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Abstract

This paper proposed a new generalization of bounded continuous multivariate symmetric probability distributions. More
specifically the authors visualizes a new generalization of Sam-Solai’s multivariate additive Beta distribution of Kind-2 of
Type-A from the uni-variate two parameter Beta distribution of Kind-1. Further,we find its marginal, multivariate
conditional distributions, multivariate generating functions, multivariate survival, hazard functions and also discussed it’s
special cases. The special cases includes the transformation of Sam-Solai’s multivariate additive Beta distribution of Kind -
2 of Type-A into multivariate additive Beta distribution of Kind-1 of Type-A, Multivariate F-distribution of Kind-1,
Multivariate standard Logistic-Beta distribution of Kind-1. Moreover, it is found that the bivariate correlation between two
Beta random variables purely depends on the shape parameter and we simulated and established selected standard
bivariate Beta correlation bounds from 10,000 different combinations of values for shape parameter.

Keywords: Sam-Solai’s multivariate additive beta distribution, transformation, multivariate additive beta distribution of
kind-1 of type-a, multivariate f-distribution of kind-1, multivariate standard logistic-beta distribution of kind-1, correlation

bounds

Introduction

The origin of Beta distribution and its multivariate
generalization was extensively studied because of the wide
applications of the distribution in various fields for the past five
decades.Dirichlet generalization of the multivariate beta
distribution is a constrained form and it is an extension of
multinomial distribution to the Continuous case. Many authors
attempted to give alternate form of multivariate generalization
of Beta distribution. The non-central multivariate beta
distribution to study the distribution of the multiple correlation
matrix' and the generalized form of the multivariate beta
distribution®. The Multivariate Generalized beta distribution
with special reference to the utility assessment theories’. The
generalized matric variate beta distribution® and The
multivariate F and beta distribution for the purpose of finding
the exact moments of the distributions’. The beta and gamma
matrices, singular wishart type beta distributions matrix variate
beta distributions and some applications of the beta
distributions®”*’. The Multivariate t and beta distributions are
closely associated with the multivariate F distribution'® and the
matrix variate version of the Kummer Beta distribution''. The
beta distribution to the multivariate case in an in-depth
manner' >'>'*. From the in-depth reviews of beta distribution,
this paper proposed an alternate form of multivariate beta
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distribution and its structure, form were discussed in the next
section.

Additive
are

Beta
the

Sam-Solai’s Multivariate

Definition 1.1: LetX1 X, X, X,

random variables followed Continuous univariate beta
distribution of second kind with shape parameters (q,,b,) for

Section 1:
distribution,

all i (i=1 to p), then the Multivariate Sam-Solai’s additive beta
distribution of kind-2 of Type-A and its density function is
defined as

2, B(l,b)

X o d 1 9]
23 A3 e = : ' - -1 D1 AV L v B
Tt i) Qg ) I Ty

Where( < x, <oo» a,,b >0
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Theorem 1.2: The cumulative distribution function of the Sam-
Solai’s Multivariate additive Beta distribution is defined by
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oo BULD) o up e 5 )
F(x,x,,x;..., i -y _ d
Cotexiesp = [T TR FESB G ™ = 0 =D gt
V\']here’ogu1 <x; a;,b, >0
2 B(1,6.)b,(1+ x,)" ot & 1+ x,)"
F(xl,xz,x3...,xp)={(z (1,5) ,(b‘ x;) U; — du)—(p—1 )}HM
o ((+x)"=1) < B(a;,b)(d+u,)" B(1,b,)b. (1+x)
fot )" g (xnanb)y A+ x)" - 1)
F(x,,x,,x5...,x,)) = L -1 !
(o 2 {(,Zzl (14 x)" = 1) )}Hl 1+ x)"
where o (x 1a,.b,) = ]' u ! du. is the lower incomplete Beta integral of i” random variable.

t B(a,,b)(1+u,) "
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Theorem 1.3: The Probability density function of Sam-Solai’s Multivariate additive Conditional Beta distribution of X on

