MYz +82 ) + (52— (-

SZ+£
€3 )}

+ &5
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={ R += ) +B1 ) e HHRA +

72)+/32(1+ -

)(1+ )1( €3 )} =
Where, f; =~ "yl (i=1,2)

Expressing usmg binomial theorem and neglecting 3" and
higher terms , we get

2 2
g1 &2 By 1 g &1 2 i
S =R{ 1+ = -= + _——_— Er + (= - =) + (=5 -
"= R "% E-De+ &2 &
By Bz) ( _ gse7 2By 51)8253 Bz e3t6 Py ests
Y. Y, €3 ¥’ 2 ', Y, Y2 Sxy, Y1 Sxyg
By eaes
Y: Vu
J&2 By [51 & e g B2
OR Sll'R R{ +( ) €3 + _—2-_—_—)+ =z
Yq 2 Y Y3 Y1 Y, Y3
B, B, Bl €3€7 232 [51 €283 Bz £386 P €385
____)83 __ ) - - ) - - =
Y2 Yz Sxy, Y1 Sxy,
By e1t3
% Y. (15)

Now, on taking expectation both sides of section (15), we
get

. 1 1
Bias (S11) = RIRB.(RW) + (- - — ){(’i Bl Bz sz + ’*Yli -
2B2y Sxyz | B2 5xy Wz(k D _3_15_2
72) 7, o {( Sy + (
2B2y Sxy2) | P2 xyl(z) Bl H3o , B2 #21(2) )
YZ) YZ YZ } ( ) {( )SZ + }72 Sxyz
B1 H21(1)
Y1 Sxyy

Relative Bias (S7;) = R.B.(Rw) +( = -

H21(1) H21(2) W2(k 1)
(G- 2B ST + 75 L - iy Gy

+ pxyz CyZAlB]

i)[pxyzc A+ERA -

,AB? + pry, )Gy, Z(Z)AB
(16)

Now, on squaring and taking expectation both sides after
neglecting 3™ and higher terms of section (15), we get

MSE(S,) = B[S11 - R]
= MSE(Rw) - R¥(-- =) A? + RZWZ(k U AB[AB - 24,] (17)

Now, expressing S21 in terms of & ‘s, we get
Sa=( h(1 +S%) +h ) Ca R0+

2
}72) +ﬁ2

) 1( 64)} g

After following the procedure of expression o section (15)
using binomial theorem and neglecting 3" and higher terms ,
we get

2
Su - R =R{ % 52+ﬁ2 )e +( 5152)+(ﬁ_—22-

7, 7, 72

2

Bt -@_@)@ e bysn s pyes
nr Y, 1’ oS Y, no Y Y2 Sxy, Y1 Sxyy
Bz €184
Y, 7 (18)
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Now, on taking expectation both sides of section (18), we
get

. 1 1
Bias (S5;) = R[R.B.(Rw) + (— EL ){(’i Bl Bz £)sz + ’*Yli -
2B2y Sxyz | B2Sxys ﬁl o B2 b212)
172) 7, t T 171}+( ){( )52 +}72 Sxy,
B1 H21(1)
41 Sxy1

Relative Bias (S2;) = R.B.(Rw) +( % - %)[nyz Cy A + % A_

H21(1) _ H21(2) 2
(HE2 -2 53] (19)

Now, on squaring and taking expectation both sides after
neglecting 3™ and higher terms of section (18), we get

MSEC(S;;) = [521 - ]

= MSE(Rw) - R2 ) A? (20)

Where, A = pXJ/1C " Pxy, CJ’z'Al = px}’1(z)CJ’1(z)' pr’z(z)CYZ(z)
_ & Sx(z) _ _ oo

B= o Cr2) = O =% Cyl(z) Syl(z)/yi s Cy= Sy /Y G

=1,2)

CJ’1J’2 pY13’2C C Y2 C}’ﬂ’z(z): pY1}’2(2)CJ’1(2)C3’2(2)’

Cry;= nylC Cy; > Cayi @™ Pxyi2)Cx(2)Cyypy (1=1,2)

