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Abstract  

In this work, we study a fourth-order boundary value problem problem with eigenparameter dependent boundary conditions 

and transmission conditions at a interior point. A self-adjoint linear operator A is defined in a suitable Hilbert space H such 

that the eigenvalues of such a problem coincide with those of A. We obtain asymptotic formulae for its eigenvalues and 

fundamental solutions. 

2010 Mathematics Subject Classification. 34L20, 35R10. 

 

Keywords: Asymptotics of eigenvalues and eigenfunctions, transmission conditions, fourth-order differential operator, 

spectrum. 
 

Introduction 

It is well-known that many topics in mathematical physics require the investigation of eigenvalues and eigenfunctions of Sturm-

Liouville type boundary value problems. In recent years, more and more researches are interested in the discontinuous Sturm-

Liouville problem
1-7

. Various physics applications of this kind problem are found in many literatures, including some boundary 

value problem with transmission conditions that arise in the theory of heat and mass transfer
8,9

 . The literature on such results is 

voluminous
1-11

 . 

 

Fourth-order discontinuous boundary value problems with eigen-dependent boundary conditions and with two supplementary 

transmission conditions at the point of discontinuity have been investigated
12-13

. Note that discontinuous Sturm-Liouville problems 

with eigen-dependent boundary conditions and with four supplementary transmission conditions at the points of discontinuity have 

been investigated
4
. 

 

In this study, we shall consider a fourth-order differential equation  

( ) ( )( ) )()()(: xuxuxqxuxaLu λ=+′′=
′′

              (1.1) 

on  [ ) ( ]1,00,1 ∪−=I  , with boundary conditions at  1−=x   

( )

( )
1 1 2

2

: 1 ( 1) 0, (1.2)

: 1 0, (1.3)

L u u u

L u u

α α ′′′= − + − =

′′= − =
 

with the four transmission conditions at the points of discontinuity  0=x  , 

 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

3

4

5 1

6 2

: 0 0 0, (1.4)

: 0 0 0, (1.5)

: 0 0 0 0, (1.6)

: 0 0 0 0, (1.7)

L u u u

L u u u

L u u u u

L u u u u

λδ

λδ

= + − − =

′ ′= + − − =

′′ ′′ ′= + − − + − =

′′′ ′′′= + − − + − =

 

and the eigen-dependent boundary conditions at  1=x   

( )

( )
7

8

: 1 (1) 0, (1.8)

: 1 (1) 0, (1.9)

L u u u

L u u u

λ

λ

′′′= + =

′ ′′= + =
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where  ( ) 4

1axa =  , for  [ )0,1−∈x  ,  ( ) 4

2axa =  , for  ( ]1,0∈x  ,  01 >a   and  02 >a   are given real numbers,  )(xq   is a 

given real-valued function continuous in  [ ) ( ]1,00,1 ∪−   and has a finite limit  )(lim)0( 0 xqq x ±→=±  ;  λ   is a complex 

eigenvalue parameter;  ii δα ,    ( )2,1=i   are real numbers and  ,021 ≠+ αα    .021 ≠+ δδ   

 

Preliminaries 

Firstly we define the inner product in  L
2

  for every  f  , ( )ILg 2∈   as, ,
11

, 22

1

04

2

11

0

14

1
1

dxgf
a

dxgf
a

gf ∫∫ +=
−

 

where  [ ) ,)()( 0,11 −= xfxf    ( ]1,02 )()( xfxf =  . It is easy to see that  ( ) [ ]( )⋅⋅,,2 IL   is a Hilbert space. Now we define the inner 

product in the direct sum of spaces  ( )
21

CCCC2

δδ ⊕⊕⊕⊕IL   by, 

[ ] 443322111
,,,,,:, khkhkhkhgfGF ++++=  

for,   ( ) ( ) ( ) .CCCC,,,,:,,,,,:
21

2

43214321 δδ ⊕⊕⊕⊕∈== ILkkkkgGhhhhfF  

 Then  ( ) [ ]( )⋅⋅⊕⊕⊕⊕= ,,CCCC:
21

2

δδILZ   is the direct sum of modified Krein spaces. A fundamental symmetry on the 

Krein space is given by 

,

sgn0000

0sgn000

00100

00010

0000

:

2

1

0























=

δ

δ

J

J  

where,  ( ) ( )ILILJ
22

0 : →  

 is defined by  ( )( ) ( )xfxfJ =0  . We define a linear operator  A   in  Z   by the domain of definition 

( ) ( ) ( )( ) ( )( ){
( ) ( ) ( ) }

( ) ( ) ( ) ( ) ( )( )
( ) ( ).)0( ),0(),1( ),1( ,

,00 ,00 ,1 ),1( ,

,)0( ,0 ),1( ,1 ,4,1 ,0 ,

,3,0 ,1,0 ,0,1|,,,,:

21

241321

2

)(

2

)(

14321

ADfffffF

ffffffLfAF

fhfhfhfhkfLILLf

iACfACfZhhhhfAD

k

loc

i

loc

i

∈−′−′=

−′′′−+′′′−′′−+′′′′−′′′−=

−=′−=′====∈

=∈−∈∈=

δδ

δδ  

Consequently, the considered problem (1.1)-(1.9) can be rewritten in operator form as 

 

,FAF λ=  

i.e., the problem (1.1)-(1.9) can be considered as the eigenvalue problem for the operator  A  . Then, we can write the following 

conclusions: 
 

Theorem 2.1. The eigenvalues and eigenfunctions of the problem (1.1)-(1.9) are defined as the eigenvalues and the first 

components of the corresponding eigenelements of the operator  A   respectively. 
 

Theorem 2.2. The operator  A   is self-adjoint in Krein space  Z . 
 

Fundamental Solutions 

Lemma 3.1.  Let the real-valued function  ( )xq   be continuous in  [ ]1,1−   and  ( )λif    ( )4,1=i   are given entire functions. 

Then for any  C∈λ   the equation, ( ) ( )( ) Ixxuxuxqxuxa ∈=+′′ ′′
  ),()()( λ  

has a unique solution  ( )λ,xuu =   such that  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ).1 ,1 ,1 ,1or 

1 ,1 ,1 ,1

4321

4321

λλλλ

λλλλ

fufufufu

fufufufu

=′′′=′′==

=−′′′=−′′=−=−
′

′

 

and for each  [ ]1,1−∈x  ,  ( )λ,xu   is an entire function of  λ  . 

 Let  ( )λφ ,11 x   be the solution of Eq. (1.1) on  [ )0,1−   which satisfies the initial conditions 

( ) ( ) ( ) ( ) .1 ,011 ,1 1111111211 αφφφαφ −=−=−=−=− ′′′′′′
 

 

By virtue of Lemma 3.1, after defining this solution, we may define the solution  ( )λφ ,12 x   of Eq. (1.1) on  ( ]1,0   by means of the 

solution  ( )λφ ,11 x   by the initial conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 1 1 2 1 1 1 2 1 1 1 1 1 1 2 1 1 2 1 1
0 0 ,  0 0 ,  0 0 0 ,  0 0 0 . (3 .1)φ φ φ φ φ φ λ δ φ φ φ λ δ φ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= = = − = −  

 

After defining this solution, we may define the solution  ( )λφ ,21 x   of equation (1.1) on  [ )0,1−   which satisfies the initial 

conditions 

( ) ( ) ( ) ( )2 1 2 1 2 2 1 1 2 1
1 0 ,  1 ,  1 ,  1 0 .φ φ β φ β φ′ ′ ′ ′ ′ ′− = − = − = − − =      (3.2) 

 

After defining this solution, we may define the solution  ( )λφ ,22 x   of Eq. (1.1) on  ( ]1,0   by means of the solution  ( )λφ ,21 x   by 

the initial conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )22 21 22 21 22 21 1 2 1 2 2 2 1 2 21
0 0 ,  0 0 ,  0 0 0 , 0 0 0 . (3 .3)φ φ φ φ φ φ λ δ φ φ φ λ δ φ′ ′ ′ ′ ′ ′ ′ ′′′ ′′′= = = − = −

 

Analogically we shall define the solutions  ( )λχ ,11 x   and  ( )λχ ,12 x   by the initial conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
12 12 12 12 11 12 11 12

11 12 1 12 11 12 2 12

1 1,  1 1 0, 1 ,  0 0 ,  0 0 ,

 0 0 0 ,  0 0 0 .