X, X, X,

LOB(Lb) x 1
Lyahy—(p -1
(. pay i) P D s o) ®
Fx lxy, e ,x,) = d B(lb) X
i a; -1 _ _2
(X sy Gay) -2
Whereg < x <o0» a,,b,>0
Proof: 1t is obtained from
F(x,,x,, x5 .. ,x,)
SCx, /T x,, x5 0 o x,) F(x,,Xg e s x,)

Theorem 1.4: Mean and Variance of Sam - Solai’s Multivariate additive Conditional Beta distribution are

B(a, +1,b,~1) B(2.b - 1){2": BU.b) )_1_(17_1)} "

B ,b B(1,b, B ,b; 1
E(xl/xz,x3...,x,,)= (al 1) ; B((lb)) . (a, ) + x
i ai=1y _ -2
(ZB( ,,b)1+ > )= (p-2)
_ 2 _ 2 (5)
V()cl/)cz,)c3...,)cp)—E()c1 xz,x3...,xp) (E(xllxz,x3...,xp))

B(a, +2,b, — 2) B(3,b, - B(, b) X a-l
Where 5 B(a,,b,) B(1,b)) {z 5 B(a,,b,) 1+ ) (P=DJ
E(x" 1 x),%5...,x,) =

B(lb) X a
(Z ey ) 2

Proof: The p" order moment of the distribution is

E(x,"/ x,,x;.. ,x,) = f x,"f(x, /L x,, x5 s x,)d x,
0
L B(lb) X, a1 1
iy (p—1
,, e ,,{(Zm w) G- )}B(l,bl><1+x1>b'“
E(x" [ x,,x, xp)_ 1 » B(lb) N ] dx,
0 iyatly 0
S e
B(a,+n,by—n) Bnm+1,b,—-n) & B(,Db,) X e B
EGe" [ xxn k)= B(a,.b,) " B(1,b,) {Z “ B(a,.b,) 1+x) (p =D}
1 2083008, )= (Z”: B(lb) X, Yy~ (p = 2)
. Bla,b) 1+, b

If n = 1, then the Conditional expectation is
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B(a,+1,b,-1) B(2,b, —1) & B(lb) X, a
o (p-1
B(a,,b)) " B(1,b)) {Z > B(a,,b,) 1+ ) (r )}
E(x, [/ x5,%5...,x,) = L B(Lb) .
(K ety - _9
(ZB(a”b) — ) )= (p-2)
If n = 2, then the second order moment is
B(a,+2,b,=2) BG.b=2) 5 BUL) % .
{Z =)
E(xlz/xz,x3...,x,,)= Blayb) B Blil(lbb)) : 5(a,b) 1+
X; a;—1
711 — _2
(z . B(a,.b,) 1+ ) )—(p )

The conditional variance of the distribution is obtained by Substituting the first and second moments in (5).
Theorem 1.5: If there are p = (¢ + k) random variables, such that g random variables )(1 XZ )(3 X conditionally depends on the
b b 9 q
k variables ¥ Xq+2’X+3’ X ,then the density function of Sam-Solai’s multivariate additive conditional Beta distribution is
q

wr B,b) . x 1

i k—1 _
U i G @k ©
f(xl’xz’xs""xz//xq+l’xq+z’xz/+3""xt/+ﬂ)7 g4k B(lb) x
{(;HB(u b)(l-l- ) —(k=D}

Whereogxi <ocos a,b >0

Proof: Let the multivariate conditional law for g random variables )(1 XZ )(3 X conditionally depending on the k variables
b b 9 q

is given as
Xq+l’Xq+2’Xq+3’ Xq+k g / B f(xl,xz,x3,...xq,xq+1,xq+2,xq+3,...xq+k)
f(xl,xz,x3,...xq xq+1,xq+2,xq+3,...xq+k)—
f(‘xq+l"xq+2"xq+3""xq+k)
=k B(1,b,) X, - 1
{(x ( ) )—(q+k— 1)}T17H
=t B(a,,b,) 1+ x ' B(Lb)(A+ x,)""
POy Xy X Xy Xy e ) = o g S — 1 .
o T N + k-1 1'[71‘[(1
S g ) T3 x) 74 M B amyas ey
o BULB) 1
(s ) ) — (g + k — 1)}H—
=1 B(a,,b, 1+x = B(1,b,)(1+ x,)"""
f(xl"XZ’x'ﬁ""'xq/'xq+l’xq+2’xq+3""'xq+k): ( ) ( )( X)
(5 Bdh) % SRR
&1 B(a,.b) 1+ x