Syiy, = T2p=1( Yip = ¥)(Yzp — 12)

Syn) =7, Zgil(ylp@) Y1) Vzp2) — Va2)

S = ey p=1Xp — X)(Yyp = 1) ;i=1,2

S"y‘(z) - T 2Ky — X)) — Vi) 1 1= 1.2
Hrs@iy = ;Zp=1(Xp - X)Y,-Y%)5 0<(rs)<3andi-=
1,2

Theoretical Comparison

From section (17), the proposed estimator S;; is more
efficient than estimator Rw iff, MSE(S;;) - MSE(Rw) <0 i.e.
(=-2) A2 - 22D ABAB - 24,] > 0

It is obvious, ( % - %) A? be always positive unless A # 0
then, "2 AB[AB - 24;] < (5 - 1) A?

or, B2 -2BA,/A < f/f*
where, f = ( % - %) and, f* =

w2 (k-1)

From section(8) and section (17), the proposed estimator S,

is more efficient than estimator S, iff, MSE(S;;) — MSE(S;)

<0

e - (2-2) A7+ TEED AB[AB - 24,] < (- 2)ICF +
W2(k 1)

2 (ny1 Cayy)] + [CZ) + 2(Cry, ) = Cayo )]

or, f*[( AB - 24, - x(2))(AB +Cr)] < (A + Cy)?
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From section (20), the proposed estimator S,; is more
efficient than estimator Rw iff, MSE(S,;) — MSE(Rw) < 0

ie. RZ(L-HAa’<o0
n N
It is obvious, A’ >0 { either, A>0or, A<O

From section(10) and section (20), the proposed estimator
S, is more efficient than estimator S, iff , MSE(S,;) —
MSE(S;) <0

. 11 11

ie. - (2= A2 < (- DICE + 2(Cay, = Cry))]

if, - A’ < CZ+2(Cay, — Cuy,)

or, (A + C,)?>0
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An Empirical comparison

For numerical support of above theoretical results, we
consider the data which has been used by Khare and
Sinha(2007). In this present data, which belong to the data
on physical growth of upper socio—economic group of 95
schools going children of Varanasi under an ICMR study,
Department of paediatrics, BHU, during 1983-84. The
auxiliary and study characters are defined as: y; The
height of children in c.m., y, The weight of children in
k.g., x :The chest circumference of children in c.m.

the values of parameters related to the study characters y; (i
=1,2) and auxiliary character, when first 25% (i.e. 24
children) units has been considered as non-response units,
are given as :

Table-1
N= 95 N, = 24 n= 55
Y, = 115.9526 Y, = 19.4968 X = 55.8611
Cy, = 0.05146 Cy, = 0.15613 Cy = 0.0586
Cri = 0.04402 Cyooy = 0.12075 Cr2) = 0.05402
Pry, = 0.62 Pyy, = 0.713 Pry, = 0.846
Pryiy = 0.401 Py1yacy = 0.678 Prysy = 0.729
W 0.0046 (L-Ly= 0.0077 R%= 35.3699
Nn n
Table-2
Relative efficiency (in %) of different proposed estimators with respect to Rw for different value of k
1/k
Estimator(s)
1/5 1/4 1/3 12
R.E.(%) MSE R.E.(%) MSE R.E.(%) MSE R.E.(%) MSE
Rw 100.00 0.01027 100.00 0.00875 100.00 0.00724 100.00 0.00573
S; 206.48 0.00497 207.41 0.00422 208.73 0.00347 210.79 0.00272
S, 128.06 0.00802 134.59 0.00650 145.07 0.00499 164.66 0.00348
S 221.07 0.00464 226.93 0.00386 235.79 0.00307 250.76 0.00228
S>1 136.00 0.00755 145.02 0.00604 160.08 0.00452 190.27 0.00301
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Conclusion

After studying the above table, we conclude that the proposed
estimators (S;; ,S,;) are more efficient than (S; ,S,) as well as
conventional estimator Ry, for all the given values of k.

Also, the efficiencies of the above estimators increase when the
values of k decrease.
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