χ χ χ χ λ χ χ χ χ

χ χ λ δ χ χ χ λ δ χ

′ ′′ ′′′ ′ ′

′′ ′′ ′ ′′′ ′′′

= − = = = = =

= + = +

    (3.4) 

Moreover, we shall define the solutions  ( )λχ ,21 x   and  ( )λχ ,22 x   by the initial conditions 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2 2 2 2 1 2 2 2 1 2 2

2 1 2 2 1 2 2 2 1 2 2 2 2 2

1 0 ,  1 1,  1 ,  1 0 ,  0 0 , 0 0 ,

 0 0 0 ,  0 0 0 .

χ χ χ λ χ χ χ χ χ

χ χ λ δ χ χ χ λ δ χ

′ ′ ′ ′ ′ ′ ′ ′

′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′

= = − = = = =

= + = +

   (3.5) 

Let us consider the Wronskians 

( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )λχλχλφλφ

λχλχλφλφ

λχλχλφλφ

λχλχλφλφ

λ

,,,,

,,,,

,,,,

,,,,

:

21112111

21112111

21112111

21112111

1

xxxx

xxxx

xxxx

xxxx

W

′′′′′′′′′′′′

′′′′′′′′

′′′′

=  

 

and 

( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

,

,,,,

,,,,

,,,,

,,,,

:

22122212

22122212

22122212

22122212

2

λχλχλφλφ

λχλχλφλφ

λχλχλφλφ

λχλχλφλφ

λ

xxxx

xxxx

xxxx

xxxx

W

′′′′′′′′′′′′

′′′′′′′′

′′′′

=  

which are independent of  x   and entire functions. This sort of calculation gives  ( ) ( )λλ 21 WW =  . Now we may introduce in 

consideration the characteristic function  ( )λW   as  ( ) ( )λλ 1WW =  . 

 

Theorem 3.2. The eigenvalues of the problem (1.1)-(1.9) are the zeros of the function  ( )λW  . 

Proof. Let  ( ) 0=λW  . Then the functions  ( ),,11 λφ x    ( )λφ ,21 x   and  ( ),,11 λχ x    ( )λχ ,21 x   are linearly dependent, i.e., 
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( ) ( ) ( ) ( ) 0,,,, 214113212111 =+++ λχλχλφλφ xkxkxkxk  

for some  01 ≠k   or  02 ≠k   or  03 ≠k   or  04 ≠k  . From this, it follows that  ( ) ( )λχλχ ,, 214113 xkxk +   satisfies the 

boundary conditions (1.2)-(1.3). Therefore 

( ) ( ) [ )
( ) ( ) ( ]




∈+

−∈+

1,0,,,

0,1,,,

224123

214113

xxkxk

xxkxk

λχλχ

λχλχ
 

is an eigenfunction of the problem (1.1)-(1.9) corresponding to eigenvalue  .λ   

 

Now we let  ( )xu   be any eigenfunction corresponding to eigenvalue  λ  , but  ( ) 0≠λW  . Then the functions  ,11φ    ,21φ    

,11χ    21χ   would be linearly independent on  ( ].1,0   Therefore  ( )xu   may be represented as 

( )
( ) ( ) ( ) ( ) [ )
( ) ( ) ( ) ( ) ( ]




∈+++

−∈+++
=

,1,0,,,,,

0,1,,,,,

228127226125

214113212111

xxcxcxcxc

xxcxcxcxc
xu

λχλχλφλφ

λχλχλφλφ
 

where at least one of the constants  c1 ,    c2 ,    c3 ,    c4 ,    c5 ,    c6 ,    c7   and  c8   is not zero. Considering the equations 

( )( ) 8,1  ,0 == υυ xuL                                 (3.6) 

as a system of linear equations of the variables  c1 ,    c2 ,    c3 ,    c4 ,    c5 ,    c6 ,    c7 ,    c8   and taking (3.1)-(3.5) into account, 

it follows that the determinant of this system is 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) .0

00000000

00000000

00000000

00000000

000000

000000

000000

000000

3

2212221222122212

2212221222122212

2212221222122212

2212221222122212

224124

223123

212112

211111

≠−=

−−−−

−−−−

−−−−

−−−−

′′′′′′′′′′′′′′′′′′′′′′′′

′′′′′′′′′′′′′′′′

′′′′′′′′

λ

χχφφχχφφ

χχφφχχφφ

χχφφχχφφ

χχφφχχφφ

φφ

φφ

χχ

χχ

W

LL

LL

LL

LL

 

Therefore, the system (3.6) has only the trivial solution  0=ic    ( )8,1=i  . Thus we get a contradiction, which completes the 

proof. 