Where <x, <oo: a,b >0
Section 2: Constants of Sam-Solai’s multivariate additive Beta distribution

Theorem 2.1: The Marginal product moments, Co-variance and Population Correlation Co-efficient between the Beta random
variables yx 1 and x,are given as

_ a, + a, -1 @)
R O S S
COV(X],XZ): [l]+ az_(1+ala2) (8)

(b, = 1)(b, - 1)

p(x,.x,) = a, +a, -1+ aa,) ®
e \/a](al+b]—1)a2(a2+b2—l)
(b, = 2)(b, — 2)

where —1 < p( x,%,) <+1 for certain values of shape parameters (see Result3.4)

Proof: Assume that X and X, are random variables from Sam-Solai’s multivariate additive beta distribution. Let the product

moment of the distribution is
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o) oo o0 p
E(x;x,) ff fxlxzf(xl,xz,x3,...xp)]__[ dx,
0o 0 0 i=1
Its Co-variance is COV(XI 7-x2) — E(-xlxz) _ E(.xl)E(xz) (10)
Then
T T 2 B(l,b,) L 4 1 4
E(xx,) JDH{ {x,xz{(; B(u”h’)(lfx’)’ )f(pfl)}]l:[lmljldx,
By evaluation, it follows that g (x.x,) = a, +a, —1 | The marginal expectation of beta random variables X, and x is

C (b, = 1)(b, — 1)
(a,1b—1) and (a,/b,—1) respectively. The marginal Product moment for £ ( XX, ) is obtained by substituting the above marginal

expectations for X, and x in (10).

Thus
a, +a, - (1 + a,a,) (11)
COV (x,,x,) =
(b, = 1)(b, - 1)
Correlation coefficient of a distribution is (12a)
COV(x,,x,)
plx.x,) =~
0,0,
It observes that 0, =+Ja (@, +b,— 1)/ (b — 1’ (B, —2) and o, :\/az(az +b,—1)/ (b, —1)’(b, —2) (12b)
From (11), (12a) and (12b), it follows that a,+a,-(+a,a,) (13)

p L, x,) = \/al(al +b, —Da,(a, +b, - 1)
(b, = 2)(b, - 2)

Where —1 < p( x,%,) <+l for certain values of shape parameters
Remark 2.1: The Product moments, Co-variance and population Correlation Co-efficient between the ;" and jth Beta random

variables are given as

t+a. —1
E(xx,)=—t"%7 " (14)
b =, -1
Cov(x,x=ta-Urad) (15)
(b, = 1)(b, = 1)
a;+a;—(+aa;) (16)
p(x;,x;)=
a;(a,+b,-1a(a,+b,-1)
(b, = 2)(b; - 2)
Where,j = j,—1< p(x, %) <+1 for certain values of shape parameters
Theorem 2.2: The Moment generating function of Sam-Solai’s Multivariate additive Beta distribution is
= t*B(+k,b, — k) = t*B(a, + k,b, — k)
M;,.xz...x,.(tl’ll"'t}’): = - { ( Y . -(p-1)}
i=1 B(1,b,) =l g ai’bx)z t"B(1 +kk'ab1 - k)
k=0 .

Proof: Let the moment generating function of a Multivariate distribution is given as

o0 0 0 z’j 1ixi
M Xp.xg X3, Xp(tl’tzst3,,__l,,): f f f e '=! f(xl,xz,x3,... Xp)ﬁ dx,.
0 0 i=1
T 3o B(lb) X, »
M, ot 8 e {( — Y~ (p-D) [ ———] ]~
e (et ) fff ZB( ab) 1T x HB<1b>(1+ )H
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oo k oo k
) Zt B(l+k,b,—k) B(l,bi)z t;B(a,+ k,b,— k)

b & k! a k!
M foty.t,) = Lo { Lo -1
v (ot 1) =1 B0 lg(B b>z’ B(Hkb myeal Vbl

by integrating the above equation.

