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Abstract

In ordered partial metric spaces we introduced some fixed point results, without any type of commutativity of the concerned
maps, we established coupled coincidence results. Also we give some results for nondecreasing mappings.

Keywords: Partial metric space;coupled fixed point; coupled coincidence point, nondecreasing mappings..

Introduction

In 1994 the concept of partial metric spaces was introduced by
Matthews'. This concept is introdused to give a modified
version of the Banach contraction principle>”. The existence
and uniqueness of a fixed point of different contractive
conditions for mappings satisfying on partial metric spaces®”
was studied by several authors. In this paper we extend Luong
and Thuan,6 results. O'Regan D, Petrusel A’ gave some
existence results for Fredholm and Volterra type integral
equations. In some of their works, the fixed point result is also
given for nondecreasing mappings

Preliminaries

Definition-1
A partial metric on a nonempty set X is a function

p:XxX > R" such that for all x,y,z € X
pl. x=y < p(X,x)=p(X,y)=p(y,y)

p2. p(x,x) < p(x,y)

p3. p(x,y) = p(y,x)

p4. P(x.z) £ p(x,y)+p(y.2)-p(y.y)

Lemma 1: Let (X,p) be a partial metric space. Then (a) {X, }is
a Cauchy sequence in (X,p) if and only if it is a Cauchy
sequence in the metric space (X,p°®).

(b) (X,p) is complete if and only if the metric space (X,p°) is

complete. Furthermore, lim___p*(x,,x)=0 if and only if

p(x,x)zlim p(xn,x)z lim p(xn,xm).

Let (X,p) be a partial metric. We endow the product space XxX
with the partial metric ¢ defined as follows: for (x,y), (u,v) € X
x X, q ((x,y), (w,v)) =p (x,u) + p (y,v).
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A mapping F: X x X — X is said to be continuous at (x,y) €
XxX if for each e€> 0, there exists [1>0 such that

F(B,((x.y) 8))cB, (F(x,y).e)-

Definition-2
Let F: X x X — X be a mapping in a partially ordered set (X,
<) and F has the mixed monotone property if for any x,ye X,

x,%,€X, x,<x,= F(x,y)< F(x,,y) and
Vi 2€X, 3,2y, jF(x’yl)iF(x’yz)'

Definition-3

The point (x,y) € XxX is a coupled fixed point of F: X x X —
X. if F(x,y) =x and F(y,x) =y.

Definition 4
The mapping F : X x X — X in partially ordered set (X, <)

has the mixed g-monotone property if for any x,y € X,
X, X,€X, gX, < gX, = F(Xl,y)j F(x,,y) and

v, y.€X, gy, <gy, >F (X’Y1)Z F (X’YZ)'

Main results
Theorem-1

Suppose the metric p on partially ordered set (X, j) and

(X,d) is a complete partial metric space. Let the mapping F: X
x X — X having the mixed monotone property on X. Let X4,y

eXand X, < F (x,,y,)and y, =F(y,.x,).

Suppose 3 ¢ € Pand y e ¥ such that
ool Flu) < olplsa ) —of HET D)

YV xyuveX with X>u and y<V. Suppose either (a) The
mapping F is continuous or (b) X has the following property:
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() If {x,} is a non-decreasing sequence such that {x, } = x,
VY n,
@ii) If {y,} is a non-increasing sequence such that {y }—y

then x, < X,

then y< 'y, V n.

Then 3 x,ye X such that x = F(x,y) and y = F(y,x), that is, F
has a coupled fixed pointin X.
Proof

Let X,, Yo € X be such that x < F (xo,yo) and

y,2F (yo,xo) We construct sequences {X,} and { y, } in X
as

Xn+1 = F (Xm YH) and Y1 = F (Yn’ Xn) V n 0. (2)

We are to prove that

X, <X, ¥ n=0 3)

and

YuZ Yun Vnz0 )

By using mathematical induction method (3) and (4) hold V n
> (. Therefore, xo< X1<X<......... XS XS

and Vo= Y12Y22eounnnnn. R - -

Since x, 2x, , and y, <y, using (1) and (2) we get

6 (5, )= 9 (P (F (5,0, F (5,107,0))
L R B

2

Similarly, since y, 2y, and X, ; <X, , using (1) and (2),
we also have

0 (.. y.u)=0 (G E(Wy, .x, ) F(y,.x,))

1 (o) + P, x,)
_5¢(p(yn1yn)+p(np ))—'/’(py * 2p ]

so we have

O(p(xox, ) +

X, )P (Y00 Yast)

0(p(y,.y.) < 0(p(x,

_2\" (p (Xn’xn—l);- p(yn’yn—l)]

By property (¢3), we have

O(p(%,5%,) + P (Yt ¥0) SO (p(X,0.%, ) + 0 (Y0¥, )

so we have

O, X, J4P (Y0 v)) <O(P(x,.