 

Asymptotic formulae for eigenvalues and fundamental solutions 
We start by proving some lemmas. 

Lemma 4.1. Let  ( )λφ ,x   be the solution of Eq. (1.1) defined in Section 3, and let  ,4s=λ    its += σ  . Then the following 

integral equations hold for  :3,0=k   

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

1

1

1

1 1 1

3 3

2 1 1 2 1 1
1 1 3 3

1 1

3 3

2 1 1 1
1 13 3 1

1

1 1
, co s s in

2 2 4 4

sin , .
4 4 2

s x

a

s x s x y s x y

a a a

k k k k

k k k k

k k
x

k k

s x s xa ad d d d
x e

d x d x a s d x a s d x

s x ya ad d
e e e q y y d y

s d x s d x a

α α α α
φ λ

α α
φ λ

+

+ − −
− −

−

+ +  
= + + − 

 

−  
+ + + − +  
   

∫

  (4.1) 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

2 3

12 2 12 2 12 2 12

12 2 3

2 2

2 3 2 3

12 2 12 2 12 2 12 12 2 12 2 12 2 12

2 3 2 3

0 0 0 0
, cos sin

2 2 2 2

0 0 0 0 0 0 0 0

4 4 4 4 4 4 4 4

sx
a

k k k

k k k

k

k

a a ad d sx d sx
x

dx s dx a s s dx a

a a a a a ad
e

s s s dx s s s

φ φ φ φ
φ λ

φ φ φ φ φ φ φ φ

′′ ′ ′′′

′ ′′ ′′′ ′ ′′ ′′′

   
= − + − ×   
   

   
+ + + + × + − + −   
   

( ) ( ) ( )

( ) ( )

2

2 2

3

2
123 0

2

sin , .
2

sx
a

s x y s x y

a a

k

k

k
x

k

d
e

dx

s x ya d
e e q y y dy

s dx a
φ λ

− −

−

−− 
+ − + 

 
∫

 (4.2) 
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( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1 1

1 1

1 1

1 1 1
21

1

3

1
213 1

1

1
, sin

2 4 4

sin , .
2

s x s x

a a

s x y s x y

a a

k k k k

k k k k

k
x

k

s xa a ad d d d
x e e

dx s dx a s dx s dx

s x ya d
e e q y y dy

s dx a

φ λ

φ λ

+ +

− −

−

−

−

+
= + −

− 
+ − + 

 
∫

    (4.3) 

 

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

2 3

22 2 22 2 22 2 22

22 2 3

2 2

2 3 2 3

22 2 22 2 22 2 22 22 2 22 2 22 2 22

2 3 2 3

0 0 0 0
, cos sin

2 2 2 2

0 0 0 0 0 0 0 0

4 4 4 4 4 4 4 4

sx
a

k k k

k k k

k

k

a a ad d sx d sx
x

dx s dx a s s dx a

a a a a a ad
e

s s s dx s s s

φ φ φ φ
φ λ

φ φ φ φ φ φ φ φ

′′ ′ ′′′

′ ′′ ′′′ ′ ′′ ′′′

   
= − + − ×   
   

   
+ + + + × + − + −   
   

( ) ( ) ( )

( ) ( )

2

2 2

3

2
223 0

2

sin , .
2

sx
a

s x y s x y

a a

k

k

k
x

k

d
e

dx

s x ya d
e e q y y dy

s dx a
φ λ

− −

−

−− 
+ − + 

 
∫

    

(4.4) 

 

Proof. Regard  ( )λφ ,11 x   as the solution of the following non-homogeneous Cauchy problem: 

( ) ( )( ) ( ) ( ) ( )
( ) ( )
( ) ( )








=−=−

=−=−

=+′′−

′′′′′

′

′′

.0,1 ,0,1

,0,1 ,1,1

,,

1111

1111

1111

4

11

λφλφ

λφλφ

λφφφ xxqxsxxa

 