Theorem 2.3: The Cumulant of the Moment generating function of the Sam-Solai’s Multivariate additive Beta distribution is

o Lk
t“B(1+ kb, — k) , B(l,b‘.)zw 18)
Copnpy (il ot )—Zlog(ZT Zlog(B(l b)) +log(>( =B TH
i=1 i=1 B(a b)zg

k!

Proof: 1t is found from
Xp Xy, X3 X, (tl ’ t2 ’ l3 tp ) = lOg(M Xp Xy, X3 X, (tl ’ t2 ’ l3 tP ))

2.4: The Characteristic function of the Sam-Solai’s Multivariate additive Beta distribution is

o (itj)kB(1+k,bj—k) B(lb)z (lt) "B (a, +kb - k) (19)
¢ oty 1) = [] 2 k! (3 k! ~(p-1)
R B(1,b.) e (it,)) B+ kb, — k)
/ B(a,.b, )Z

k!

Proof: Let the characteristic function of a multivariate distribution is given as

P

00 00 xj p
be',x:,x}. x (ll’t2’13,...lp): f f f e 7! Flx o x,, xq,.. xr/)H dxj
0 J=1

B(lb) X;

./7(t1,t2,t3‘___tp):‘Z“Z‘.‘.‘Z‘e’:" (- G e N1 H

= ,1B(lb)(1+

= (it YB(1+k,b, —k) (zt ) B(a, + k, b —k)
i Z ’ k! ’ p, B )Z ! by integrating the above equation.
¢x,x7...x (tl’t2"’tP)=Hk70 {z( _(p_l)}
12X Xp S B(1,b)) = g b )z (it, Y¥B(A+k, b, —k)
@ k!
Theorem 2.5: The survival function of the Sam-Solai’s Multivariate additive Beta distribution is
Lo(L+ x)" @ (x;5a,,b) E(+x)" - 1) 20
S(x,,x,,x,...,x )=1- L e o I -1 -_ (20)
(xp, Xy, X, ) {(IZ:] +x,)" 1) )-(p )}Ii:[l U+ x)"

Proof: Let the survival function of a multivariate distribution is given as

S(x, %y, x50 ,x, ) =1—F(x,x,,x;...,x,)

Xp Xy X3 Blb )
S (e xy, 2, x,) =1-[ [ .. j{(z ( b)) lf:‘ )" (p—l)}HB(lb)(Hu)Md

000 0 =

L B(1,b,)b, (1+x)” i u B (A+x)" =1)
§ (0% %%, ) =1 {(; ((+x)" =1) J;B(a,.,bi)(1+ )“” - 1)}H B(1,b,)b,(1+ x,)"
L (1+x.)"'¢v(xv;av,b.) (14 x)%=1)
S S S e — 1 —_ i i i i i — _1 AL A
(X3 X5 Xy 1 X,) {(; RETRTEST )= (p >}[:11 PERE
where (0 b)) = ]' ! is the lower incomplete Beta integral of i” random variable.

o B(a, b)) +u,)"""
Theorem 2.6: The hazard function of the Sam-Solai’s Multivariate additive Beta distribution is
% B(L,b, ) X, 1 L 1
i a; _ _ 1
(2 3 ab) vy, )W )}H B(1,b)(1+ x)""

B (1+ x,)" ¢(xl,a,,b) ((1+x) -1
: {(; (A+x)" =1 1)}1;11 1+ x,)"

2L

h(x,,x,,x5...,x,) =
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Proof: 1t is obtained from
S x,x,x,)

S(x, Xy, X500, X,)

h(x;, Xy, %5000, X,) and S (x;,x,,%;...,X,) =1=F(x,x,,%5...,x,)

Theorem 2.7: The Cumulative hazard function of the Sam-Solai’s Multivariate additive Beta distribution is

