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Abstract  

This paper proposed a new generalization of bounded continuous multivariate symmetric probability distributions. More 

specifically the authors visualizes a new generalization of Sam-Solai’s multivariate additive Beta distribution of Kind-2 of 

Type-A from the uni-variate two parameter Beta distribution of Kind-1. Further,we find its  marginal, multivariate 

conditional distributions, multivariate generating functions, multivariate survival, hazard functions and also discussed it’s 

special cases. The special cases includes the transformation of Sam-Solai’s multivariate additive Beta distribution of Kind -

2 of Type-A into multivariate additive Beta distribution of Kind-1 of Type-A, Multivariate F-distribution of Kind-1, 

Multivariate standard Logistic-Beta distribution of Kind-1. Moreover, it is found that the bivariate correlation between two 

Beta random variables purely depends on the shape parameter and we simulated and established selected standard 

bivariate Beta correlation bounds from 10,000 different combinations of values for shape parameter. 

 

Keywords: Sam-Solai’s multivariate additive beta distribution, transformation, multivariate additive beta distribution of 

kind-1 of type-a, multivariate f-distribution of kind-1, multivariate standard logistic-beta distribution of kind-1, correlation 

bounds 
 

Introduction 

The origin of Beta distribution and its multivariate 

generalization was extensively studied because of the wide 

applications of the distribution in various fields for the past five 

decades.Dirichlet generalization of the multivariate beta 

distribution is a constrained form and it is an extension of 

multinomial distribution to the Continuous case. Many authors 

attempted to give alternate form of multivariate generalization 

of Beta distribution. The non-central multivariate beta 

distribution to study the distribution of the multiple correlation 

matrix
1
 and the generalized form of the multivariate beta 

distribution
2
. The Multivariate Generalized beta distribution 

with special reference to the utility assessment theories
3
. The 

generalized matric variate beta distribution
4
 and The 

multivariate F and beta distribution for the purpose of finding 

the exact moments of the distributions
5
. The beta and gamma 

matrices, singular wishart type beta distributions matrix variate 

beta distributions and some applications of the beta 

distributions
6,7,8,9

. The Multivariate t and beta distributions are 

closely associated with the multivariate F distribution
10

 and the 

matrix variate version of the Kummer Beta distribution
11

. The 

beta distribution to the multivariate case in an in-depth 

manner
12,13,14

. From the in-depth reviews of beta distribution, 

this paper proposed an alternate form of multivariate beta 

distribution and its structure, form were discussed in the next 

section. 

 

Section 1: Sam-Solai’s Multivariate Additive Beta 

distribution, Definition 1.1: Let
1 2 3, , ,

p
X X X X…

are the 

random variables followed Continuous univariate beta 

distribution of second kind with shape parameters ( , )i ia b  for 

all i (i=1 to p), then the Multivariate Sam-Solai’s additive beta 

distribution of kind-2 of Type-A and its density function is 

defined as 

1

1 2 3 1
1 1

(1, ) 1
( , , , ) {( ( ) ) ( 1)}

( , ) 1 (1, )(1 )
i

i

pp
ai i

p b
i ii i i i i

B b x
f x x x x p

B a b x B b x

−

+
= =

= − −
+ +

∑ ∏K

      

(1) 

Where0
i

x≤ ≤∞ ,  , 0
i i

a b >  

 

*Mathematics Subject Classification. Primary 62H10; 

Secondary 62E15 

 

Theorem 1.2: The cumulative distribution function of the Sam-

Solai’s Multivariate additive Beta distribution is defined by
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( ; , )
( , )(1 )
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i i

x a
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i i i i ia b

i i i

u
x a b du

B a b u
φ
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=

+∫  is the lower incomplete Beta integral of i
th

 random variable. 