Using the method of constant changing,  ( )λφ ,11 x   satisfies 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) .,sin
244

44

1
sin

2

1
cos

2
,

11

1
13

3

1

3

3

112

3

3

112

1

3

3

11

1

2
11

111

1

1

1

dyyyqee
a

yxs

s

a
e

s

a

e
s

a

a

xs

s

a

a

xs
x

a

yxs

a

yxs

a

xs

a

xs

x

λφ
αα

αααα
λφ









+−

−
+








++









−+

+
+

+
=

−−+

+

−

−

−

∫

 

 

Then differentiating it with respect to  x  , we have  ( ).1.4   The proof for  ( ),2.4    ( )3.4   and  ( )4.4   is similar. 

 

Lemma 4.2. Let  ,4s=λ    its += σ  . Then the following asymptotic formulae hold for  :3,0=k   

( )
( ) ( ) ( ) ( )1 1 1

1 1 1
12 2

11

1

1
, cos .

2 4

s x s x x

a a a

k k k
sk

k k k

s xd d d
x e e O s e

dx dx a dx

α α
φ λ

+ + +
− −+    = + + +   

   
    (4.5) 

 

( )
( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

1 2

1 22 2

2 2 3 2 2

2 1 11 2 2 11 2 1 11

12

2 2

3

2 2 11

0 0 0
, cos sin

2 2 4

0
.

4

sx sx
a a

k a x asx sx
a aa a

k k k k

k k k k

k
s

k

a s a s a sd d sx d sx d
x e e

dx dx a dx a dx

a s d
e e O e

dx

δ φ δ φ δ φ
φ λ

δ φ +

′ ′
−

−

= + − +

 
− − +  

 

  (4.6) 

 

( )
( ) ( ) ( )

( )
1 1 1

1 1 1
21 1

21

1

1
, sin .

2 4

s x s x x
a a a

k k k
sk

k k k

s xa ad d d
x e e O s e

dx s dx a s dx
φ λ

+ + +− −+  = + − + 
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( )
( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

1 1 2

1 22 2

2 2 3 2 2

2 1 21 2 2 21 2 1 21

22

2 2

3

2 2 21

0 0 0
, cos sin

2 2 4

0
                         .

4

sx sx
a a

k a x asx sx
a aa a

k k k k

k k k k

k
s

k

a s a s a sd d sx d sx d
x e e

dx dx a dx a dx

a s d
e e O e

dx

δ φ δ φ δ φ
φ λ

δ φ − +

′ ′
−

−

= + − +

 
− − +  

 

 

Each of these asymptotic formulae holds uniformly for  x   as  .∞→λ   

 

Proof. Let  ( ) ( ).,, 1111
1

1

λφλ xexF a

xs +−
=   It is easy to see that  ( )λ,11 xF   is bounded. Therefore  ( ) ( ).,11 eOx =λφ   Substituting 

it into  )1.4(   and differentiating it with respect to  x   for  ,3,0=k   we obtain  ).5.4(   According to transmission conditions 

(1.4)-(1.7) as  ,λ → ∞   we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).00 ,00 ,00 ,00 112

4

12111

4

1211121112 φδφφδφφφφφ ss −=−=== ′′′′′′′′
 

Substituting these asymptotic formulae into  )2.4(   for  ,0=k   we obtain 

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 2 2 2

1 2

1 22 2

2 2 3 2 2 3

2 1 11 2 2 11 2 1 11 2 2 11

12

2 2

3

2
123 0

2

0 0 0 0
, cos sin

2 2 4 4

sin , .
2

sx sx sx sx
a a a a

a x as x y s x y

a aa a
x s

a s a s a s a ssx sx
x e e e e

a a

s x ya
e e q y y dy O e

s a

δ φ δ φ δ φ δ φ
φ λ

φ λ
+− −

′ ′
− −

−

= + − + − −

−   
+ − + +   

  
∫

        

(4.7) 

Multiplying through by  
( )

,21

21
3

aa

axa
s

es
+

−−
  and denoting,   ( )

( )
( ).,:, 12

3

12
21

21

λφλ xesOxF aa

axa
s







=

+
−−

 

Denoting  [ ] ( )λ,max: 121,0 xFM x∈=   from the last formula, it follows that 

( ) ( ) ( ) 0
032

22

1

12

244

3
Mdyyq

s

M

sa
M

x

+++≤ ∫
λδαδα

λ  

for some  00 >M  . From this, it follows that  ( ) ( )1OM =λ   as  ∞→λ  , so 

( )
( )

., 21

213

12 





=

+

aa

axa
s

esOx λφ  

Substituting this back into the integral on the right side of  7.4(  ) yields  ( )6.4   for  0=k  . The other cases may be considered 

analogically. 