Lo(1+ x)" ¢,(x;3a,.b,) oo((L+ x)" = 1) (22)
H(x,x,,x5..., =-log(l- - — ) - -1 _
Cxptz e y) = = log(1 = () A= Amimy = (p = DI S =)
Proof: Let the Cumulative hazard function of a multivariate distribution is given as
H(x,x,,x;... ,xp) =—log(1—F(x,,x,,x;5... ,xp)
H(x,,x,,x;... ,xp) =—log(S(x,,x,,x,... ,xp))

L (1+x,)" ¢,(x;3a,,b)) b ((L+x)" =1

H(x,x,,x;5...,x,)=—log(l - ) — (p -1 _—

G50y e ,) = —log( = (X = A8 = (p = D[ [ =)
Section 3: Some Special Cases
Results 3.1: The uni-variate marginal of the Sam-Solai’s multivariate additive Beta distribution of kind-2 of Type-A are the uni-
variate two parameter Beta distributions of second Kind.
Result 3.2: If P=1, the Sam-Solai’s multivariate additive Beta density is reduced to density of univariate two parameter Beta
distribution of second Kind.
Result 3.3: If P=2, then the density of Sam-Solai’s Multivariate Beta distribution of second kind was reduced into

B(1,b,) Py, B(Lb) X, .. | 1 (23)
B(a,,b) 1+x, B(a,,b,) 1+x, B(1L,b)(1+ x)" "' B(1,b,)(1 + x,)"*!

f(xpxz) :(

where ()gxl,x2 <00 al,az,bl,b2 >0

This is called Sam-Solai’s Bi-variate additive Beta distribution of Kind-2 of Type-A.

Result 3.4: The table 1, 2 and Bi-variate probability surface for (23) shows the selected simulated standard Bi-variate correlations
between two Beta random variables which are bounded between -1 and +1 calculated from 10,000 different combinations of shape

parameteral,az,h,bz.

al=2.5 b1=33q2=3.]' b2=2.1 p(xrxl) =-1

=235 =014=2558=13 X, =-0.7003
9 1 % 3 P4

0.8

0.6

(=)
[

Figure-1 Figure-2
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al=2.1 bl =035 az=0.9 b1=0.5 P(Il’xl) =+0.10

Figure-5
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Result:3.5 From(1) and If y;, = X, /1+ X, , then the density of Sam-Solai’s Multivariate additive Beta distribution of Kind-2 of

Type-A transformed into Sam-Solai’s Multivariate additive Beta distribution of Kind-1 of Type-A and its density function is given

as

yl“"B(lb)
LY, = {(2 B a.b) )}1;11

Where 0<y <1 a,b >0

f(yl’y27y3'

A=y
B(1,b,)

(24)

Result:3.6- From (1) and If a=m / 2’[91' =n /[2and y, = n.x, / m, ;then the Sam-solai’s Multivariate additive Beta distribution of

Kind-2 of Type-A transformed into Sam-solai’s Multivariate additive F-distribution of Kind-1 with (ml. 2N, ) degrees of freedom

and its density function is given as

B,

)= 1Y 2

1IB(m n) 1+(m/n)}x
2 2

m;,n, >0

(m; I'n;)y,

FOyysYseesy,

Where ( < y, < o0

Result:3.7- From (1) and If y,

m_ »
)2 - -DI] ¢ ) )2
BA

(m, I n.) 1 L (25)

) 1+ (m; /'n)y,

=—log X, , then the Sam-solai’s Multivariate additive Beta distribution of Kind-2 of Type-A

transformed into Sam-solai’s generalization of Multivariate standard Logistic- Beta distribution of Kind-1 with parameters (al. ,bl.)

and its density function is given as

B(lb)
1 B(a,,b,) l+

Sy ys. ,y,,)—{(z

Where —00 <y, < +00, a,,b. >0

—Ji

)" )(p—)}]‘[B(“b)(1+ e

(26)

Result:3.8-From(1) and If a :bl_ =1y = —log X, ,then the Sam-solai’s Multivariate additive Beta distribution of Kind-2 of

Type-A changed into product of univariate standard Logistic distribution and it is given as