Xo)+ PV Yot))
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oy (P (X, X,.) + p (ynfyn_l)}

2

&)

since y is a positive function, therefore

PRt X,) 4P Yrs ¥) S0P, X,0) 4P (¥, ¥,0))

Now we use the fact that ¢ is increasing, we get

P (Koo X )+ P (¥oris ¥a) P (X0sXoy) + P (Yas Vo)

Set 6n :P(X Xn)+ p (yn+l,yn)

n+l?
clearly {9, } is decreasing. Therefore,
lim 8, =1im [p (x,.0 2, )+ P (7,00,

n—oo

)= 6. for 1120

n+1 4

It can be shown that 8= 0 as » - « that is,

}1141;2 5’1=}1141;£}[p( n+l’ )+p(yn+l’yn)] O 6)

Let 5]‘: = ps (xn’ xn+l)+ps (yn’ynJrl) V neN.

By definition of p°, clearly that 5; SZSH for all neN. Using
(6), we get

lim & = lim p* (x, %, )+ p* (3,s ¥ ) =0

n—>+oo n—>+o0

Now, we will show that {x,} and {y,} are Cauchy sequences in
(X,p). On the contrary we assume that at least one of {x,} and
{ya} is not a Cauchy sequence. Then 3 an €> 0 for which we
can find subsequences {xuk}, {xmk} of { x,}and {y, )},
{VYmw} of {ya}with n(k) > m(k) >k such that

S S
P Xy Xy ) T P yn(k)’ym(k))ze’

Now we take n(k) > m(k). Then

N s
p (‘xn(k)—l’ Xon(ie) ) +p (yn(k)—l’ ym(k)) <€.
by triangle inequality, we have

€<r =p (Xn(k),xm(k) )+ p’ (yn(k) > Yma )
<p (Xn(k) ,xn(k)—1)+PS (Xn(k)—L X ) +p (yn(k) ,ym(k>—1) + ps(yn(k)—l, ym(k))

<p’ (‘xn(k),‘xn(k)—l) +p (yn(k),yn(k)—l) tE.

Taking k — o and by (6), we get

. s 1 s _
ll_{grk = II(I_EE Xnk)? Xm(k)) +p (yn(k)’ ym(k)) =€.(7)
By the triangle inequality,

s __ .8 s
L =p (Xn(k)’ X (k) )+p (yn(k),ym(k))
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<p’ (Xn(k)’xn(k)+1) +p (Xn(k)+1’ Xm(k)+1) +p (Xm(k)+l’xm(k)) Similarly, @ (p~Y (yn(k)+1 Yot )) < ¢ (’”k )_ 2w (r_k]
+p’ (yn(k),yn(k)+1) +p (yn(k)+1, ym(k)+1) +p (ym(k)+1’ ym(k)) 2

_ Ss S K K .
- 5n(k) + 5m(k) +p (—xn(k)+1a-xm(k)+1 )+ p (yn(k)+1’ ym(k)ﬂ ) So adding we get
By using the properties of ¢, we have

(k)_ ¢( é:(k) iy m(k) +p'(x ( s m(k)+1) +p (yn(k)-i-l ym(k)-i—l)) (I)(P5 ( Xk m(k)+1))+¢(P (yn(k)+1’ ym(k)+1)) 2¢( ) 4‘“( j
¢(é:(k) + é:n(k) )+¢(1? ( Knthoy+1.% m(k)+1))+¢(p (yn(k)+1,ym(k)+1)) ®) Thus, from (8), we have

Now we take I, = p(Xn(k), Xm(k)) + P(yn(k)’ Ym(k))

Then by definition of T, ,

L =p (Xn(k),xm(k))+ps (yn(k),ym(k))

= 2p(xn(k)’xm(k))_p ( n(k)? X n(k)) p \X ( m(k)? xm(k))
+2p (yn(k)’ Y )_ p(yn(k)’ yn(k)) (ym(k)’ ym(k))
)