Similarly one can establish the following lemma. for  ( )λχ ,xij    ( ).2,1,2,1 == ji   

Lemma 4.3. Let  
4

s=λ  ,  its += σ  . Then the following asymptotic formulae hold for  :3,0=k  

( )
( ) ( ) ( )

( )

1 1

1 2

1 21 1

2 2 3 2 2

1 1 12 1 2 12 1 1 12

11

1 1

3
11 2 12

0 0 0
, cos sin

2 2 4

0
.

4

sx sxk k k k
a a

k k k k

a a xsx sxk s
k a aa a

k

a s a s a sd d sx d sx d
x e e

dx dx a dx a dx

a s d
e e O s e

dx

δ χ δ χ δ χ
χ λ

δ χ

−

 −
−  +  

 ′ ′
= − + + + 

 
 

  
 + − + 

      
 

( )
( )

( ) ( )

22 2

1 1 13 3
12 1 2

12

2

1
, sin .

2 4

s x s x xk k k s
k aa a

k k k

s xa s a sd d d
x e e O s e

dx dx a dx

δ
χ λ

 − − −
−  +  

  −
  = − + − +
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( )
( ) ( ) ( )

( )

1 1

1 2

1 21 1

2 2 3 2 2

1 1 22 1 2 22 1 1 22

21

1 1

3
21 2 22

0 0 0
, cos sin

2 2 4

0
.

4

sx sxk k k k
a a

k k k k

a a xsx sxk s
k a aa a

k

a s a s a sd d sx d sx d
x e e

dx dx a dx a dx

a s d
e e O s e

dx

δ χ δ χ δ χ
χ λ

δ χ

−

 −
−  +  

 ′ ′
= − + + + 

 
 

  
 + − + 

      

 

( )
( )

( ) ( )

22 2

1 1 12 2 2 2
12 2

22

2

1
, sin .

2 4

s x s x xk k k s
k aa a

k k k

s xa s a sd d d
x e e O s e

dx dx a dx
χ λ

 − − −
−  +  

  −
  = − + − +

   
   

 

where  .3,0=k   Each of these asymptotic formulae holds uniformly for  x.   

 

Theorem 4.4. Let  ,4s=λ    its += σ  . Then the characteristic functions  ( )λiW    ( )2,1=i   have the following asymptotic 

formulae: 

( )
( )

( ) ( )
2 2

1 2

1 21 1

4 12
2112 1 2 2

1

2 1

2 cos cos .
16

s s
a a

a as s
a aa a

s
s e e

a s s
W e e O s e

a a

δ δ α
λ

+

−

−

 +
   

= − + + +      
 

 

( )
( )

( ) ( )
1 1

1 2

1 22 2

4 12
2112 1 2 2

2

1 2

2 cos cos .
16

s s
a a

a as s
a aa a

s
s e e

a s s
W e e O s e

a a

δ δ α
λ

+

−

−

 +
   

= − + + +      
 

 

Proof. Substituting the asymptotic equalities  ( )11 1,
k

k

d

dx
χ λ−   and  ( )21 1,

k

k

d

dx
χ λ−   into the representation of  ( )1 ,W λ   we get 

( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )

2 11 21

11 21

1

11 21

1 11 21

0 1, 1,

0 1 1, 1,

0 0 1, 1,

0 1, 1,

W

α χ λ χ λ

χ λ χ λ
λ

χ λ χ λ

α χ λ χ λ

′ ′

′′ ′′

′′′ ′′′

− −

− −
=

− −

− − −

 

( ) ( ) ( ) ( )( )
( )

( )
( )

( )