Theorem 1.3: The Probability density function of Sam-Solai’s Multivariate additive Conditional Beta distribution of 
1X  on 

2 3, , PX X X…  is  

1

1

1
1 1 1

1 2 3

1

2

(1, ) 1
{ ( ( ) ) ( 1)}

( , ) 1 (1, ) (1 )
( / , , )

(1, )
{ ( ( ) ) ( 2 )}

( , ) 1

i

i

p
ai i

b
i i i i

p p
ai i

i i i i

B b x
p

B a b x B b x
f x x x x

B b x
p

B a b x

−

+
=

−

=

− −
+ +

=

− −
+

∑

∑
K

  

(3) 

Where
1

0 x≤ ≤∞ ,  , 0
i i

a b >  

Proof: It is obtained from
1 2 3

1 2 3
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Theorem 1.4: Mean and Variance of Sam - Solai’s Multivariate additive Conditional Beta distribution are 
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Proof: The th
n order moment of the distribution is  
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If n = 1, then the Conditional expectation is  
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If n = 2, then the second order moment is  
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The conditional variance of the distribution is obtained by Substituting the first and second moments in (5). 

Theorem 1.5: If there are p = (q + k) random variables, such that q random variables 
1 2 3, , ,

q
X X X X…  conditionally depends on the 

k variables
1 2 3, , ,

q q q q k
X X X X+ + + +…

,then the density function of Sam-Solai’s multivariate additive conditional Beta distribution is  
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Proof: Let the multivariate conditional law for q random variables 
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Section 2: Constants of Sam-Solai’s multivariate additive Beta distribution 

Theorem 2.1: The Marginal product moments, Co-variance and Population Correlation Co-efficient between the Beta random 

variables 
1

X and 
2

X are given as 

1 2
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=
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where 
1 21 ( , ) 1x xρ− ≤ ≤+  for certain values of shape parameters (see Result3.4) 

Proof: Assume that 
1

x  and 
2

x  are random variables from Sam-Solai’s multivariate additive beta distribution. Let the product 

moment of the distribution is       
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Its Co-variance is  
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By evaluation, it follows that     1 2
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1
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Where 
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1 ( , ) 1x xρ− ≤ ≤+  for certain values of shape parameters 
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Where, i j≠ ,
1 2

1 ( , ) 1x xρ− ≤ ≤+  for certain values of shape parameters  

Theorem 2.2: The Moment generating function of Sam-Solai’s Multivariate additive Beta distribution is  
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Proof: Let the moment generating function of a Multivariate distribution is given as 
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Theorem 2.3: The Cumulant of the Moment generating function of the Sam-Solai’s Multivariate additive Beta distribution is  
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2.4: The Characteristic function of the Sam-Solai’s Multivariate additive Beta distribution is 
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Proof: Let the characteristic function of a multivariate distribution is given as 
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Theorem 2.5: The survival function of the Sam-Solai’s Multivariate additive Beta distribution is  
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Proof: Let the survival function of a multivariate distribution is given as 

1 2 3 1 2 3( , , , ) 1 ( , , , )p pS x x x x F x x x x= −K K  
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 is the lower incomplete Beta integral of i

th
 random variable. 

Theorem 2.6: The hazard function of the Sam-Solai’s Multivariate additive Beta distribution is  
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Proof: It is obtained from  

1 2 3

1 2 3

1 2 3

( , , , )
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K

 and 
1 2 3 1 2 3( , , , ) 1 ( , , , )p pS x x x x F x x x x= −K K  

Theorem 2.7: The Cumulative hazard function of the Sam-Solai’s Multivariate additive Beta distribution is  

1 2 3
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  (22) 

Proof: Let the Cumulative hazard function of a multivariate distribution is given as 

1 2 3 1 2 3( , , , ) log(1 ( , , , )
p p
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Section 3: Some Special Cases 

Results 3.1: The uni-variate marginal of the Sam-Solai’s multivariate additive Beta distribution of kind-2 of Type-A are the uni-

variate two parameter Beta distributions of second Kind. 

Result 3.2: If P=1, the Sam-Solai’s multivariate additive Beta density is reduced to density of univariate two parameter Beta 

distribution of second Kind. 

Result 3.3: If P=2, then the density of Sam-Solai’s Multivariate Beta distribution of second kind was reduced into 

 1 2

1 2

1 11 1 2 2
1 2 1 1

1 1 1 2 2 2 1 1 2 2

(1, ) (1, ) 1
( , ) ( ( ) ( ) 1)
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b b
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f x x
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− −

+ +
= + −

+ + + +
  

(23) 

  where   
1 20 ,x x≤ ≤∞, 

1 2 1 2, , , 0a a b b >  

This is called Sam-Solai’s Bi-variate additive Beta distribution of Kind-2 of Type-A. 