=25 - p(‘xn(k)’ xn(k)) ( Xnk)> Xmi)

-p (yn(k)’ Ytk )_ p (ym(k)’ Yo )

By property (p2) and (6), we have
klggo P Koy o) = lim P (Xm(k)’xm(k))

= hm p (y,,<k) yn(k))

k—>+oo

= lim p (ym(k) ym(k))

k—+oo

Therefore, taking k—+ o and using (7), we get

= lim 1, —E
2

k—+oo

Since X, ) < X, and Y, SV, We have

¢ (ps (‘xm(k)+1’ Xkt )) < ¢(2p (‘xn(k)+l’ Xin(hey1 ))
< 20(p (%17 Xemgon)

= 2¢(P (F (‘xn(k),yn(k)))’ p (F(‘xm(k)’ym(k))))

< q)(P (Xn(k)’ X k) )+ |y (Yn(k)’ Ym) ))

_oy (p(xn(k)’ Xon(k) ) +p(yn(k)’ ym(k))j

2

2

=0 (n)-2w (—]

that is ¢ (pS (‘xm(k)+1’ Kin(ky+1 )) <¢(n)-2yp (_j
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0 (rk)< 013 ( nio T 5:11(k))+ 2¢(rk)—4llf(%k].

Now using the properties of ¢ and w and letting k—+c , we
have

pe)<p(0)+2¢ (ij—é& lim y [’;j < ¢(e)—4lim y/( j
k—+oo 7_)/1
<gle)-41lim v (1) < ¢ (€).
e 3
2
which is a contradiction. So, {x,} and {y,} are Cauchy

sequences in the complete metric space (X,p*).Thus, by lemma
1 there are x,ye X such that

lim p’ (xn,x)z lim p’ (yn,y)=0 )
n—>+oo n—>+oo

which implies that lim F(Xn,yn)Z lim x, =X,
lim F(yn,xn): lim y, =y, (10)

Using (6),Lemma 1 and the property (p2), we have
p(‘x"x)= llmp( n’ )_ llm p( n’ ) 0’
n—>too

p(y.y)=lim p (y,.y )=nlgg p(y,.7,)=0,a1

Suppose the condition (a) holds. Since F is continuous at (X,y),
for any € >0, 3 >0 such that if (u,v)e XxX with

v ((X, y)’ (M,V)) <v (()C, )7), (X, y)) +0=0 thatis
p (x,u)+p(y,v) < p (x.x) +p (y,y) + 8=3,
since p(x,x) = p(y,y) = 0. Then

p (Fxy), F (wv))< p(F(x,y), Fx,y) +

€
>
since  lim,_,,_ p(x,x)=lim_,_p(y,y)=

0, for
7 = min (5,ej > (), there exist
22

n,, m,e N such that, for n = ng, m = mg, p (x,, X) <M and p

(Ymy) <M.
Then for ne N, n > max (ng, mgy), we have p (X,,X) + p (VoY) <

21 < & so we get
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€
p (F(x.y) F(x,y,)) < p (Flx.y) E(x.y)) + 2.
Further, for any n > max (ng, my),

p(F(x.y). x)<p (F(x.y). X)) +p (x,1.X)

=p (F(x,y) F(x,5,)) + P (x,0%)
<p(F(xy) F(X,y))+§+n
<p (F (X,y), F(X, y)) +e. (12)

Putting p(x,x) = p(y,y) = 0 in (1), we get p (F(x,y), F (x,y)) = 0.
Hence, for any € >0, by (12), we get p (F (x,y), x) < €.

Hence F(x,y) = x. Similarly it can be shown that F(y,x) = y.
Assuming that (b) holds. By (3), (9) and (10), we have { x, } is
a non-decreasing sequence, X,—X and {y, }is a non-increasing
sequence, y, — y as n — oo Hence, by (b), we have ¥V n=0,

x,<x and y, <y

Using (p4), we get

pleFlxy) <plex, +plx,, Fley)=pl x, ) +plFlx,. ) Flxy)

Therefore,

¢ (p(x.F(x.)) <0 (p(x.x,., ) + ¢(p(F (x,.y,) Flx.y)

<0 (p (X, X[H,])) +% ¢ (p(Xn,X) + p(yn,y))—\lf (p(xn’x);p(yn’Y)]

In the above inequality ,we take limit as n—oo, using (12) and
(11) and the properties of ¢ and y, we get ¢ (p (x, F (x,y)))=0,
which implies p (x,F(x,y))=0. Hence, x=F(x,y). Similarly, it can
be shown that y=F(y,x) .Thus F has a coupled fixed point.