1 1

1

1 1

1 1 1

2 2
1 1

2 2
11 1

3 3
1 1

3 3
11 1

1 1

1

1 1

1 1

2

5 3

1 1 2
12 22 12 22

1

0 cos

0 1 sin

0 0 0 0
8 0 0 cos

0 sin

1 0 sin

0 0 cos

0

s s
a a

s s
a a

s s
a a

s s
a a

s s
a a

s s
a a

s
a

s s s
a a a

s s s
aa a

s s s
aa a

s
a

s s
a a

e e

e e
a s

e e

e e

e e

s e e

α

δ δ
χ χ χ χ

α

−

−

′ ′

−

−

−

 −
 
 

− − − 
 = − ×
 − −
 
 

− − − − 
 

+

− +

+
− ( )

( )

( )1 2

1 2

2
1 1

2
11

3
1 1

3
11

215

2

3

0.
1 sin

0 0 sin

a a

a a

s s
a a

s s
a a

s

s s
aa

s s
aa

O s e
s e e

s e e

+

−

 
+ = 

 − +

− − +

 

Analogically, we can obtain the asymptotic formulae of  ( )λ2W  . 
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Corollary 4.5.  The real eigenvalues of the problem (1.1)-(1.9) are bounded below. 

 

Proof. Putting  
22

its =    ( )0>t   in the above formulas, it follows that ,  ( ) . as 2 ∞→∞→− ttW  

Therefore,  ( ) 0≠λW   for  λ   negative and sufficiently large in modulus. 

 

Now we can obtain the asymptotic approximation formulae for the eigenvalues of the considered problem (1.1)-(1.9). 

Since the eigenvalues coincide with the zeros of the entire function  ( )λW  , it follows that they have no finite limit. Moreover, we 

know from Corollary 4.5 that all real eigenvalues are bounded below. Hence, we may renumber them as  L≤≤≤ 210 λλλ  , 

listed according to their multiplicity. 

 

Theorem 4.7. The eigenvalues  
4

nn s=λ  ,  ,...2,1,0=n   of the problem (1.1)-(1.9) have the following asymptotic formulae for  

:n → ∞   

( ) ( )
.

1

2

12
 ,

1

2

12 2414 







+

+
=








+

−
= ′′′

n
O

na

n
O

na
nn

π
λ

π
λ  

Proof. By applying the well-known Rouché's theorem, which asserts that if  ( )sf   and  ( )sg   are analytic inside and on a closed 

contour  C  , and  ( ) ( )sfsg <   on  C  , then  ( )sf   and  ( ) ( )sgsf +   have the same number zeros inside  C   provided that 

each zero is counted according to their multiplicity, we can obtain these conclusions. 

 

Theorem 4.8. The residual spectrum of the operator  A   is empty, i.e.,  ( ) .r Aσ = ∅   

Proof. It sufficies to prove that if  γ   is not an eigenvalue of  ,A   then  ( ) 1−
− IA γ   is dense in  Z.   Therefore we examine the 

equation  ( ) ,ZFYIA ∈=−γ   where  ( ).,,,, 4321 fffffF =   

Since  γ   is not an eigenvalue of (1.1)-(1.9) ,   we have 

( ) ( ) �
11 1 0,u u fγ

′′′

+ = ≠  

 or,  ( ) ( ) �
21 1 0,u u fγ

′′

′ + = ≠  

 or,  ( ) ( ) ( ) �
1 30 0 0 0, (4.8)u u u fγδ

′

′′ ′′+ − − + − = ≠  

 or,  ( ) ( ) ( ) �
2 40 0 0 0. (4.9)u u u fγδ′′′ ′′′+ − − + − = ≠  

 For convenience, we assume that the )8.4(   or  )9.4(   be true. 

Consider the initial-value problem 

( )

( )

( ) ( )

( ) ( )

( ) ( ) ( ) �

( ) ( ) ( ) �

1 2

1 3

2 4

, ,

y -1  + y (-1) = 0,

y -1 0,

0 0 0, (4.10)

0 0 0,

0 0 0 ,

0 0 0 .

Ly y f x I

y y

y y

y y y f

y y y f

γ

α α

γδ

γδ

 − = ∈


′′′


′′ =


+ − − =


′ ′+ − − =
 ′′ ′′ ′+ − − + − =

 ′′′ ′′′+ − − + − =

 

 

Let  ( )xu   be the solution of the equation



Research Journal of Mathematical and Statistical Sciences __________________________________________________________  

Vol. 1(1), 23-32, February (2013)                     Res. J. Mathematical & Statistical Sci. 