Result 3.4: The table 1, 2 and Bi-variate probability surface for (23) shows the selected simulated standard Bi-variate correlations 

between two Beta random variables which are bounded between -1 and +1 calculated from 10,000 different combinations of shape 

parameter
1 2 1 2, , ,a a b b . 

 

                                   
Figure-1       Figure-2 
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Figure-3       Figure-4 

 

 

                                              
Figure-5       Figure-6 

 

 

                                          
Figure-7       Figure-8 
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Result:3.5 From(1) and If / 1
i i i

y x x= + , then the density of Sam-Solai’s Multivariate additive Beta distribution of Kind-2 of 

Type-A transformed into Sam-Solai’s Multivariate additive Beta distribution of Kind-1 of Type-A and its density function is given 

as 

1 1

1 2 3

1 1

(1, ) (1 )
( , , , ) {( ) ( 1)}
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i ia bpp

i i i
p

i ii i i

y B b y
f y y y y p

B a b B b

− −

= =

−
= − −∑ ∏K                           (24) 

Where  0 1iy≤ <   , 0
i i

a b >  

Result:3.6- From (1) and If /2i ia m= , /2i ib n=  and /
i i i i

y n x m= ,then the Sam-solai’s Multivariate additive Beta distribution of 

Kind-2 of Type-A transformed into Sam-solai’s Multivariate additive F-distribution of Kind-1 with ( , )i im n degrees of freedom 

and its density function is given as 

1 1
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1 2 3
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             (25) 

Where 0
i

y≤ ≤ ∞   , 0i im n >  

Result:3.7- From (1) and If log
i i

y x= − , then the Sam-solai’s Multivariate additive Beta distribution of Kind-2 of Type-A 

transformed into Sam-solai’s generalization of Multivariate standard Logistic- Beta distribution of Kind-1 with parameters ( , )
i i

a b  

and its density function is given as 

1
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Where
iy−∞≤ ≤+∞ ,  , 0

i i
a b >  

Result:3.8-From(1) and If 1i ia b= = , log
i i

y x= −  ,then the Sam-solai’s Multivariate additive Beta distribution of Kind-2 of 

Type-A changed into product of univariate standard Logistic distribution and it is given as 

1 2 3 2
1

( , , , )
(1 )

i

i

yp

p y
i

e
f y y y y

e

−

−
=

=
+
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where 
i

y−∞ ≤ < +∞  

 

Conclusion 

The multivariate generalization of two parameter Beta 

distribution in an additive form of Sam-Solai’s generalization 

having some interesting features. At first, the marginal uni-

variate distributions of the Sam-Solai’s Multivariate additive 

Beta distribution are uni-variate and enjoyed the symmetric 

property. Secondly, the Population Correlation co-efficient of 

the proposed distribution is bounded between -1 and +1 for 

certain values of shape parameter and the authors established 

the simulated standard bivariate correlations. Finally, the 

multivariate generalization of two parameter Beta distribution in 

an additive form open the way for the same additive form of the 

transformation of Sam-Solai’s Multivariate additive Beta 

distribution of  kind-2 of Type-A into Multivariate additive Beta 

distribution of Kind-1 of Type-A, Multivariate F-distribution of 

Kind-1,Multivariate standard Logistic-Beta distribution of Kind-
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Table-1 

