% Research Journal of Mathematical and Statistical Sciences ISSN 2320-6047
Vol. 1(2), 4-6, March (2013) Res. J. Mathematical & Statistical Sci.

Inversion of an Integral Involving a Product of General Class of
Polynomials and H-function as Kernel

Pandey Sunil and Shukla M.K.
Department of Mathematics, Govt. Model Science College, Jabalpur, MP, INDIA

Available online at: www.isca.in
Received 20" December 2012, revised 12" February 2013, accepted 2™ March 2013

Abstract

Solution for a certain convolution integral equation of Fredholm types whose kernel involves a product of general class of
polynomials and H -function has been obtained. The main result is believed to be general and unified in nature. A number of
results follow as special cases by specializing the parameters of the general class of polynomials and H -function.
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Introduction

Fredholm type integral equations with polynomial or special function kernels have been studied earlier by many research workers'™.
The main object of this paper is to evaluate an exact solution of the following convolution integral equation of Fredholm type

Jo v tu (ﬁ) d()dy = g(x), (x>0) (1)

where g is a prescribed function, ¢ is an unknown function to be determined and the kernel u(x) is given by
—mn
u(x) = Slcl[x]Hp,q [x], (2)

where S} [x] is the general class of polynomials introduced and studied by Srivastava® and is defined by means of the following
series expansion:

SN [x] = E’i/f]%AN,RxR, N=01,, 3)

—mn
where M is an arbitrary positive integer and the coefficients Ay (N, R = 0) are arbitrary constants real or complex and Hp, [x]

is the Inayat Hussain H-function® and studied by Buchman and Srivastava’, which can be written in terms of Mellin-Barnes type
integral by

cand)  (asai m B n e ]
—ymn —ymn [ (a]'aJ’A]).l'n’(a]'aj)n+1‘p — 2; p - j:lr(bl ﬁ]f) nl:lB{F(]’; a1+ a]f)} J xfdf ) (Z =+ O) (4)
BjoB)) 1 i OiBIB) g g 270 My TA=Dj+ BOY T, T(aj— @)

Hyq [x] = Hpg

where L is a suitable contour. The details of this function can be found in® "%,

Our method of solution of integral equation (1) with kernel u(x) given by (2) would depend on the theory of Mellin transform
defined by ®(s) = M{p(x); s} = [, x*"1p(x)dx, )
provided that the integral exists.

Mellin Transform of u(x)

In order to solve the integral equation, we shall require the following result contained in
Lemma: Let U(s) = M{u(x); s} where u(x) is defined by (2), then

(N/M] “N)mg g T T+ Bi(R+s)) T, (F(1-aj- a;(R+s)}"
U(S) = R=0 7l AN,R X l_[q I Bj P
: j=mt1 (1- bj— B](R+S))} l'lj:n+1l"(aj+ al-(R+s))

(6)
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provided that — min; <<, Re <ﬁ ) < Re(R +5) <min<j<p Re( ) R=012,...[N/M]

aj
Proof of the lemma: Let

U(s) =M {SI{‘,” [x]ﬁ;r,lén[x]; s} = fowa—lsll\\;l [x]ﬁzzn[x] do. )

Making use of the series expansion of the general class of polynomials defined by (3) and changing order of summation and
integration, we get

(=N) —m,n
U(s) = RN/J"]TMR Ay M{erp,q [x];s}. ®)
Further, apply the followmg known formulae’ and Mellin Transform of H -function:
M{xPe(x); s} = (s + p) ©)
And
M, Tbj+ Bs) M, (T(1-a;-a; 4j
M{ pq [ax]} - j=1T®j+ Bjs) 1 (pa, a;js)} a, (10)
Iy T D= B;S)} i 41 T(@j+ a)s)

provided that
—min; <<, Re <5 ) < Re(s) <min<j<, Re ( a’) we arrive at the desired result (6).
aj

Solution of the Integral Equation

The solution of the convolution integral equation of Fredholm type is given in the following theorem:

Theorem: Let the Mellin transforms ®(s), G(s) and U(s) # 0 of the functions ¢(x), g(x) and u(x) defined by (2) exist and are
analytic in some infinite strip y < Re(s) < & of the complex s-plane. Also assume that for a fixed ¢ € (y, §), u*(x) be defined by

u*(x) = M~ YU (s);x} = chww x~SU*(s)ds (11)

C—Wx
where,

- . -1
r(f) v/ CVMe T, T(bj+Bj(R+s+pk+0)) Ty {T(1- aj-a;(R+s+pk+0)) )% ] 12

U*(s) = [Pk-(Tpk) R=0 @®)! “NR ® g
F(T) [] mar (T(1-Dj— 51(R+s+pk+o))} 1]_[1 nt 17@j+ aj(R+s+pk+a))
provided that the following sets of conditions hold

i Jargx| < %Qn, where Q as defined in® , ii. p # 0 and k is a non-negative integer, iii. — — Miny <, Re (5 ) < Re(R+s+pk+

. 1-a; . . . ... . . .
0) <min; .., Re (a—a’> and iv. M is an arbitrary positive integer and the coefficients Ay z(N,R = 0) are arbitrary (real or
J

complex) constants.
The integral equation (1) has its solution given by ¢(x) = x~Pk~ “f y lu ( ) (yp+1Dy)k{y"g(y)} dy, (13)

provided that the integral exists.

Proof
Applying the convolution theorem for Mellin transforms” we find from (1), that U(s)®(s) = G(s) (14)

where @(s) and G(s) are Mellin transforms of ¢(x) and g(x) respectively and U(s) is given in (6). Replacing s by s + pk +
o (p # 0 and k is non — negative integer) in (14), we get

F(s+pk+0)=U*(s){p ( S+ppk) }G(s+pk+0) (15)
and making use of the formula given by Srivastava®:

MA{(x"D )™ f(x);s} = h® (— %)n F(s + hn), (h # 0,n a non-negative integer), (16)
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we get F(s + pk + o) = U*(s)[(y?*1D,)*{y” g(¥)};s] and applying (9), we find that 17
Mg () sy = M { [y (2) 0P DMy g} s} (18)

Inverting both sides of (18) by using Mellin inversion theorem ’, we get the desired theorem.

Applications

i IF we set M= 1,4y, = (V) LR
R

Pléa’ﬁ)(l — 2x), and we get

, then the general class of polynomials Si[x] is reduced to Jacobi polynomial

Corollary 1: Under the hypothesis of Theorem, the integral equation fow y (i) d(y)dy = g(x); (x > 0), (19)
where the kernel u, (x) = Pléa'ﬁ Y(1- 2x)ﬁ;r} "Zn [x] (20)
has its solution ¢(x) given by

. k
$(x) = x40 [y ~hu; (5) (v2+10,) 7 g o)} dy 1)

provided that the integral (21) exists and uj (x) is the Melline inverse transform of

Ui(s) = F(_S) s (=N)Mr (N+a) (a+B+N+1)g H}llr(b1+31-(r+s+pk+a)) M-, {r(2- al-—aj(r+s+pk+a)).}Af 22)
1 - ( (s;pk)) k=0 (R)' (a+1)R ﬂj.l:m+1{F(l—bj—ﬁj(R+s+pk+o))} J ]‘[57 nt 17(@j+ aj(R+s+pk+0))

provided that sets of conditions (i), (ii) and (iii) of the main Theorem are satisfied.

ii. On taking 4; = B; = 1 the H -function reduces to Fox’s H-function and we found that the solution of integral equation (1) in
terms of Fox’s H-function given in> 7>,
iii. Further, letting N = 0 and 4y = 1, the general class of polynomials S [x] is reduced to unity and we get a result given in 3

Conclusion

It may be pointed out here that the general class of polynomials is very general in nature and it unifies and extends a number of
classical orthogonal polynomials, such as Jacobi polynomials, the Laguerre polynomials, the Hermite polynomials, the Gagenbauer
polynomials, the Legendre polynomials and several other classes of the generalized hypergeometric polynomials. Also the H-
function is a very general function and has for its particular cases a number of important special functions “""* .
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