   

International Science Congress Association  31 

0=− uLu γ   satisfying 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) � ( ) ( ) ( ) �

2 1

1 23 4

1 , 1 1, 1 0, 1 ,

0 0 0, 0 0 0, 0 0 0 , 0 0 0 .

u u u u

u u u u u u u f u u u f

α α

γδ γδ

′ ′′ ′′′− = − = − = − = −

′ ′ ′′ ′′ ′ ′′′ ′′′+ − − = + − − = + − − + − = + − − + − =

 

In fact 

( )
( ) [ )
( ) ( ]




∈

−∈
=

,1,0,

,0,1,

2

1

xxu

xxu
xu  

where  ( )xu1   is the unique solution of the initial-value problem 

( ) ( ) [ )
( ) ( )
( ) ( )








−=−=−

=−=−

−∈=+

′′′′′

′

,1 ,01

,11 ,1

,0,1 ,

111

121

11

4

1

4

1

α

α

γ

uu

uu

xuuxqua

 

 ( )xu2   is the unique solution of the problem 

( ) ( ) ( ]

( ) ( )

( ) ( )

( ) ( ) ( ) �

( ) ( ) ( ) �

44

2 2 2 2

2 1

2 1

2 1 1 1 3

2 1 2 1 4

, 0,1

0 0 0,

0 0 0,

0 0 0 ,

0 0 0 .

a u q x u u x

u u

u u

u u u f

u u u f

γ

γδ

γδ

− + = ∈


+ − − =
 ′ ′+ − − =


′′ ′′ ′+ − − + − =


′′′′′′ ′+ − − + − =

 

 

Let 

( )
( ) [ )
( ) ( ]




∈

−∈
=

1,0,

,0,1,

2

1

xx

xx
x

ω

ω
ω  

be a solution of  fL =− γωω   satisfying 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) � ( ) ( ) ( ) �

1 2

1 23 4

1 1 0, 1 0,

0 0 0, 0 0 0,

0 0 0 , 0 0 0 .

w w w

w w w w

w w w f w w w f

α α

γδ γδ

′′′ ′′− + − = − =

′ ′+ − − = + − − =

′′ ′′ ′ ′′′ ′′′+ − − + − = + − − + − =

 

 

Then  )10.4(   has the general solution 

( )
[ )
( ]




∈+

−∈+
=

,1,0,

0,1,

22

11

xdu

xdu
xy

ω

ω
                       (4.11) 

where  C∈d  . 

Sİnce γ  is not an eigenvalue of  )1.1(  - )9.1(  , we have 

( ) ( ) 011 22 ≠+ ′′′uuγ                                                (4.12) 

or 

( ) ( ) .011 22 ≠+ ′′′ uuγ                                                (4.13) 

The second component of  ( ) FYA =− γ   involves the equation 
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( ) ( )1 1 .y y hγ′′′ + =                                               (4.14) 

Substituting  )11.4(   into  )14.4(  , we get 

( ) ( )( ) ( ) ( ).1111 2222 γωωγ −−=+ ′′′′′′ huud  

In view of  ( )12.4  , we know that  d   is a unique solution. 

The third component of  ( ) FYA =− γ   involves the equation 

( ) ( ) kyy −=′+′′ 11 γ .                                               (4.15)  

Substituting  )11.4(   into  )15.4(  , we get, ( ) ( )( ) ( ) ( ).1111 2222

′′′′′′ −−−=+ γωωγ kuud  In view of  ( )13.4  , we know that  d   is 

a unique solution. Thus if  γ is not an eigenvalue of  ),9.1()1.1( −    d   is uniquely solvable. Hence  y   is uniquely determined. 

The above arguments show that  ( ) 1−
− IA γ   is defined on all of  Z.   So  ( )Arσγ ∉  , i.e.,  ( )r Aσ = ∅  . 

 

Conclusion 

In this work firstly we constructed operator formulation of the given boundary value problem with eigenparameter-dependent 

boundary conditions. And then we obtained asymptotic formulas for eigenvalues and fundamental solutions. Finally, we 

investigated the spectrum. 
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