P —Vi

e
’)’,,)—Ii:[l (1+e,y’)2

where — o0 < y, < +00

F Y0950

Conclusion

The multivariate generalization of two parameter Beta
distribution in an additive form of Sam-Solai’s generalization
having some interesting features. At first, the marginal uni-
variate distributions of the Sam-Solai’s Multivariate additive
Beta distribution are uni-variate and enjoyed the symmetric
property. Secondly, the Population Correlation co-efficient of
the proposed distribution is bounded between -1 and +1 for
certain values of shape parameter and the authors established
the simulated standard bivariate correlations. Finally, the
multivariate generalization of two parameter Beta distribution in
an additive form open the way for the same additive form of the
transformation of Sam-Solai’s Multivariate additive Beta
distribution of kind-2 of Type-A into Multivariate additive Beta
distribution of Kind-1 of Type-A, Multivariate F-distribution of
Kind-1,Multivariate standard Logistic-Beta distribution of Kind-
1.
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. . . SR J 4774 .90 2.10 1.70 2.90
nonsingular matrix variate beta distribution, Brazilian J. 722 1.30 290 90 3.30
Prob. Statist. 21, 175-186 (2007) 8453 90 2.90 1.30 3.30
3096 1.30 3.70 .90 3.70
Table-1 3704 .90 3.70 1.30 3.70
Simulation Runs for Selected Values of Shape 6260998 1-9300 %28 1-9300 %gg
lel’sarameteal; with Po;:ulatmn gorrelatl(l): Boun;i{i — 3869 90 210 210 330
3085 2.50 3.30 3.70 2.10 =-1.00 5632 2.90 2.10 20 3.70
8927 2.90 0.10 2.10 1.70 -0.9007 7483 .90 2.10 2.50 3.70
2392 1.70 0.10 2.50 1.70 -0.8011 3170 3.30 2.10 .90 3.70
3091 2.50 0.10 2.50 1.30 -0.7005 8560 2.50 2.10 .90 3.30
5648 2.90 1.30 3.30 1.70 -0.6031 7624 90 3.30 1.30 3.30
6201 2.50 0.50 3.70 0.10 -0.5000
S R e 11 o8 130 a0 [ 90 0
5667 2.50 1.30 1.70 1.70 -0.3001 : : : :
2612 3.30 2.90 2.50 330 -0.2000 8989 3.70 2.10 .90 3.70
5098 2.50 2.50 1.70 2.90 -0.1000 8083 .90 3.70 1.30 3.30
638 2.10 0.50 0.90 0.50 +0.1000 4579 1.30 3.70 .90 3.30
4624 0.90 0.50 2.10 0.50 +0.1000 4756 2.10 2.10 90 2.90
4091 0.50 2.10 2.10 2.50 +0.1000
2770 0.50 2.50 2.10 2.50 +0.2000 ;Zi(z) 1'9700 gég 2'9500 g;g
6502 2.10 2.50 0.50 2.50 +0.2000 : : : :
7080 050 1.30 1.70 1.30 +0.3001 1027 2.90 2.10 .90 3.30
8270 1.70 1.30 0.50 1.30 +0.3001 9831 .90 2.90 1.30 2.90
8126 2.50 3.30 0.50 0.10 +0.4005 7622 1.30 2.90 .90 2.90
3336 2.10 2.50 0.50 2.10 +0.5001 4519 90 2.10 3.30 3.70
272 0.50 0.90 2.10 0.90 +0.6001
5061 2.10 0.90 0.50 0.90 +0.6001 igg% gg %ég %;8 ggg
7366 2.10 2.50 0.10 2.90 +0.6001 - - ; -
5614 330 2.10 0.10 050 +0.7013 2354 1.70 2.10 .90 2.50
7720 3.70 2.50 0.10 3.30 +0.7013
4991 0.10 3.70 2.90 3.70 +0.8019
8378 2.90 3.70 0.10 3.70 +0.8019
2502 0.10 2.50 2.10 2.50 +0.9001
2861 2.10 2.50 0.10 2.50 +0.9001
890 3.70 2.50 0.10 0.10 = 1.00
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