Implicit Relation
Let T be the set of all continuous functions T: °+ —  where
+ is set of the nonnegative real numbers, and satisfying

Ty :T(t ..., tg) is decreasing in variables t,, ....., tg;

T, . Aright continuous function f: , — ,1is exist, f(0)=0, f (t)
<tfort>0,suchthatforu>0,T (u,v,u,v,0,u+v)<0or
T v,0,0,v,v) 0= u<sf(v);

Ts: T(u, 0,u,0,0,u) >0, V u>0.

Lemma 2

Let for every t > O there be a right continuous function f: ,
— , such that f(t) < t, then the n-times repeated composition of
f with itself is zero as n — oo. That is

lim, _,..f" (t) = 0.

Theorem 2.
Suppose that there is a metric d on X. Where (X, g) is a

partially ordered set such that (X,d) is a complete metric space.
Suppose F:X —X is a nondecreasing mapping such that V x,
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y,€X with y<ux, T((FxFy), dxy), dxFx), d(yFy),
d(x,Fy), d(y,Fx)) <0, (13)

where T € T. Also F is continuous, or if {x,} < X is a
nondecreasing sequence with x, — x in x, then x, <x Vn

hold. If there exists an xo€ X with x, < F' (xo ), then F has a

fixed point.

Proof.
There is nothing to prove If Fx, = X¢, so suppose x, # Fx,. Now

let x,=Fx,.; for n € {1,2,...}. Notice that, since XOjFXO and F

is nondecreasing, we have xo< x;<xi<......... XS X1 Seennnns

Now since x,.;< X, by inequality (13) ,we have T(d(Fx,, Fx,.),
d(xnsxn-l)’ d(Xn, FXH)? d(xn-ls Fxn-l)v d(xns Fxn-l)v d(xn-l’ Fxn)) < 0
SO

T(d(xnﬂ’ Xn)a d(xnaxn-l)’ d(xn’ Xn+l)a d(Xn-la Xn)’ Oa d(xn-la Xn+l)) < O

By using T}, we have T(d(Xn+1, Xn), d(Xp,Xn-1)s d(Xns Xner), d(Xn-p,
Xn),0,d (Xp_1, Xp) +d(Xy, Xpe1)) £ 0, Using T, a right continuous
function f: ,— ,is exist, f(0) = 0, f(t) <t, for t>0 such that for
allne {1,2,....}, d(Xps1, Xp) < f(d(Xp, Xn1))-

If we continue this procedure, we can have
d(Xne1, Xn) < £ (d(x1, X0)),
and so by lemma 2

limd (x,,,, x, )=0.

(14)

Now this can be easily prove that {x,} is a Cauchy sequence in
X, so Jan x € X with lim__,_ X, 6 = X. then clearly x =Fx.

Suppose d(x, Fx)>0. Now since lim__,_ X =X, then X < X

for all n. Using the inequality (13), we have T(d (Fx, Fx,),
d(x,x,), d(x, X,), d(x,Fx), d(x,,Fx,), d(x, Fx,), d(x,, Fx)) <0,

so letting n — oo from the last inequality, we have

T (d(Fx, x), 0, d (x, Fx), 0, 0, d (x,Fx)) <0,

which is a contradiction to Ts. Thus d (x, Fx) and so x = Fx.

Corollary

Suppose that there is a metric d on partially ordered set
(X, S) and (X,d) is a complete metric space and F : X — X is
a nondecreasing mapping such that V' x, y e X with y < x,

d (Fx, Fy) € a max {d(x,y), d (x,Fx), d(y,Fy)} + (1-a) [ad (x,
Fy) +bd (y,Fx)], where 0<a<1,0<a<1/2,0<b< 1/2.
Also F is continuous or if {x,} < X is a nondecreasing

sequence with x, — x in X, then X, <xVn hold. If there

exists an xo € X with X, < F (XO ) , then F has a fixed point.
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Conclusion

In view of above results It is very much clear that we extend
some fixed point results in partial metric space having the
mixed monotone property and for nondecreasing mappings.
This is the first effort in the existing literature.

Our results contain so many results in the existing literature and
will be helpful for the workers in the field.
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