Simulation Runs for Selected Values of Shape  

Parameter with Population Correlation Bounds 
Runs a1 b1 a2 b2 1 2( , )x xρ  

3085 2.50 3.30 3.70 2.10 ≈ -1.00 
8927 2.90 0.10 2.10 1.70 -0.9007 
2392 1.70 0.10 2.50 1.70 -0.8011 
3091 2.50 0.10 2.50 1.30 -0.7005 
5648 2.90 1.30 3.30 1.70 -0.6031 
6201 2.50 0.50 3.70 0.10 -0.5000 
2338 2.90 0.50 1.70 1.30 -0.4002 
5667 2.50 1.30 1.70 1.70 -0.3001 
2612 3.30 2.90 2.50 3.30 -0.2000 
5098 2.50 2.50 1.70 2.90 -0.1000 
638 2.10 0.50 0.90 0.50 +0.1000 
4624 0.90 0.50 2.10 0.50 +0.1000 
4091 0.50 2.10 2.10 2.50 +0.1000 
2770 0.50 2.50 2.10 2.50 +0.2000 
6502 2.10 2.50 0.50 2.50 +0.2000 
7080 0.50 1.30 1.70 1.30 +0.3001 
8270 1.70 1.30 0.50 1.30 +0.3001 
8126 2.50 3.30 0.50 0.10 +0.4005 
3336 2.10 2.50 0.50 2.10 +0.5001 
272 0.50 0.90 2.10 0.90 +0.6001 
5061 2.10 0.90 0.50 0.90 +0.6001 
7366 2.10 2.50 0.10 2.90 +0.6001 
5614 3.30 2.10 0.10 0.50 +0.7013 
7720 3.70 2.50 0.10 3.30 +0.7013 
4991 0.10 3.70 2.90 3.70 +0.8019 
8378 2.90 3.70 0.10 3.70 +0.8019 
2502 0.10 2.50 2.10 2.50 +0.9001 
2861 2.10 2.50 0.10 2.50 +0.9001 
890 3.70 2.50 0.10 0.10 ≈ 1.00 

Table-2 

Simulation Runs for Selected Values of Shape Parameter 

with Population Correlation Bounds When 
1 2

( , ) 0x xρ ≈  

Runs a1 b1 a2 b2 
2526 1.30 2.10 .90 3.70 
9253 .90 2.10 1.30 3.70 
7683 1.30 2.10 .90 3.30 
9132 .90 2.10 1.30 3.30 
4151 1.30 2.10 .90 2.90 
108 .90 2.10 1.30 2.90 
7979 1.70 2.10 .90 3.70 
2923 .90 2.10 1.70 3.70 
549 1.30 2.50 .90 3.70 
5086 .90 2.50 1.30 3.70 
388 1.30 2.10 .90 2.50 
9107 .90 2.10 1.30 2.50 
2031 1.70 2.10 .90 3.30 
5010 .90 2.10 1.70 3.30 
2589 2.10 2.10 .90 3.70 
4671 1.30 2.50 .90 3.30 
9841 .90 2.50 1.30 3.30 
3235 1.30 2.90 .90 3.70 
1122 .90 2.90 1.30 3.70 
6434 .90 2.10 2.10 3.70 
129 2.50 2.10 .90 3.70 
8866 1.30 3.30 .90 3.70 
8095 1.70 2.10 .90 2.90 
3718 .90 3.30 1.30 3.70 
7387 2.10 2.10 .90 3.30 
4774 .90 2.10 1.70 2.90 
722 1.30 2.90 .90 3.30 
8453 .90 2.90 1.30 3.30 
3096 1.30 3.70 .90 3.70 
3704 .90 3.70 1.30 3.70 
6698 1.30 2.50 .90 2.90 
209 .90 2.50 1.30 2.90 
8869 .90 2.10 2.10 3.30 
5632 2.90 2.10 .90 3.70 
7483 .90 2.10 2.50 3.70 
3170 3.30 2.10 .90 3.70 
8560 2.50 2.10 .90 3.30 
7624 .90 3.30 1.30 3.30 
9048 1.30 3.30 .90 3.30 
5762 .90 2.10 2.90 3.70 
8989 3.70 2.10 .90 3.70 
8083 .90 3.70 1.30 3.30 
4579 1.30 3.70 .90 3.30 
4756 2.10 2.10 .90 2.90 
1712 .90 2.10 2.50 3.30 
3110 1.70 2.50 .90 3.70 
1027 2.90 2.10 .90 3.30 
9831 .90 2.90 1.30 2.90 
7622 1.30 2.90 .90 2.90 
4519 .90 2.10 3.30 3.70 
4981 .90 2.10 2.10 2.90 
4897 .90 2.50 1.70 3.70 
2354 1.70 2.10 .90 2.50 

 

 


